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PREFACE 


The present volume has arisen from lectures on the Theory of 
Functions of a Complex Variable which the author has been accus- 
tomed to give to juniors, seniors, and graduate students of Yale 
University during the last twenty years. 

As these students often do not intend to specialize in mathe- 
matics, many topics which might properly find a place in a first 
course in the function theory have not been treated; for example, 
Riemann’s surfaces. On the other hand the author, having in mind 
the needs of students of applied mathematics, has dwelt at some 
length on the theory of linear differential equations, especially as 
regards the functions of Legendre, Laplace, Bessel, and Lamé. As a 
splendid application of the principles of the function theory and 
also on account of their intrinsic value, three chapters have been 
devoted to the elliptic functions. 

The author wishes to acknowledge in a general way his in- 
debtedness to the works of C. Jordan, H. Weber, C. de la Vallée- 
Poussin, W. Jacobsthal, and others, but to L. Schlesinger his debt 
is especially great for the treatment of linear differential equations 
here given. 

The author wishes also to express his deep appreciation of the 
assistance so cheerfully given by his colleagues, Professor W. A. 
Wilson of Yale University and Professor E. L. Dodd of the Univer- 
sity of Texas, and by his pupils P. R. Rider and G. H. Light. 

Last but not least the author fulfills a very pleasant duty in 
tendering his thanks to the house of Ginn and Company for the 
great care they have given to the make-up of the book and for 
the generous manner in which they have met his every wish. 


JAMES PIERPONT 
New Haven 
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FUNCTIONS OF A COMPLEX 
VARIABLE 


CHAPTER I 
ARITHMETICAL OPERATIONS 


1. Historical Sketch. In elementary mathematics we use for the 
most part only real numbers. There is however a branch of ele- 
mentary mathematics, viz. algebra, where a wider class of numbers, 
the complex numbers, are employed almost from the start. . The 


quadratic equation PTET EI TEN, al 
_ has the two roots aiya ah, (2 


provided a? >b. If a? < b, there is no real number which satisfies 
'1). As long as we restrict ourselves to the system of real num- 
bers, the expression 2) is devoid of meaning. In fact the square 
root of a number c, in symbols Ve, is a number d such that d? = e. 
But there is no real number d whose square is negative. Thus 
Va?— b does not exist in the real number system when a? < b. 
The older algebraists found it extremely convenient to enlarge 
their number system, in order that the equation 1) should have 
two roots even when a? < b. The new numbers are denoted by 
a+6~V—1, or setting i= V—1, by a+bi. When b= 0, they 
reduce to the real numbers a. Thus the new class contains the 
-class of real numbers as a subclass. With these new numbers it 
was found that not only the roots of the quadratic, but also of the 
cubic, the biquadratic, in short the roots of all algebraic equations 
could be expressed. By their introduction, the theory of algebraic 
equations attained a simplicity and comprehensiveness quite im- 
possible without them. Complex numbers are to-day indispensable 


in algebra. 
1 
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In other branches of mathematics, the importance of complex 
numbers was perceived much later. By means of a formula dis- 
covered by Euler A os conde aad G 
an intimate relation was established between exponentials and 
analytic trigonometry. Indeed, a good part of this subject may 
be developed from this formula. 

In the system of real numbers, the logarithm of a negative 
number —a does not exist. In the system of complex numbers 
it does. We have, in fact, 


log (—a)=log a+ (2n +1)ri (4 


where n is any integer, including zero. It is thus infinite valued 
like the inverse circular functions. 

A great discovery made nearly a century ago by Abel rendered 
the complex numbers as necessary to analysis as they long had 
been in algebra. He found that the elliptic functions, whose 
properties had been carefully studied by Legendre, admit a second 
period, when one passes from the real to the complex number 
system. Possessed of this fact, Abel and his contemporary Jacobi 
were able to develop the theory of elliptic functions in a manner 
undreamed of before. 

About the same time the illustrious French mathematician 
Cauchy began to show what great advances could be made in the 
theory of differential equations when the variables are allowed 
to take on complex values instead of being restricted to real 
values alone. By the year 1850 complex numbers had proved to 
be of incalculable value in many and widely separated branches of 
mathematics, and before long the theory of functions of a complex 
variable sprang into existence. 

To-day this theory has grown to gigantic size. It forms the foun- 
dation on which much of modern mathematics is built. Without 
a knowledge of its elements, a student of mathematics finds himself 
somewhat in the position of a traveler in a strange land; every 
one is using a language which he does not comprehend. Even the 
physicist and astronomer find that the masters in these subjects 
are using freely the function theory. It is thus becoming daily 
more important for them to gain some familiarity with this theory. 
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The present work is intended to give the general reader an 
account of some of the elementary parts of the theory of functions 
of a complex variable. For further study we add the following 
list. The easier books are placed first. The last two are intended 
for the specialist. 


E. B. Wilson, Advanced Calculus. 
Ginn and Company, Boston, 1912. 


G. Humbert, Cours d’Analyse. 
2 vols., Paris, 1904. 


E. Goursat, Cours d’Analyse Mathématique. 
3 vols., 2d edition, Paris, 1910. 


H. Burkhardt, Einführung in die Theorie der Analytischen Funk- 
tionen. 


Leipzig, 1903. 


R. Fricke, Analytisch-Funktionen-theoretische Vorlesungen. 
Leipzig, 1900. 


Durége-Maurer, Theorie der Funktionen einer komplexen verän- 
rf derlichen Grösse. 
Leipzig, 1906. 


E. Picard, Traité d’ Analyse. 
3 vols., 2d edition, Paris, 1905. 


'E. Whittaker, A Course of Modern Analysis. 
Cambridge, 1902. 


A. Forsyth, Theory of Functions of a Complex Variable. 
2d edition, Cambridge, 1900. 


W. Osgood. Lehrbuch der Funktionentheorie. 
2d edition, Leipzig, 1912. 


2. Arithmetical Operations. 1. As the reader has already studied 
the arithmetical operations on complex numbers, we treat this 
topic but briefly. The complex numbers are represented by the 
symbol a+ a'i, where a, a’ are real numbers and? is a symbol to 
be defined later. The plus sign between its two parts has, of 
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course, no meaning as yet. It is convenient to denote a+a't 
by a symbol as a We have then 


a=a+ai. qd 


With 1) we will associate a point A whose abscissa and ordinate 
are respectively a and a’ as in Fig. 1. Conversely to a point 
whose abscissa is v and whose ordinate is 
y we will associate a complex number 
a+ yi. 

From this correspondence we are led to 
call a the abscissa of the complex «, and a’ 
its ordinate. We write 


a= Abs« 3 a! = Ord a. 


Fie. 1. 


When a’ =0 in 1) we assign to @ the value 
a, and denote a+0z2 more shortly by a. The associated points 
lie on the z-axis which we call the real axis. When a=0, we 
say a is purely imaginary; we denote 0+a’i more shortly by 
a'i. The associated points lie on the y-axis, which we call the 
imaginary axis. 

2. Two complex numbers 


ea=atati , B=b+d% 
are equal, when 


EO al andl, (2 
or in symbols 
Abs «= Abs 8 , Orda=Ord B; (3 
that is, when the associated points are coincident. In particular 
a=-a+ai=0 
ly wh 
only when E E Ary 
The sum of « and £ is 
«+B=(a+b)+(a+b')i; (4 
their difference is 
a—PB=(a—b)+(a'—B')/i. (5 


Let us show how the points corresponding to 4) and 5) may be 
found. 
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Let A, B in Fig. 2 be the points associated with «, 8. Let us 
‘construct the parallelogram whose two sides are OA, OB. Then 
OA‘ =a AA =a’, 

< OB'=b BB =)’. 

Obviously 

OC’ =0A'+A'C'! =a+8, 

Cl =C'OC" + C'C=al +8. 

Thus C has the codrdinates a+ b, 

-a'+b! and hence is the point asso- 

ciated with a+ in 4). 

To find the point associated with « — £ in 5), let A, B in Fig. 3 
be the points associated with «, 8. We produce OB backward so 

that OC= OB. Obviously C has the 

coordinates — 6b, —b’. Thusifweset 2 


Fia. 2. 


y=—b— b'i, 
we see that 
pas B =a+ we 
‘since both are 
(a—b)+(a' —b')i. 


But we have seen how to plot the 
point corresponding to «+y. It is 
in fact the vertex D in the parallelogram two of whose sides are 


OA, OC. 


3. We note that in adding and subtracting a, 8 in +), 5) we 
have treated 7 as if it were a real number. We do the same in 
defining multiplication, except that we agree that 


Fia. 3. 


2=—1 (6 
Thus aß = ab + ab'i + a'bi + db'i, 
or using 6) a8 = (ab — a'b!) + (ab! + a'b)i. (7 


We take 7) as the definition of multiplication. 
From 6),7) we have a_i et; (8 


‘and hence jantm — jm, (9 


where m, n are positive integers or zero. 
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4. To define the quotient of two complex numbers we recall 


that in real numbers pee: 


has one and only one solution when b 0, this we call the quotient 
of a by b and denote by ; . Let us consider the analogous equation 

BE=a (0 
where «, 8 are complex numbers 

e=atai , B=6b4+ 56%. 
We shall define the quotient of « by 8 to be the number or num- 
bers & which satisfy this relation. 
Let us first suppose 8B+0. Then b, b' are not both =0. Let 
F=r+27% 


be a solution of 10). Putting this in 10) gives 
(bx — b'x') +i(b2' + Wx)=a+a't dil 


This relation yields by virtue of 3) two equations to determine 
I 17° 

Me VIZ bai Bat eee baie A] (12 

From these we get abha” ,_a'b—ab' 


mpya TT ayya 
Thus the solution of 10) is 

_«_ab+ab' _ a'b—ab' 
ee b2 +b"? = pppn 


(13 
when 8+0. 

Suppose 8=0. Then 6=6'=0, and 12) requires that a=a' =0, 
or«=0. Putting these values in 12) we see that the equations 


are satisfied however a, 2’ are chosen, that is, for every value of E. 
We have thus the following result : 


When B#0, the equation 10) admits one and only one solution & 
which is given by 13). When B=0, the equation admits no solution 
unless a= 0. In this case it is satisfied for every value of E. 


For this reason division by 0 is excluded in modern mathe- 
matics. As some students have not been trained in accordance 
with this law, we wish to emphasize its inviolate character. 
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5. We prove now the important theorem : 
If a product «8 = 0, then either « or B must = 0. 
This theorem we know is true for real numbers. On effecting 
the multiplication of « by 8 we get the relation 
(ab — a'b!) + (ab' +a'b)i= 0. 


H by 3), 
ence by 3) ab—a'b!'=0 , ab +a'b=0. (14 


We show that these equations cannot hold if both « and @+0. 
For since «#0 either a or a! #0; suppose a#0. Also since 
8+0, either b or b' #0; suppose5+#0. From the first relation of 
14) we get 


picab 
= 
This put in the second equation of 14) gives 
ab!'? + ab? = 0, 
a a(b? + 6) =0, 


As a+0, we must have 24 §/2=0, 


This requires that both b and b'= 0, and this is contrary to 
hypothesis. In a precisely similar manner we may treat the 
other cases. In each case we are led toa contradiction. Thus 
the assumption that «. 8 may =0 without either a or £ being 
= 0 is untenable. 

In an elementary work like the present, it would be out of 
place to demonstrate that the formal laws governing the arith- 
metical operations on real numbers go over without change to 
complex numbers. Thus the reader knows that 


aß = Ba, 
aB +y) =a8 + ay, 


etc., just as if a, 8, y were real numbers. 


that 


6. Two complex numbers 
a=a+t , B=a—ib 


as in the figure are called conjugate numbers. We note that 


«a+B=2a 
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is real, and that 


—B=2%b 
is purely imaginary. 


Also the product 
aß =a? +b? 


is real and positive. 


3. Critical Remarks. 1. We have now defined the four rational 
operations on complex numbers, viz. the operations of addition, 
subtraction, multiplication, and division. At this point we may 
return to the symbol eer a 
which we have employed to represent a complex number. We 
can show what its component parts mean. We begin by consider- 
ing the two numbers Bade E 

The rule for multiplication, 2, 7) gives 

B-yvy=a'i. 

Thus the term a'i in 1) may be regarded as a’ times the number ŝi. 
The number 7 may be called the imaginary unit in contradistine- 
tion to the real unit 1. 

Again let B=a , y=. 
The rule for addition, 2, 4) gives 

B+y=a+aii. 


Thus the complex number 1) may be regarded as the sum of a 
real units and a’ imaginary units. We may call a the real part 
and a'i the imaginary part of 1). When we introduced the sym- 
bol 1) in 2, we did not say that it was the sum of these two parts 
for the reason that we had not defined addition and multiplication 
of these new numbers. Indeed we expressly stated that the sym- 
bols + and ¢ had at that stage no meaning. They acquired mean- 


ing only after the arithmetical operations on the symbols 1) had 
been defined, 


2. Instead of denoting the new numbers by the symbol 1), let 
us denote them by some other symbol, say by 


Ca, a’). (2 
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We may proceed then as follows: Two numbers 
a=(a,a') , B=(b, b") 
are equal when and only when 
a=b,a'=B’. 
The sum of « and £ is defined to be the number 
(a+b, a! +b"); (8 
their différence is defined as the number 
(a—b, a’ —b'). 
Their product shall be 
(ab — a'b', ab! + a'b). (4 
When 8+0 the quotient of æ by £ shall be the number 


(tet ee 
B24 5/2” B24 $2 


i The number (a, 0) shall be the real number a, and for brevity 
we will write (any 


The number (0, 1) we will denote more briefly by 7. Then 4) 
eves (a', 0) + (0, 1)= (0, a')= a'i. (5 


Also 1) and 5) give 
(a, a')=(a, 0)+(0, a!) =a+a't. 


Thus another representation of the complex number (a, a’) is 
a + a'i, and we have reached the standpoint taken in 2. 

In both cases we start with a symbol; in one case with a + a'i, 
in the other with (a, a’). These at the start are mere marks to 
indicate that the new numbers are a complex of two real numbers 
a,a'. These marks take on a meaning when we give them the 
above arithmetical properties. The complex then becomes a 
definite concept which we call a number, 
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3. We wish now to make another remark of a critical nature. 
The complex numbers are often called imaginary numbers, and we 
have in the present work followed usage as far as to call the num- 
bers a'i purely imaginary, the number 7 the imaginary unit, and 
the axis of ordinates the imaginary axis. For the beginner the 
term imaginary is most unfortunate ; and if it had not become so 
ingrained in elementary algebra, much would be gained if it could 
be dropped and forgotten. 

The use of the term imaginary in connection with the number 
concept is very old. At first only positive integers were regarded 
as true numbers. To the early Greek mathematician the ratio of 
two integers as 4 was not a number. After rational numbers 
had been accepted, what are now called negative numbers forced 
themselves on the attention of mathematicians. As their useful- 
ness grew apparent they were called fictitious or imaginary num- 
bers. To many an algebraist of the early Renaissance it was a 
great mystery how the product of two such numbers as — a, — b 
could be the real number ab. 

Hardly had the negative numbers become a necessary element 
to the analyst when the complex numbers pressed for admittance 
into the number concept. These in turn were called imaginary, 
and history repeated itself. How many a boy to-day has been 
bothered to understand how the product of two imaginary num- 
bers ai and bi can be the real number — ab. As well ask why in 
chess the knight can spring over a piece and why the queen can- 
not. The pawns, the knights, the bishops, etc. are mere pieces of 
wood till the laws governing their moves are laid down. They 
then become chessmen. 

The symbols (a, a’) or a+ a'i are mere marks until their laws of 
combination are defined, they then become as much a number as 
% or —5. The student must realize that all integers, fractions, 
and negative numbers are imaginary. They exist only in our im- 
agination. Five horses, three quarters of a dollar, may have an 
objective existence, but the numbers 5 and ł are imaginary. 
Thus all numbers are equally real and equally imaginary. Histor- 
ically we can see how the term imaginary still clings to the com- 
plex numbers ; pedagogically we must deplore using a term which 
can only create confusion in the mind of the beginner. 
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4. The- Polar Form. 1. Let A be the point associated with 
a=at+aii el 


Let OA=p and angle AOB=0. We call p the modulus or 
absolute value of a. We have 


P= a? + a? 


the radical having the positive sign. The 
modulus of « is also denoted by 


| «| 


It is the distance of A from the origin. 
The angle @ is called the argument of a; we have 
if 
tan =x" , a+0. 
a 


We often write 0 = Arg a. 


Making use of p and @ we have 

a=pcos@ , a’=psin#@ 
pnd a = p(cos 0 + i sin 0). (2 
This is called the polar form of a The form 1) may be called in 
- contradistinction the rectangular form. 


2. The rule for multiplication and division of complex numbers 
is particularly elegant when the polar form is used. In fact let 


B=b+Wi=c(cos¢+isin ¢). (3 
Then 
aß = po cos 0 cos ¢ — sin 0 sin ¢ + (cos 8 sin $ + sin 0 cos p)}, 
E aß = po{cos(0 + p) + isin (0 + ¢$)}. (4 
From this we have jep |=pe=|a|-|Al. (5 
Arg («8)=0+¢=Arga+ Arg £. (6 


This may be expressed as follows : — 


The modulus of the product is the product of the moduli, and the 
argument of the product is the sum of the arguments. 
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The above enables us to plot the product af 
aß very easily. Having plotted « and £, 
we compute the product po and describe a 
circle about the origin O with the radius. 
We then lay off on this circle the angle 
6+¢. The resulting point is that asso- 
ciated with the number «£, as in the figure. 


3. Let us now turn to division. The 
quotient 


is defined by 2,13). This expression is complicated and not easy 
to remember. If, however, we use the polar forms 2), 3) of a, 8, 
we can readily prove that 


to E sai + k 
B g cos (0—p)+isin (9—$)} ; (7 
or that a=2= 5 (8 
e EN 
and Arga= Arg a— Arg £. (9 


This may be expressed as follows : 


The modulus of the quotient is the quotient of the moduli, and the 
argument of the quotient is the difference of the arguments. 


The proof of 7) may be effected by replacing a, a’, b, b' in 2, 13) 
by their values 


a= p cos 0, a’ = p sin 0, b = o cos ġ, b' =csindg, 


and performing the necessary reduction. A more instructive way 
is the following: Since 8+0 by hypothesis, the equation 
BpE=a (10 


admits one and only one solution, The relation 7 states that this 
solution is 


E= P {cos (0— $) + isin (8 — $)} (il 
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This is indeed so, for by the foregoing rule of multiplication 
|BE|=o-P=p=|a| 
(o 
Arg (BE) = + (0 — p)=0 = Arg a. 


Thus £. ¢ having the same modulus and argument as a is in fact 
œ. Thus 11) satisfies 10). 

The above enables us to plot the quotient a/8 very easily. 
Having plotted « and 8, we compute the quotient p/s and describe 
a circle about the origin with this radius. We then lay off on 
this circle the angle @—¢. The resulting point is that associated 
with «/Bf. 


4. We have seen that two complex numbers a, 8 are equal 
when and only when their associated points coincide. Let us 
suppose a, 8 are expressed in their polar forms 2), 3). Then 
from the relation 

a=% 


we may conclude at once that 
ET (12 


We cannot conclude, however, that 


0=¢ġ. 
We can only conclude that 0 can differ from ¢ by a multiple of 
27, or that Gh one (13 


where n is an integer or 0. 
` In particular we have: 


For « to =0, it is necessary and sufficient that its modulus = 0. 
5. Some Inequalities. Geometrical Correspondence. 1. Let us 
plot the points A, B, C corresponding to 


a, B,a+B 
sin Fig. 1. Then [a+ B\= 00, 


very useful relation. Since from geometry we have 


OC < 0A+AC 
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we conclude a relation of utmost im- 
portance 
jJa+B8| <|a|+|Al. da 


The < sign holds unless 0, A, B 
are collinear, and A, B are on the 
same side of O. 

From 1) we have 


jJe+AR+y|Slel+lAl+ly; @ 
and so on for any finite number of terms. 
To prove 2) we note that 
a+Bty=a+(8+4). 
je+B+y|=|e+(B+y)|<le|+|8+y|, by 1) 
S|«@|+|8|+|y|, also by 1). 


2. Let us now consider | a— £|. 

Let A, B in Fig. 2 be the points associated with a, 8. Then, 
following the construction given in 2, the point D is associated 
with « — £. 

Thus 


Fig. 1. 


Hence 


OD=|«— £]. 
But obviously AB = OD, hence 


|a—B|=AB. 


This gives us a result we shall often use: 


If A, B are the points associated with a, B, then the length of AB is 
|a— 8]. 


3. Let us also note the relation 


|a—B|<|a|+|A|. (3 
For a—B=a+(—- 8). 
But l= Bill a 
Thus 


|e—-B|=|a+(— B)| <|a/+|—8|=|a|+| £l. 
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4. Let a be a real positive number and 8 any complex number. 
We wish to find the points Z associated with the complex numbers 
€ which are subjected to the relation 


|€—B| <a. (4 


If B in Fig. 3 is associated with £, the condition 4) says that 
ZB must be <a. Thus Z is restricted to the interior of a circle 
whose center is B and whose radius is a. 

The condition 


|$—-B\|=a 


states that Z must lie on the circumference 
of this circle. The condition 


|S-B| <a Fia. 3. 


requires that Z lie within or on the circumference of the circle. 

In the following pages we shall make great use of the geometri- 
cal interpretation of complex numbers by points in a plane. The 
point associated with a complex number « may be called its image. 
Moreover, instead of using another letter as A to denote this point, 
we shall usually denote it by the same letter « This will not 
produce any ambiguity and is shorter. 

We shall introduce another change. Up to the present we 
have usually denoted real numbers, angles excepted, by Roman 
letters as a, b, c --- and complex numbers by Greek letters «, 8, y 
--- in contradistinction. There is no further need of this; any 
letter may denote a complex number. It may be well to recall 
that real numbers are merely a special case of complex numbers, 
just as integers are a special case of rational numbers. Thus when 
we say let a be a complex number we do not at all mean that it 


may not be real. 

As in algebra and the calculus, so in the theory of functions 
we deal with constants and variables. The former are usually 
lenoted by the first letters of the alphabet, the latter by the 
ast. 

Let us consider a few examples of a variable : 


Example 1. Let z=a+ yt, where a is a real constant and y is 
eal and ranges from — œ to +o. Then the point associated with 
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z in Fig. 4 ranges over the right line AA’; or more shortly we 
say z ranges over AA’. 


Example 2. Let z=x+ yi, where z, y are 
real numbers satisfying the inequality 
x,y? 
eae 
a, b real. Then z ranges over the interior and 
the edge of the ellipse 
= 


JE 
mt po ii 


Example 8. Let z—a=r(cos + isin 0) where a is any con- 
stant, r >0, and 0<0<2 r. 
Then z ranges over a circle whose center is a and whose radius is r. 


Example 4. Let z=2r+ yt, 
where z, y are real and satisfy the relation 
y =f). (5 
Then z ranges over the curve whose equation is 5). 


5. Let us note the following relations : 


|a—6| = |b—-a| 6 


Also if 
a |a—b|<e and |b-e|<y 


then 
|a—e|<e+n (7 


To prove 7) we observe that 

a—e=(a—b)+(b—-e) 

|a—e|<|a—b|+|b-e| 
<et 


Hence by 3) 


6. Let us recall from algebra the notation 


Z lm = Ay H ag H oe H Am (8 


I in = Gy + y+ Oy ++ Oye (9 
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hus the left side of 8) is read: the sum from m=1 to n of am 
is, etc. The left side of 9) is read: the product from m=1 ton 
of a,, is, ete. 

6. Moivre’s Formula. In 4 we saw that any complex number « 
n be written 


| a= p(cos 8 + isin 8). a 
Then by 4, 4) “= p*(cos 20+isin 20), 
and in general a” = p*(cos nO + isin nb). E 
A us take |a| =p=1. Then 1), 2) give 

(cos 0 + isin 0)” = cos nO + i sin nO (G 


ich is Moivre's Formula. 
Now, the Binomial Theorem for a positive integral exponent n is 


(a+by=ar+ (tes = (p)ar +-+ (pr +o, (4 


are the binomial coefficients. Let us make use of the relation 4) to 
develop the left side of 3). It becomes 


cos” 6 + i(7)eosr-4 6 sin 6 — (7 cose 6 sin? 6 


~ 


— i(p osr t0 sin? 0+ 6 
hus 3) may be written 
| cos nd + isin nd = cos" 0 — (7 eos? 0 sinto + nad 


+ if (i)e Asin ð -(5)eos Osin? ð + =} 
Equating the real and imaginary parts of this relation by 2, 2) we get 
Sood nb = cost 0 —(7)cos -20 sin? ð +g) cos OsintO—... (6 


sin nb =(") cost 0 sin 6—(")cos20 sin? @ 
+(%)eos* 0 sins 6 — GT 
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Giving n the values 2, 3, 4 --- in these equations, we find 
cos 2 6 = cos? 0 — sin? 0 
cos 3 6 = cos? @ — 3 cos @ sin? 0 (8 
cos 4 6 = cost 0 — 6 cos? @ sin? 0 + sint 0 
sin 2 8 = 2 cos @sin 0 
sin 3 6 = 3 cos? sin @ — sin? @ (9 
sin 4 0 = 4 cos? ô sin 0 — 4 cos 0 sin? 0 


In the relation 8) we notice that sin @ occurs only in even powers. 
Since sin? = 1 — cos? 0, we see that : 
cos nO can be expressed as a rational integral function of cos @ of 
degree n. 
Making this substitution, we get 
cos 20 = 2 cos? 0 —1 
cos 3 0 = 4 cos? 8 — 3 cos 0 (10 
cos 4 0 = 8 cost 0 — 8 cos?64+1 


In equations 9) we notice that cos @ enters in even powers 
when ~v is odd, and in odd powers when n is even. Thus we see 
that: 

sin nð is an integral rational function of sin 0 of degree n when n is 
odd. When n is even, it is the product of cos 0 and a rational integral 
Function of sin @ of degree n— 1. 

Making the substitution cos? 0 = 1 — sin? @ in 9) we get 


sin 2 0 = 2 cos 6 sin @ 
sin 3 8 = 3 sin 0 — 4 sin8 0 eal 
sin 4 @ = cos 6(4 sin 0 — 8 sin? 0) 
7. Extraction of Roots. 1. In the domain of real numbers 
go ag a ee 
has one root if n is an odd positive integer, and two roots if n is 


even. The equation sn _ a ie 
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has one root if n is odd, and no root if n iseven. Let us now pass 
to the domain of complex numbers. We ask how many roots has 

a= a Gs 
where æ is any complex number, and n is a positive integer. Let 
us write a and z in polar form 


a = «(cos + i sin 0) (2 
z = (cos ġ + i sin $). (3 
Then if 3) satisfies 1) we must have 
&(cos no + i sin nd) = a(cos 0 + i sin 8). (4 
Then from 4), 12), 13) we have 
g” =Q (5 
and ; 
np=0+2kr , kan integer or 0. a 
From 5) we have PEP (1 
and from 6) we have g 9 
i aga (8 
n n 


Thus the modulus € and the argument ¢ of any number z which 
satisfies 1) must have the form 7), 8). On the other hand by 
actual multiplication we see at once that 

a= Va{cos(2 +h2™)+ isin(2+22™)| . (9 
n n n n 
is a solution of 1). In fact z," is a number whose modulus is the 


n 3 ; 2 
nth power of V« and whose argument is n times a k=2. But 
n n 


this number has therefore the modulus « 
and the argument 6+ 2k7, or neglecting 
multiples of 27, the argument 0. It is 
thus a. Hence the nth power of 9) is a. 
To plot the numbers 9) we describe about 
the origin as in the figure a circle whose 
radius is a. On this circle we lay off the 


angle g: Let us call this point zọ Start- 
n 
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ing from z} we now divide the circle into n equal parts which give 
the points 2,, Z» ** Z,-; in the figure, corresponding to k=1, 2, 
.. n— lin 9). 

If now we give to k any other integral value, we will get one of 
the values Zy Zp ** 2n-; already obtained. Thus 1) has just n 
roots whose values are obtained by giving ķ% in 9) the values 
On1, 2; 3. 7= 1. 


Example 1. ery 
Herve Gaede ee 


n 
Thus 9) gives 


2,= 1, F 

zı = cos 120° + ¿ sin 120° = atc ee 
es PE 

Z = cos 240° +7 sin 40 aera 


Example 2. ao. Le 
Here n=3, a=—8, a=8, O=7, A 50°. 
Thus 9) gives j 
zy = 2{cos 60° + i sin 60°} = 1 +i V3, 
2, = 2{cos(60° + 120°) + ¢ sin (60° + 120°) } = — 2, 
Z = 2{cos (60° + 240°) + 7 sin (60° + 240°) } = 1 — i V3. 


Example 3. Peacy 


Here n= 4, a=1, 0=0, 27 = 90°. 


n 
Thus 9) gives 
2) = 4; 


2, = cos 90° + 2 sin 90° = 2, 
Za = cos 180° + ¢ sin 180° = — 1, 
Z = cos 270° +7 sin 270° = — i. 


2. The n roots of re 
ot = 1 (10 
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are called unit roots. They are of great importance in algebra, 
= and occur in other branches of mathematics. Their values are 
‘given by 9) on setting « = 1, 0 = 0. We get 


w, = 1, 
ater eke 2. or 
@, = cos — +2 smn —, 
n n 
+ 20 
@, =cos2-——+7sin2.—, d1 
n n 


@,_1 = COS (n — 14 a sinc = Bras 
n n 


We notice that œ; has the property that 
w= 0? , =O" 5 +O, 7= a") 5 w= 0,"3 


that is all the roots of 10) are merely powers of œ, Such a root 
is called a primitive unit root. It is easy to show that: 


If m is relatively prime to n, then w = wm is a primitive root; 
that is, that a ST eee (12 


are all roots of 10) and are all different. 
2 For 


en A 2a\* 
of = on'= (cos m -— +2511 m— 
n n 

Zn E 2r 

= COS M8 - — + 1 SIN M8 : —. 

n n 

Lot now ms = ln + p. Then 


PAG ae 2r 
œ = COS p -——+ sinp =, 
n n 


Thus œ is a root of 10). To show that the roots 12) are all dif- 
= ~ ferent let us suppose that 


a = w’. 
Then their arguments rm, smeT can differ only by a multiple 
of 2%. Hence, e denoting an integer, 
i 2m 2r 


rm. —— — sm = =e}? m 
n n 


or m(r — 8) = en, (13 


Vitae k APAR m 
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As mand nare relatively prime, they have no factor in common; 
e must be divisible by m as 13) shows. Thus if we set e = gm 


13) gives 6 =e 


or r—s is a multiple of n. This is impossible, as r, s are both <n. 
Hence no two of the roots 12) are equal. 
3. Let us now return to 9). We set 
2 Re 
= cos +4 si 
i n n 
and notice that 
Z= O 4. 2an a eee ee O (d4 


where yi OETI ARO e 
EN a{ cose +34 sinf), (15 
n n 


This may be easily generalized as follows : 


All the roots of 1) may be obtained from any root by multiplying 
this root by the n roots of unity. 


Hence in particular the two roots of 2? = a = a (cos 0 + i sin 0) 
are 
= Our 8 
% = Va (coss + 7sin 5) : (16 
2, = —2y eu 


The three roots of 23 = a are 


Sy 0 
Žo =Va (cos 


3 + isin A (18 


Z= 0% , = wz, (19 
where @ is the first imaginary cube root of unity, viz. : 


_—1+iv3 
w = E (20 
8. The Casus Irreducibilis. As an application of the foregoing 
let us consider the irreducible case of Cardan’s solution of the 
cubic 
e—pr+q=0, p,q real. ad 


eee 
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The roots of 1) have the well-known form 

e=V—}9+VR+\-39-VR g 
where R=} — pP A. (3 


Now when the roots of 1) are all real, it is shown in algebra 
that A is positive, hence R is negative, and VR is purely imagi- 
nary. ‘Thus 2) expresses the real roots v as the sum of imaginaries. 
To Cardan and his contemporaries, who had no idea how such 
cube roots could be found, this case was highly paradoxical. 
Since that time mathematicians have attempted to present these 
real roots as sums of real radicals. As their efforts were unsuc- 
cessful, this case, that is, the case when A >Q, was called the 
casus trreducibilis. It is only recently that a proof has been 
given that this case is indeed irreducible.* Let us see how the 
roots 2) may be computed, using our new complex numbers. 

We set i 

—4q+iVA =r (cos ġ + isin ¢). 

Then 


=... p 2 * 4 0) =) 
Vag + iva = Ver | 008($ 4+ 227)+ isin(S +2 =) ‘ 
Tv 


\— 4g- iVi = Yr {00s ($+ 3 )=isin(€ +T]. 


Thus the three roots of 1) are 


aa Ii cos( +z. 120°), eens: (4 
Example. Let us take the equation 
e—222—-7+2=(4—-1)(4+1)@—2)=0, (5 
whose roots are eo ee 


To reduce this to the form 1) we set 


z=$+y. (6 
Then 5) goes over into 
p—hy+ 3 =0, (I 
whose roots by 6) are ee 


* Holder, Math. Annalen, vol. 38 (1891), p. 307. 
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Here 243 
p=t ’ q=2? ’ "972° 
10 V 243 
-l4+i VA = -3t 7 
1 1 343 
ar ai ae. 
Hence /343 
, gales 
Also s 5) 
tang = — "TA a 


log 243 = 2.3856, 
log V243 = 1.1928, 
log (— tan¢@)= 0.1928 , g=122°41', 
as @ lies in the second quadrant by 8). 
Hence 4p =40° 54", 
log 343 = 2.5353, 
log V343 = 1.2676, 
log 27 = 1.4314, 
log r = 9.8362, 
log Vr = 9.9454, 
log 2= 0.3010, 
log cos 4 ġ = 9.8784, 
log y = 9.1248 , y= 1.333 = 4. 
3¢ + 120° =160° 54! , cos 160° 54’ = — cos 19° 6’, 
log cos 19° 6' = 9.9754, 
log 2-Vr = 0.2464, 
log(—y,)=0.2218 , yı = — 1.666 = — $. 
3 + 240° = 280° 54’, cos 280° 54! = sin 10° 54’, 
log sin 10° 54! = 9.2767, 
log 2 Vr = 0.2464, 
log yg = 9.5231 , y = .333 = 4. 


\ GC 


CHAPTER II 
REAL TERM SERIES 


9. The reader is already familiar with infinite series. An im- 
portant chapter in the calculus treats of Taylor’s development 


Fat D=fS@+75 One ECO ae 


By its means we find for example that 


zg Æ gf 


0082 = Eg eee et el 
£ z8 q5 gi 

Pi dca ye sa oa (2 
2 á æ 

7 == Í I age Rae s.. 3 

e Agee aiha ph ( 


Infinite series were first used to compute the values of a func- 
tion. Later it was found that they could be used to great ad- 
vantage to study the analytical nature of a function in the vicinity 
of a given point. ‘They are still used for the purpose of com- 
putation especially in constructing tables ; but their chief value 
to-day in the theory of functions is the aid they afford us in 
establishing existence theorems, and in studying the properties 


of functions. 


We propose in this chapter to develop only as much of the 
theory of infinite series as is necessary for our immediate purpose. 
Later we will give further details. 


10. Definitions. 1. Let aj, a, a «++ be an infinite sequence of 
real numbers. The symbol 
Qi Fag tag +o ad 
25 
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is called an infinite series. We may also denote it by 


Saz 
m=] 
or by Sa m =1, 2, 3 --- 
We call Ale eae 
sau 
m=1 


the sum of the first n terms of 1). Suppose that as n increases in- 
definitely, A, converges to a definite value. Then we say 1) is con- 
vergent and assign this value to the series; we call it the sum of 1). 

If A, does not converge to some definite value as n increases 
indefinitely, we say the series 1) is divergent. Whether 1) con- 
verges or diverges, it is often convenient to denote it by a single 
letter, as A; we may write 


A=a,+ ay+a3 4+ ++ (2 
When this series converges, it is customary to denote its sum 
by the same letter A. This notation may be slightly confusing at 
first, but the reader will soon recognize in which sense A is used 
in any given case. 
Associated with the series 2) is the series 
Ay = Ang + Anga +o (3 


It is called the deleted series, or the remainder after n terms. It 
will be convenient to denote the sum of the first s terms of the 


series 3) by Ans; thus 
Adee Ba as sorb Bais 4) 


Let us now recall a notation with which the reader is already 
familiar. 
When A, converges to A as n increases indefinitely, we write 
lim A, =A 
n=» 
and read it: “the limit of A, for n=œ is A.” The same fact 
may be expressed by the notation 
A, =Aasn=oo. 


The symbol = is read “ converges to.” 


REMA 
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2. Let us establish here the obvious theorem : 


Let A=a; +a, + +. The series B= ka, + ka, + «+» where k #0, 
converges or diverges simultaneously with A. When convergent, 
BENA 

For pipo 
If now A or B is convergent, we have 

lim B, = lim A,, 


= BPA 


11. The Geometric Series. This is 


G=lt+g+P+gt-. el 
Let g#1. Then by elementary algebra 
PE EEA E D a a e ee Mle i (2 
1l-—g l-g 


This identity is often useful and the reader should memorize it. 
Then using the notation of 10 


GSA FO ik te a E AE 


by 2). Now when 


Hence in this case 


Thus 3) gives lim G, = aes al Gol 


The series 1) is therefore convergent when | 7| <1 and in this 


case 1 
Gk Aa ERE 

If g=1, G=1+1+4+1+-- 

Hence =F 

and lim @, = +0. 


Thus @ is divergent when g= 1. 
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When G==1, 421-17) 


Hence G,, = 0 when n is even, 


= 1 when n is odd. 


Thus G,, does not converge at all as n =a. 
Hence G is divergent in this case. 


When the series A=4,+444,+ - 


is such that PNP nte 


it is sometimes convenient to indicate this fact by the notation 


A= +o. 
Similarly if lim A,= —%, 
we may write A=—2 


Returning to the geometric series, we see at once that when 
g>1, G,=+0; while when g <—1, G, oscillates between ever 


larger limits. We have thus the theorem : — 


The geometrie series 1) is convergent when | g| < 1. 
when |g|> 1. When convergent, its sum is 


12. The Harmonic Series. This is 
H=1+34+}4+}+-+ 
We show that 
H =+ œ 


and is therefore divergent. 
In fact 
$+1>ł 


b+a+t+E>d 


etc. Thus H, >}, Hp>4 +4 Hp>}+}+} 


and in general 
5 Fyn > m+ 4. 


It diverges 


a 
(2 
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Thus, however large the positive number @ is taken 
Ji}, 5 G, 


if n is greater than some integer v. Thus 


lim H, = +0, 
which establishes 2). : 


13. Fundamental Postulate. In order to go on with our work 
we need to use a fact which the reader will admit as soon as 


understood. 

Suppose a variable v steadily increases @ 

as in Fig. 1, and yet always remains less V 

than a fixed number G. Then obviously ae oe 
v must tend toalimit V. This limit may 


be less than G but it certainly cannot be 
greater than G. We have then 


V=iine< G: (il 


Similarly suppose a variable w steadily decreases as in Fig. 2, 
and yet always remains greater than a fixed number @. Then 
manifestly w must tend to a limit W 


aM W=limw> G. (2 


We take it that these two facts are self- 
evident and require no proof. 


2. By means of this postulate we can 
establish a theorem of great importance 
in the theory of series : 

Let A =a, + a, + «+ be a positive term series. If A, < some fixed 
number G, however large n is taken, then A is convergent andA < G. 


Fig. 2. 


For as A, < G, lim A, exists by the above postulate and this 
limit is < Œ. But then A is convergent and 


A = lim ÁA, < G. 


14. The Hyperharmonic Series. This is 
Pa Ep E E o 1 
Saleh bat C 
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We establish now the following theorem: 

The series S is convergent if s > 1, and divergent if s < 1. 

For when s=1, S becomes the harmonic series H, which is di- 
vergent as we sawin 12. When s< 1, each term = is greater than 
the corresponding term ; in H. G 


Thus Sa, 
As H, =+., so does S, = +, and S is divergent in this case. 


Letnows>1. Then 


2 
a 


Ass>l,gis <1. Similarly 


leet tLe lee 


er co” a es geen A = 9°, 


4: 4s 4 4: p 4-1 
Poa! 1 8 ji 
x mè D IAE maa gani ete. 


Thus however large m is taken there exists an integer n such that 
S,<1l+gt+gt-- +g" Ghe (2 


As here g < 1, the geometric series Gis convergent and @,< @. 
Thus 2) gives 


Se 
for any m. Thus by the theorem in 13, 8 is convergent, and 
moreover S< G. GB 


15. Alternating Series. 1. Let a, >a, > a} >- =0. 


Then the series 
A=a,—d,+a,;—a,4 + d 
is an alternating series. 
Examples. 
p 1—d4+}-4+.. 
x2 gt 
ato) at 0O<2z<1 
a ob 
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The last two series are the developments of cosg, sinz as we 
observed in 9. 
We prove now the theorem : 


The alternating series 1) is convergent. Its sum A is > 0, and 
the remainder after n terms A, is numerically <a 
For ; 


nt 
Ant = (4y — Ag) + (ag — Og) + e+ + (Gana — An) + ona 
Thus A+ >4,—a@>9. We also have 
Ant = A — (Ay — Ag) — (4g — 5) — + 
Thus A,,,, is steadily decreasing and < a,—(a,—43)< q. 
Hence by the fundamental postulate 13, 


lim Ae 


n= 
exists and is < a, —a, and < a, —(a,— a3). 
Next we note that 
Ani = Amt Aon+y° 
As lim a,,, = 0, by hypothesis we have 


lim A,,= lim A,,4. 


Hence 3 3 
lim A,, exists. 


Thus A is convergent and 
0<A< a. (2 
Finally we note that the series 
P = Oasys Ang + neg — eee 


is an alternating series; it is therefore convergent and therefore 
analogous to 2 
S )» Gere a. (3 


But obviously the series P and the residual series A, differ at 
ost by their sign; hence = 
m y their sign ; ep. 


Thus using 3) |A,j<a 
n n+l’ 
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2. The fact that the remainder after n ‘terms in an alternating 
series is numerically less than the next term enables us to estimate 
the error in calculating such a series and stopping tle summation 
at the mth term. 


Example. Let us compute sin 10°, using the development 
ge ie 


, z 
sine at By (4 


We first convert 10° into circular measure and find 
xz = .1745329. 
log z = 9.2418774. 
log 2 = 7.7256322 , 2=.0053165. 
log 2# = 6.2093870 , 2° =.0001619. 


xè op 
= -0008861 
z = .00000135. 


Thus the first two terms in 4) give sin 10° correct to 5 decimals, 
and the first three terms to T decimals. We have in fact 


zs æ E 
v rè 


+= = .117864%2 
5! = .1i1 = 


From the tables we find 
sin 10° = .1736482. 


Tose! 


16. The e Notation. 1. Sooner or later the student must learn to 
use the e notation. We propose to introduce it gradually, so that 
it will not seem difficult to him. The object of the notation is to 
enable one to think more easily and accurately when dealing with 
limits. 

Suppose we have a sequence of real numbers 


Cis Cy Cg ve re! 
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What do we mean when we say ce, = a 
or lint ¢; == ¢: (2 

Let us plot the numbers 1) and the limit ¢ on an axis. Let e 
be a small positive number. The points 
e—e, e+e determine an interval Æ of 
length 2e as in the Figure. Then the crite a at 
limit 2) simply means that the ¢, eventually lie within EH no 
matter how small e is taken. 

Put in more precise language, the limit 2) means that taking 
e > 0 small at pleasure and then fixing it, there exists an index m 
such that 

Cm+19 Cm+2» Cm+g*** 

all lie within Æ. The fact that these lie in F is expressed by the 
inequalities 

4 le—e,|<e , n>m. ~ (48 
For the relation 3) merely states that whenever the index n is 
> m, the distance of c, from ¢ is < e. 

It will be convenient to adopt a standard notation. To express 
that ¢ is the limit of the e, we shall write 


e> 0, m, le—Gqi<ce », m>m. (4 


This we will read as follows: 


For each positive e there exists an index m, such that |e —¢,| < e 
for alln > m. 


Conversely if 4) holds, we know that 2) does. 

This may sound elaborate and formidable to the beginner and 
quite unnecessary to express a very simple fact. This is indeed 
so if we never deal with but very simple limits ; or never employ 
but very simple reasoning on limits. Now the fact is that the 
function theory is founded on the notion of limits. We are con- 
stantly reasoning on limits. The same is true in the calculus. 
But in a first course in the calculus the student is too immature 
to pay much attention to a rigorous treatment of limits. His 
main object should be to seize the spirit of the methods of the cal- 
culus and to learn how to use them easily. ‘Then as he becomes 
more mature he can pay more attention to the demonstrations on 
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which these methods are founded. In the present work we have 
no intention of insisting on rigor. Being a first course in the 
function theory, we shall endeavor to avoid all topics which 
require delicate handling. A demonstration of such matters is 
quite out of place in a first course. On the other hand, the stu- 
dent has advanced in maturity since his calculus days, and has 
reached the point when the subject of limits may be treated 
appropriately with more care. 


2. Let us note that if c,+0, then 4) becomes 
e>0, m; |e |<6¢ n>m (5 
Conversely, if 5) holds, lim ¢, = 0. 


3. A simple reflection will show that if lim e, = e then not only 
does 4) hold, but we also may write 


e>0, m, |e—e¢,|<d , n>m, (6 


where 6 may be any fixed positive number < e. 

For the relation 6) merely says that we have replaced the 
interval Æ above, of length 2e by another smaller interval of 
length 2 6. 

We frequently have to deal with several inequalities of the 
type 6). In such cases we shall see that it is convenient to take 


=Â or Ê, ete. 
le 

17. Necessary Conditions for Convergence. 1. When dealing 
with infinite series our first care is to see if the series in hand is 
convergent. As we never deal with divergent series in the 
elements of the function theory, if a series is found to be divergent 
it must be discarded. The following theorem is often useful : 


For the series A=a,+a,+-++ to converge it is necessary that 
a, = Q, 


For suppose A is convergent. Then by 16, 3 we have 


e> 0, m, |A- A,| <5 s rn>m 


Also 
|A— Anl os 
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Hence by 5, 7) 


aa — A,,| <e. 
But 
Ans — A, = Antr 
Thus 
CRIER 


Hence by 16, 5) lim a,,, = 0, or what is the same, lim a, = 0. 


2. Although it is necessary for a,=0 when A=a,+a,+ -- is 
convergent, this condition is not sufficient as the following ex- 
ample shows. 

The harmonic series VFS is Nees 
is divergent as we saw in 12. Yet here 

1 


a, =-= 0. 
n 


3. Let m be an arbitrari but fixed indez. The two series A, Ap 
converge or diverge simultaneously. When convergent 


ASARTA, 
For when A is convergent A=limA,. Let-n=m+s. Then 
Ag = An 1E An 


When n= œ, so does s. As A,, is a constant, we see that when 
lim Á, exists, so does lim A,, s and conversely. 


4. If A is convergent, lia A,=0. 
For any n we have A S3 + Åp 
As A is convergent, lim A,= A. Thus 
A,=A-—A,=0. 
18. Adjoint Series. 1. In studying the convergence of a series 
A = tig ty P'*- G 


it is convenient to consider the series obtained by replacing each 
term a, by its numerical value a, =|a,|. The resulting series 


A= ey + tty + ag + oo @ 
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is called the adjoint of A. We write 


X= Adj A. 
In the function theory we often have to deal with the numerical 
or absolute values of numbers as a, b, ¢---. It will often be con- 


venient to denote them by the corresponding Greek letters «, 8, y---. 
Sometimes the Greek letter is so much like the Roman letter that 
the reader is apt to mistake it. We will replace it by the corre- 
sponding German letter. Thus Greek A, M look like Roman 
A, M; we therefore replace them by M, Me. 

The following examples will illustrate the notion of a series and 
its adjoint. 


Example 1. A=1-—3+4-}+-- 
Its adjoint is Kola ee 
Example 2. vpn eo ae 

2! 4! 6! 


Its adjoint is arg E + E Fs ae aus 


where according to our notation € = |x]. 
Should the terms of a series A be all positive, then A and Y are 
identical. 


2. We prove now the fundamental theorem : 
If Ñ converges, so does A. 

For let 
B= bi + b+ bg +e 

be the series formed of the positive terms of 1) taken in order, and 


C= cy tetet 


be the series formed of the negative terms of 1) taken, however, 
with positive signs. Then 


By < ay + oy + ag + oe = W 


since B, contains only a part of the terms of X. Hence B is con- 
vergent by 18, 2. Similarly C,< X and hence C is convergent. 
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Suppose A, contains r positive terms and s negative terms. Then 
A, =B,—€, TT ESSN. 
Let n=oo, then B,= B, C,= C, and hence 
lin A,= lim B,—lim C, 
PA A=B-C. 
Hence A is convergent. 


3. A series may converge, although its adjoint does not. 


Example. A=1—444-}4... 


is convergent because it is an alternating series, by 15. Its adjoint 
A=1+$+44}+.. 
is divergent since it is the harmonic series, by 12. 

A series whose adjoint is convergent is called absolutely conver- 
gent. If A converges while Y does not, we say A is simply con- 
vergent when we wish to indicate that A does not converge abso- 
lutely. The greater part of the series employed in the elements 
of the function theory are absolutely convergent. We shall there- 
i fore have little to do with simply convergent series. 

4. The following theorem is very useful in ascertaining if a 
given series is absolutely convergent : 

Let B= b, + b, + by + +++ converge and have all its terms > 0. 
Then the series A = d; +4, +4 + +++ 18 absolutely convergent if 
Gn L bn Moreover |A| <B. 


For passing to the adjoint of A, we have 
ela, + 6, + PE r +b, < B. 
Thus % is convergent by 13, 2. 
a |A,|<%,< B 
we have |A\<B. 
19. The Remainder Series. 1. Suppose we wish to compute the 


value of the convergent series 
A=a,+4,+4,+ + el 
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correct to a certain number of decimals, say to p decimals. We 


compute successively VEA 
w 


A, = 4, + 4, 
A, = 4, + a + 4; 

etc. In order to know if we may stop at A, we must know if the 

remainder A, affects the pth decimal in A, We must know, 


therefore, if 1A, | pote 


In case that A is an alternate series the theorem of 15 shows that 


we may take n so that |an, | < 10%. 


For we showed that ri 
[AL Ge 

When the series 1) is not alternate, it is not so easy to estimate 
the magnitude of the remainder. The theorem of 18, 4 may some- 


times be applied with advantage to A,. In fact if «,<0, we have 
| A, | < B,, < B. 


2. Example. Let us use the theorem of 18,4 to show that 
exponential series a ee ot ae 
= See 2 
Oe aa Ss 
is convergent for «> 0, and to estimate the magnitude of the 
remainder K,. 
Let us take v large at pleasure and then fix it. We next take 
m so large that m+1>2. Then 


x Š 
eee al 
g m+1 = G 
Let us set M-a” 
m ! 


As x and m are fixed, M is a constant. Then 
qmts am x 
(m+s8)! m! (m4+1)--(m+s) 
Thus each term of 
= qm gmt gam 2 


= a (m+ 1)! E (m+ 2)! ee 


a Mg: ‘ 
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after the first is less than the corresponding term of the con- 
vergent geometric series 


M+ Mg + M+... = MAF Eg F Aa 
ee 
Ig 
Hence the remainder series Z,, is convergent. Thus Æ is con- 
vergent and p: M 
En 
1l-g G 


where g is given by 3). 


Positive Term Series 


20. Theorems of Comparison. Series whose terms are all positive 
are of especial importance for deducing tests of convergence. 
To ascertain if a given positive term series A is convergent it is 
generally advantageous to compare it with some other positive 
term series B whose convergence or divergence is known. We 
begin therefore by establishing two theorems of comparison. 


2. Let A = a) +a + +, B=b,+h,4 «+ be positive term series. 
Let r, s be positive constants. 


ay i ASG it we 1s, Beet 
or 2° lim = exists and is # 0, 


then A and B converge or diverge simultaneously. 

For on the 1° hypothesis a,<s8b,; hence if B converges, 
A, <8sB,<sB. Thus A converges by 18, 2. Also a,>16,; 
hence A, >rB,. Thus if B is divergent, so is A. 

On the 2° hypothesis, let 

on = Jandl>0. 


n 


i a 
Then as n increases, = gets nearer and nearer l. Hence fora 
n 


sufficiently large m, there exist two positive numbers r, s such 


that a 
Foie peg Bi n>m. 
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Thus the terms of the series 
A Am+1 T ang == aoe 


satisfy condition 1° above. Thus this 2° case is reduced to the 
preceding. 
Example 1. A 1 1 


1.2) 9:3 e 


l uf 1 
H BO as, 
ee n n(n+ 1) a n2 


Thus each term of A is less than the corresponding term of the 
convergent series 


i Ot 
Hence A is convergent. 
2. 2 
Example A= SE 4 C88 Tp eg SR 
e? 


The adjoint series is 


_|cos2z| , |cos2a| 
X= m + tT 


As |cos u| <1, each term of this series is < the corresponding 
term of the convergent geometric series 


1 Sek 1 
at et et 


Hence X is convergent, and thus A is absolutely convergent. 
E. le 3. 
zampi A= 3a, = Slog (1+ +2) . Pk 

b no w 
where p is a constant and 


| 0a | < some @. 


By the calculus we have, setting r= 1 +s, 


1 2 
a= (u +- la + 2) “ Wet anes 
n në n ne 


Jf „= 0, we have Ri 6, (1-28) 
n" n 
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which is comparable with the convergent series 
1 
aay 7 >i. 
n 

Thus A is convergent in this case. 


If p +0, we see that na, = p. Thus A is comparable with the 


divergent series 
8 H=1+44+44+44+-. 


When y > 0, we see the terms of A finally become positive and 
A=+o. When » <9, the terms finally become negative and 
A=- oo. 


Example 4. n= > fi- log (1 r A = Dea 
z 


This series is convergent. For if n > 1, by the law of the mean, 


log (1 +2)=24 M5 , |M,|< some M. 
n) n n 


Thus M 
Cp | <->" 
n 
The adjoint of Q is thus comparable with the convergent series 
1 
nè 


The series O is therefore absolutely convergent. Its sum is 
called the Hulerian constant. By calculation we find 


C! == 67721566. .. 
3. The second theorem of comparison is : 
Let A=a +a +a + , B=b +b +b ++ 
be positive term series. If B is convergent and 


ansi < Ons , n=l, 2, 
a 


n n 


A is convergent. If B is divergent and 


An+4 > Ons , 
i- An ai bn 
A is divergent. 
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For on the 1° hypothesis, 


Thus a, 


and we may apply 2. 

On the 2° hypothesis we have 

qed 

and may again apply 2. x 

21. D’Alembert’s Test 1. As an application of the second theo- 
rem of comparison 20, 3, we will establish a test for convergence 
or divergence of a positive term series which is perhaps more 
often used than any other. It is called D`Alemberts test. 

The positive term series A= a, + a, + --- converges if there exists 
a constant r< 1 for which 


a 4 ae 
Her, or lim =r. 


ay a, 


The series A diverges if 
la>], or if lim > 1. 
Ay a, 
Let us suppose that 


We compare A with the convergent geometric series 


R = 1 +r+ 7 + see 

and apply 20, 3. 
Let us next suppose that im Geel qd 
a 


n 


Then we may choose e>0 so small that s=r+e is also <1. 
Then 1) states that there exists an m such that 


a 
—til<¢ 5 <mieent 
an 


Thus we are led back to the former case. In a similar manner 
we may treat the divergence part of the theorem. 
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Example 1. A=a+2a'+ 33+... 


is convergent if 0<a<1. For the ratio of two terms 


Spat Se el 
a N 


n 


Example 2. Let us show that the exponential series 


w 
amie T 


+e 


converges absolutely for any x. To this end we consider its 
adjoint TE 
em le Big I 


The ratio of the n + 1* term to the n“ is 


for any given é. Thus in this case r= 0 in D’Alembert’s test. 
Hence € converges, and thus Æ converges absolutely for any v. 


Example 3. Let us consider the convergence of the series 
which are the developments of the cosine and sine, viz. : 


q gé 
CEST 
aed 
aiot, 317 5! 


The adjoints of these are 


4 
C=1+É +E + z 


Ee ae be 
S=ritsit ait 


The terms of these series form a part of the series Œ considered 
; ox 


and hence 6, © converge for any & since € does. Thus C and 
S converge absolutely for any x. 


in Example 2. Thus C<G 
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This result may also be obtained directly from D’ Alembert’s 
test. For the ratio of two successive terms of € is 


Er PA & =0 
(fay Z n—2)! 2n(Qn— tic: 


Hence Ç converges for any é, and a similar result holds for ©. 


Example 4. Let us show that the logarithmic series 


L=? as 


= 
z 
converges absolutely for any |x] < 1 and diverges for |x| >41. In 
fact the adjoint series is 


g= eS E = 


The ratio of two successive terms is 
ie E, E7 
nelenil 
Here the limit r in D’Alembert’s test is £. 


I| 
“re 


2. We must note that when in D’ Alembert’s test the limit 
lim 241 — bf 
a, 


we can neither conclude that A converges or that it diverges, as the 
following example shows. 


Example. ee be nth 1 ‘ee 1 TIN 
ib 3: 
Here EE ns 1 ' 
* “GED aay 
n 


Now when s>1, A is convergent, while when s<1, A is 
divergent. 


22. Cauchy’s Integral Test. 1. This is a test of great power ; 
it is expressed in the theorem: 


Let f(x) be a steadily decreasing positive function such that 
fn) > a 
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Then the positive term series 


A= a; + ag + a + oes 


is convergent if ee J} *} KOY 


is convergent. 


For on the ordinates =n, in Fig. 1, let us lay off the values 
of ap ‘Then A, = area of the shaded region from s= 0 to z=n. 
But the curve belonging to y= f(s) 
lies above this shaded region. Thus 


An = Amn T am+2 + sii i Onin < J. 
Hence Am is convergent, and 
hence A is. 


2. Similarly we have a divergent 
test, 

Let f(x) be a steadily decreasing Fia. 1. 
positive function such that a> f(n). Then the positive term series 


is divergent if KE Rd 


is divergent. 
For consulting Fig. 2 we see that 


m+n+l 


AT = Am+1 + An+9 +e Anana f(xjde 


m+1 
Let now n=oo. The integral on the 
right + +œ by hypothesis; hence Ám is 
divergent, hence A is divergent. 

3. In the last section the student might 
be tempted to reason as follows. A,, is 
the area of the rectangles from v= m to œ. 
This is greater than the area of the curve 
from z=m to 0. Thus one would have 


at once oe Soft 


As the integral K= œ, so is Am hence A = œ. 
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Against this form of reasoning one can urge the objection 
that one is dealing with œ as if it were an ordinary number. 
It is true that in a first course in the calculus the student 
often falls into this habit. At times this is quite convenient, 
at other times it can create great confusion. To avoid such 
loose reasoning mathematicians to-day do not operate on infinite 
quantities as if they were finite. For example in the present 
case we wish to show that A,, is divergent. To this end we 
have compared two infinite areas in 2) and asserted that one is 
larger than the other. The modern mathematician avoids this; 
instead he would reason as in the foregoing section 2. The 
relation 1) compares finite areas. In this relation the variable n 
is allowed to increase indefinitely. Since Am,» increases indefi- 
nitely, the series A, is divergent by definition. Hence also A 
is divergent. 

The reader will perhaps think this a very small point. In the 
present case it is indeed trivial. We have chosen it however to 
illustrate a great principle : 


The student must avoid operating on infinite quantities as if they 
were finite. All operations must be performed on finite quantities, 
except in the single operation of passing to the limit. 


23. The Logarithmic Scale. 1. As we have already remarked, 
the convergence or divergence of a positive term series 


A= a +a, + a+ Eis 


D: 
may often be determined readily by comparing A with some series 
whose convergence or divergence is known. Two such series we 
have already found. The geometric series 


G=1+g+P+HP+H- ad 
and the hyperharmonice series 
A Ay ea Hires 
S11 ++ Sb E 
+ oe ae t ITRS (2 


We propose now to use Cauchy’s integral test to show that the 
series 
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1 
>a nln G 
1 
2 nlnln G 
1 
2, nlnlnl n E 


all converge when s > 1 and diverge when s < 1. 
For brevity we have set 
In=logn , Iln=log(logn) , 


We must note that in the domain of real numbers, log z does not 
exist for x<0. Thus the summation in the series 3), 4) --- 
must begin with a value of n for which J,,n exists. 

Let us consider the series 3), or 
1 1 1 


+ ——— + + (6 


= — 
Plog? 2’ 3loge3 4 log? 4 


when s > 1. 
From the caleulus we have 


dlogi*z_ 1—s 


dr z log’ x 
Thus 
P dz 1 { 1 1 
= —- — APL ca o 
fi zlogtz s—1\log*4Ja logi 8 ae 
Hence ls de ___ i 1 
a zlog'z s—1log*ta 


_is convergent. Hence by Cauchy’s test 6) is convergent when 


s>1. 
Let us now take s=1. From the calculus we have 


dg d RETA 
dx dr log(og z) ~ slogs 


Hence 
dx 
a, clog x 


=log(log 8)—logdoga) , 0<a«a< B. 
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Thus ii dx = +0. 


x log x 


Hence by Cauchy’s test 6) is divergent for s=1. Hence à 


fortiort it diverges for s < 1. 
To treat the general case we would employ the function 


1 

hod Eas xl,rl,r ++: Uy 32 nt 
2. The series 8), 4), 5), -+ forma scale. That is when s>1 
each converges more slowly than the foregoing. When s=1 
each diverges more slowly than the foregoing. To apply this 
scale to test the convergence or divergence of a given positive 
term series A we begin by comparing the terms of A with those 
of 8). If no test results, we next employ the series 4), and so on. 


24. Kummer’s Test. 1. This is embodied in the following 
theorem : 

Let A=a,+a,+ +++ be a positive term series. Let ki, ky +++ be 
a set of positive numbers chosen at pleasure. A is convergent if 
for some constant k > 0. 


Ky = hye ey DR n= 1, 2 el 
n+l 
A is divergent if Te 2! 7 a hye (2 
ky 2 
is divergent and K < 0, n=1, 2, + 


For on the first hypothesis 


1 
S F (kia; — kag). 


As = : (kaaa = kya). 


On SF hay tn—-1 — kuan): 


al = 
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Hence adding these 
0 = As = ay + ety =g Koln) Ta a,(1 + a) ʻ 


Thus A is convergent by 18, 2. 


On the Second Hypothesis 


On ee kani] 
a o] 
An+1 kn 
Fret 
or an+] ine : 
an a a. 


Thus A is divergent by 20, 3. 


2. We shall call the divergent series 2) Kummer’`s series. 


25. Raabe’s and Cahen’s Tests. 1. From Kummer’s test we may 
deduce a set of tests of great usefulness. Thus if we take 


k= hy = oe = 1 


_ we get D’Alembert’s test 21. 


If we take iis yg hy Bo 
we get: 
= Raabe’s Test. The positive term series A = a; + d + ++ is con- 
vergent if 
y(n) =n —1)>1 ean q 
An+4 
A is divergent if r(n)<1. (2 
For here K,=n an —(n+1)>k>0 
n+] 


if 1) holds. On the other hand 


i 0) 
if 2) holds. 


2. In the foregoing we have used the divergent series 


D=i4+i4444+.-. 


and D=} +44} 
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to get D’Alembert’s and Raabe’s tests. If we use the scale of di- 
vergent logarithmic series considered in 


1 
Dike 


1 
Ser 


we get a set of tests which may be stated as follows : 


Let A =a; +a, + ++: be a positive term series. Let 


an —1)—1} =Jnfrm)— 1, @ 


n+l 


NOS in| n( 


l 


À (n) = ia fhafan s NON 1)- ue 1 = lnia (n) 1}. 


n+] 


Then A converges if there exists an s such that 


rA,(r)>S>1 for somen>m; 
A diverges if A(rn)<1 forn>m. 
Let us prove the first test 3) in this set. The others are proved 


similarly. We take here 
k, =n log n. 
Then A converges if 


an 


K, =n log n —(n+l)log(vw+1)>k>0. 


Any} 


nt1=n(1+2) 


` 
N 


As 


K, = A(n) — log (1 + D — log ę -+ *, 
n n 


\ntl 
=A,(n) — log (1 + 5) ; 


Sraa A 


POSITIVE TERM SERIES 5i 


A 
v 
4 
7 


Thus A converges if 


j ACn) Z >11 forn > some m. 


_ In this way we see also that A diverges if 
| An) <i form > some m. 


_ 38. From 3) we deduce 


= Cahen’s Test. If the positive term series A = ay + d + +++ i8 such 
that for every n 


j 0, =n{n(2 -1)—1}< some G, 
g An+4 
then A is divergent. 


n(n) < 0k” O 
n 


Here the right side = 0. Hence à (n)< 1 for n > some m; and 
_A is divergent by 2. 


vw 


26. Gauss’ Test. Let A= a; + a, + ++ be a positive term series 
such that 
a, m+ anti +- +e a 
Any M+ Pynt 1+. + Be 


where 8, 04, Gy +++ By, Ba- do not depend on n. Then A is con- 
vergent if 
s nE By >I, 


and divergent if a, —8,<1. 
This may be deduced from 25 as follows. Here 
— B, + Lia- Ba + veel 


A(n) =n On = 1 Saves Sar ee eh) 2 
4 eS j=- 1 += {8,+ reek ( 


a lie i Peer? ET a) ee ON ie i Pyr 


ee) 
` 


AAL 


Thus lim à (n) = a, — Ay. 


Hence if «,— 8, >1, certainly there exists some / > 1 such that 


n( ee 1)> l for all n > some m. 
An+4 
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Thus Raabe’s test shows that A is convergent. If a, — £= 1, 
Raabe’s test does not always apply. To dispose of this case we 
may apply the d4(7) test of 25, 2. Or, more simply, we may apply 
Cahen’s test. We find at once 
lim 0, = a, — 8, — By. 

Thus C, < some @& 
and A is divergent. 

27. A test similar to Gauss’ test in 26 is the following : 

Let A=a,+ a+ -- bea eats term series such that 


=1+- ee 
aha n n" 


where u >1, and Ba < some G. Then A is convergent if « > 1, and 
divergent if « < 1. 


For here TOS n( A, 1) =e AES 
ae ne 


Thus A is convergent if «>1,and divergent if «<1. If «e=1, 


we have Ln 
A(n) = 12} Ay(r) E 1} s SN; 
and A is divergent. 


28. Binomial Series. This is 


aial e 
B=1 +4 æ+ 1-3 et Bw ote 


ORORO a 


This series arises when we develop (1+2)* by Taylor’s theorem ; 
here we wish merely to consider the convergence of the series 
as an application of the foregoing tests. 
If u is a positive integer, B is a polynomial of degree u. If 
#=0,B=1. We now exclude these exceptional values of u. 
Applying D’Alembert’s test to the adjoint of 1), we find 


= 


: +I. je> le], 


n 


Thus B converges absolutely for |x | <1, and diverges if |s |> 1 
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Tet 2 = ls Then 
BEE Hez Es 
Then al a ERETT 
w: n 


As D’Alembert’s test gives us no information in this case, we 
apply Raabe’s test. Here 
a(n) = n( 0 = i isn 
On+y 1 xia 1 T H 


n 
for n sufficiently large. Thus 


Aj(m)y=1+ p 


Hence B converges absolutely if u > 0, and its adjoint diverges 
if w<0. : 

But in this case we note that the terms of B are alternately 
positive and negative. Also 


ns lq L+H 


| 
Ge n P 
so that «, form a decreasing sequence from a certain term, provided 
p> — i, when «e =0. Thus B converges when p> — 1 and 
diverges when p< — 1. 

Letx=—1. Then 

REE EEO TEAT at A 
Chak eee 

If u>0, the terms of B finally have one sign and M (n)=1+ p. 
Hence B converges absolutely. 

If u <0; let u=— à. Then B becomes 


AAI A-A+1-A42 


OS a aaa TR i ao a 
Here m(n) = cae, 
pe E Sas 


and B therefore diverges in this case. To sum up, we have the 
theorem : 
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The binomial series 1) converges absolutely for \x|<1, and 
diverges for |x|>1. When x=1, it converges for p> — 1 and 
diverges for p< —1; it converges absolutely only for p > 0. When 
a =—1, it converges absolutely for »>0 and diverges for p <0. 


29. The Hypergeometric Series. This is 


j - 187A FA 
E B a-a+ 2 
TG Bt; lt ta ae 


a-e+l-a+2-8-B+1-B+25, 
1.2.3-y-yt1l-y+2 


qd 
+ 


Let us find when this very important series converges. Passing 
to the adjoint series, we find 
On+g — GOETO (2 
ana |(r+1)(y+r)| 


Thus F converges absolutely for |x| <1 and diverges for | z|>1. 
Let x=1. The terms of F finally have one sign and 


ann CARFE 
Anyo nr? +n(a+8)+ a8 


Applying Gauss’ test, 26, we find F converges when and only 


when ariel 
Letx=—1. The terms finally alternate in sign. We may 
write #=a,;—a,+a,—-+-. Let us find when a,=0. We have 
eee aB +I +B) BHn), 
7 atD- Utva e 
Now w+m=m(1 +£) ; B+m=m(1+8), 
m m 
1+m= m(1+2) ; y+m=m(1 ii r). 
m m. 
i (aq 
anaE N 
1 
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But 1 pas a . 1 =1—U4 im: 
iip = T 
m 
where On=1l , Tm=y? as m= 


m mè 


Hence anig = tl (1 a 2i i ae IL p. Ze)(1 Z ee m) 
1 m m mM m” 


Hence 


Thus L= lim log p43 = Ip: 
sai 1 


Now for a, to = 0 it is necessary that L,=— œ. In 20, Ex. 8, 
we saw that this takes place only when «e+ B—y—1<0. 

Let us now see if L is an alternating series. If so, we must 
also have a, > än; < +--+. From 2) we have 


Ong 1 PtP —7—1, 8, 

Onis n n? 
Thus when «+ — y—1<0 the L series is alternating. 
Summing up, we have the following theorem : 


The hypergeometric series F converges absolutely when |x| <1, 
and diverges when \|x|>1. When x=1, F converges only when 
a+ B—y<0, and then absolutely. When x= — 1, F converges only 
when a+ B—y—1<0, and absolutely if a+ B—-—y< 9. 


CHAPTER III 
SERIES WITH COMPLEX TERMS 


30. 1. Having discussed series whose terms are real, we now con- 
sider those whose terms are complex numbers. As heretofore such 
series will be represented by 


A=a,+a,+a,+ > e! 


the sum of the first n terms by A, and the residual series by A,n. 
If we replace each term of A by its numerical value «, = |a,|, the 


resulting series 
8 Y= a, + a, +ag+-- 


will be the adjoint series. 

Before defining the sum of 1) we must define what we mean by 
the phrase ‘“‘A, converges to a number L as n increases indefi- 
nitely,” or in symbols A, = Z as n = œ, or 

lim Ay== i. (2 
n= 

Suppose we plot the points associated with the complex numbers, 
A, Ao Az and L. Then when we say A= L, we mean that 
these points get nearer and nearer Z. More precisely this idea may 
be expressed as follows: 

About L describe a circle of radius e as small as we choose. 
Then all the points 

Aas. Anis Anie 


fall within this circle for some m, as in the figure. In other words, 
there exists an index m such that 


|L- A| <e foraln>m. (3 


If the reader will turn to 16, he will see that 
this is a natural extension of the term limit when “4m 
the numbers considered were real. 
56 
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We are now ready to give a final definition. We say 2) holds 
when for each positive e there exists an m such that 3) holds. 
This definition applies to the limit of any sequence of complex 


numbers as 
Cirat GTh |S 


To express that ¢ is the limit of ¢, we shall write 
e>0., m a SNA: (4 


This we read as in 16, viz.: For each positive e there exists an 
index m, such that |e — e| <e for all n>m. 

Having now defined the term limit we may extend the terms 
convergent, divergent, sum, defined in 10, without further comment 
to the series 1) whose terms are complex. Thus when lim A, 
exists, we say A is convergent. The limit of.A, is the sum of 1). 
If lim A, does not exist, A is divergent. 

A number of results established in the last chapter ‘hold for 
series whose terms are complex. In fact the reader will see that 
the demonstration applies equally well to complex terms. For 
the convenience of the reader we state some of them here. 


2. Let A=a,+a,+--: be a series with complex terms. Then 
A and the residual series A,, both converge or both diverge. If 
A is convergent, A,=0, alsoa,=Oasn+o. If A converges, 
B = ka, + ka, + +. converges and B=kA,k #0. 


3. We have just noted that when A is convergent, a, must 
=(). From this we draw the obvious yet important conclusion : 
If A =a; +a, + ++ ts convergent, then 


|a,|<some G , n= 1, 2, 8, (5 


For, describe a circle O about the origin. Then since a, = 0, all 
the terms amp Um+y +: lie within O for some definite m. Let us 
now describe another circle D about the origin so large that it 
contains the m points a, dg +++ Am and also ©. If @ is the radius 
of D, the relation 5) holds obviously. 

4. The reader should note that although the terms a, a, -+- of 


the series 1) are complex, it does not follow that they may not be 
real. The class of complex numbers contains the class of real 


58 FUNCTIONS OF A COMPLEX VARIABLE 


numbers as a subclass. It follows therefore that any theorem 
established for series with complex terms must necessarily hold 
when the terms of the series are all real. 


31. Absolute Convergence. 1. The terms of the series 


A=a,+4,+ 43+ + ad 

being complex, let us set 
a,=b,+te, , n=1, 2, «= (2 
r VEA IRS A e T (3 
O= ce teat egt = (4 
Peon see Ae. (5 


We show now that: 


If B, © converge, so does A, and A= B+iC. Conversely, if A 
converges, both B and C converge. 
For if B, C are convergent, we have from 5) 
lim A, = lim B, +i lim @,, 
A=B + i0. 


or 


Conversely, let 1) be convergent. Let its 
sum be A= 8 + ty. Then Fig. 1 shows that 
as A,=A, then B, =£ and O, =y. 


2. As already remarked the adjoint of 1) is 
A= a + ty $+ oy + oes 
where |a| =a. From Fig. 2 we see that 
Bu=|bn| Sen» Yn=|en| < Oe 
Similarly the adjoints of Band Care 


B= 8 +b + is 
C= y +y + wae 


We now prove the important theorem : 


If the adjoint of A converges, A is convergent. 


ANDY 


vata 
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For obviously B, < A, < A, hence $ is convergent, and there- 
fore B converges absolutely. Similarly €,< %, < A and hence 
C converges absolutely. The theorem now follows from 1. 


3. When the adjoint of A converges, we say A converges 
absolutely. 

The great importance of the last theorem is obvious. It en- 
ables us in nearly every case in practice to reduce the problem 
of determining whether the series A is convergent or not to the 
same problem relative to the adjoint series Y. But the terms of 
M are real positive numbers, and the convergence, of such series 
was treated in the last chapter. 

4. Having established the last theorem, the reader will note 
that the reasoning of 18, 4 holds for complex terms. Hence the 
theorem : 

If each term of A=a,+a,+ ~- is numerically < the corresponding 
term of the convergent positive term series B=b,+b,+ --- then A is 
absolutely convergent and |A|<B. 


5. Returning to 2, let us note that the reasoning there shows 
that: 

For 1) to converge absolutely, it is necessary and sufficient that 
the two real series 3), 4) converge absolutely. 


32. Addition and Subtraction. From the two series 
A=a +a +a t+ ++ 
B=b +b +b; + + 
let us form the series 
O= (ay + by) + Ca + ba) + Cag + ba) + 


We now show that: 
If A, B are convergent, Cis convergent and its sum is A + B. 


For Cae 9 IS Sy CRM 
=A, + B,. 

Now limA = A im. 2. = b. 

Hence O=alim C,= A+B. 
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Similarly we prove: 

M D= (a,— 5) + amba + 

converges if A, B converge and D = A—B. 

33. Multiplication. 1. Suppose we have two polynomials 
P= pit pot -- + Pm = È po 
Q=nt h+ +a Èg 

Then from algebra we know that 
PR = Pi + UP2 + o +HPm 
+ Pi + Pa + + Qa Pm 
E Pi + Pa F o + Ga Pw 
The general term of the product is p,g;, We may thus write 


I Medes 
PQ = 3 nge ee a 


Py Be Se 
Instead of two polynomials P, Q let us take two infinite series 
A=atat+-. , B=b,+),+ >: (2 
and from them form the series 
C= Zab; (3 
ij 


which contains all possible terms a;b; without repetition. We 
prove now the theorem : 


If the series A, B are absolutely convergent, so is Cand C=A . B. 
We begin by considering the adjoint series 
A= te; B= EL; C= Eal, 
Let us look at the product %,,%,,; it contains all terms CASS 
whose indices ¢, 7 are both < m. Let us now take n so large that 


the sum of the first n terms of Ç, that is C contains all the terms 
of ABa In general ©, contains other terms of the type «,B, 
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where v, s are not both < m. On the ‘other hand let no term a, Bs 
have an index >v. Then 


6, — 1.8 S 1B ms + C1Bmig H e + aB, 
+ O81 + CEng + e + %B, 
ss ASE = IEA H yii F OB, 
+ Biars + Rine Haack Aye, 

+ ceo sso 

$ Ban =r ByOmse A a T Bm,» 

For every possible term «,8, which ©, — %,,G,, can contain is to be 

found among the terms on the right. Moreover all the terms 


involved are positive numbers. 
Now the first row on the right gives 


(Bm1 + Bmig ++ + BY) < Bm 
and a similar relation holds for the other rows. Thus 
C, —%,.Bn < %Bnt -- + 4,8, 
+ Bim + + B Aln 
< (ay + + + 4,) Bn + (By +++ BL) Mm 
< 1B, + BY, 


Let now m =œ. Then %, = 0, Bn = 0 by 17,4. Thus the left 
side =0. But 


lim W Hn = lim An lim G,, = WU. B. 


Hence € is convergent and 


C=A-B. 


This shows that the O series is absolutely convergent. To 
show that (= A. B, let m, n have the same meaning as before 
only now referred to the A, B, C series. Then 
O, — A,B, is numerically < the sum of the corresponding terms 
in ©, — WD Hence 

| 0, — AnBm| <n — UnBm- 
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Now when m = ©, the right side = 0. Thus 
lim CL, -= A, Bn) = 0). 
As lim A,B, = AB, this gives C = AB. 


2. In forming the product series 3) it is well to have a definite 
law in order that no term a;b; is omitted, and no term is repeated. 
Such a law is expressed as follows : 

C= ab, + (aiba + azb) + Caba + ayb + 4564) i 

+ (a,b, + dbg + agba + ab) +- C 
We notice that the sum of the indices 7+ 7 is 2 in the first term, 
it is 3 in the second term, 4 in the third term, ete. Also in each 
term the index 7 increases while 7 decreases. In this way it is 
possible to form all the terms aj; in 3) without repetition or 


omission. Of course there are many other simple ways of doing 
this, but this is in general the most convenient. 


34. Cauchy’s Paradox. 1. At this point we are face to face 
with a paradox. One would expect that if the series A and B 
converge, the series C in 33, 4) would converge and have as sum 
A-B. Incase that A, B converge absolutely, we have just seen 
that this is indeed true. We now exhibit an example due to 
Cauchy which shows that if A, B are convergent but not abso- 


lutely convergent, then the series O may not even converge. 
In fact, let 1 1 1 1 


Vi v2 VB vi 
1 1i 1 1 
— — ff a N, E 
VI V2 VS" 
The series A being an alternating series, is convergent by 15, 1. 
Its adjoint is divergent by 14 since here s = 3. 
Let us now form the series O in 33, 4). 


We have abe def 1 +44) 
Vivi \Viv2 v2vi 
Hayaa Hi 
viva v2vž vevi 
= Cy + Cg 4- Oy + one 
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1 1 
[enl = ae Se ee 


~ Vivn—1 V2Vn—2 í Va—1 Vi 


Now from algebra we have 


Vm(n—m)<in , n>m> 0. 
Hence Ai >2 CRE 2(n-— 1), 
Vm(n—=m) ® n 


Thus @ is divergent since e„ does not = 0, as it must if O were 
convergent, by 17, 1. 


2. The foregoing paradox arises from the tacit assumption that 
the earlier mathematicians made and which students to-day are 
too prone to make; viz. that infinite series have the properties of 
finite sums. The sum of an infinite series is the limit of a sum 
of a finite number of terms, in symbols 

A=lim y. 
n= 

Now it does not follow that the properties which each A, may 
possess also hold in the limit. In other words we must learn 
to discredit the dictum: what is true of the variable is true of 
the limit. In general this dictum is valid; there are, however, 
countless cases where it is not. In particular it is true that 
infinite series have many properties in common with finite sums, 
but they do not have all their properties, witness the foregoing 
paradox. It is helpful indeed in our reasoning to remember that 
in general infinite series do behave as finite sums. It is also 
extremely helpful to remember that very often what is true of 
the variable is true of the limit. Such partial truths are of great 
value in exploring the way and in seeking for proofs that are 
really rigorous. Their value is heuristic and every student 
should employ them freely. He must, however, learn to replace 
reasoning founded upon them by proofs of a more binding 
character. 

3. Let us note a few cases where the student is apt to go 


astray unless warned. 


zs 
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Example 1. Let us plot a finite number of real positive num- 
bers, a, z *-- Am no two of which are equal. Then there is 
always one point which is nearest the origin. This is true for 
any m. Is it true for an infinite sequence of such numbers 


a Oe E 


Not always, as the sequence 


shows. Obviously there is no a,=— which is nearest the origin. 


kat 
For a,,, = —— is nearer 0 than a,. 
s+1 


Example 2. Similarly in any finite set of different numbers 
there is always one which is greatest. In an infinite set this 
is not always true. Thus the set 


ee aar Ce 


Example 3. In the interval (0, 1) formed of the point x such 
that 0 < x < 1 there isa first point z=0 anda last pointz=1. 
On the other hand, in the set of points v such that 


has no greatest. 


O<ae<i1 
there is no first point, and no last point. 


35. Associative and Commutative Properties. In any sum of a 
finite number of terms as 


S=a+(b+c)+d+e, ei 


we may leave out parentheses or put them in wherever we choose. 
This is called the associative property of sums. ‘Thus the sum 1) 


may be written Simba by alte tee 
=(a+b)+(c+da)+e 


=a+6+c+(d+e), 


etc. Also the value of 1) is not changed when its terms are 
rearranged in any way. Thus 


S=b+a+d+et+e 
=e+c+d+a+b, 
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ete. This is called the commutative property. The student is so 
used to making these transformations that he does it almost with- 
out thought. It is natural for him to extend these properties to 
infinite series. Yet simple examples will show him that this is 
not always permissible. 


Example 1. Let 
A=1+d0-—-1+(0—-1)+d-)N+.. (2 
=4,+4+d,+Q,+-:- 


Here, A,=4,+ + +4, 
=1+(1—-1)+---+(1-1) , nterms 
=1. 

Hence lim A, = 1. 


Thus 2) is convergent and its sum is 1. 
If we remove the parentheses from 2), we get the series 


= bi +b + b+ e 
gare By oe aL 
Hence lim B,, does not exist and B is not convergent. 
Example 2. (Dirichlet.) Let 
held t (3 


This we saw is convergent. We shall show directly that we 
may group the terms of A by twos or by fours without changing 
its value. Let us admit this fact for a moment. Then we have 


A=(-)+G-D+G-D)+ a 
=0-}+}-Ð+G-}+}-p+e Œ 
From 4) we have 
J A=G-ĐD+G-Ð+GI -W+ 
Adding this to 5) gives 
“g4=C4+4h-)4+G4}-D+- (6 
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We shall show directly that it is permissible to remove the 
parentheses in 6) without changing the value of the series. Thus 


j A=1+4- ititi it a 


Let us now compare the two series 3) and 7). We notice that 
T) is obtained from 3) by taking two positive terms of 3) to one 
negative. Each term of 3) is to be found somewhere in 7) and 
no term is repeated. Thus the series 7) is merely a rearrange- 
ment of 3). If now all infinite series enjoyed the commutative 
property, the rearrangement of the terms of 3) would not affect 
its value. But the left side of 7) shows that the sum of 7) is 3 
times greater than the sum of 3). Thus not all infinite series 
are commutative. 


36. Since it is often convenient to put in or to leave out paren- 
theses in a series and also to rearrange its terms, it becomes neces- 
sary to ascertain when this is permissible. To this end we estab- 
lish the following theorems : 


1. Absolutely convergent series are commutative. For let 


A = a + ay + a, + eee 


be absolutely convergent. Let 
B=b +b +b +++ 
be a series obtained from A by rearranging its terms. We wish 


to show that B is convergent and that its sum is A. 
Since the adjoint series 


A = ay + Oty + Oty + oe 


is convergent, we may take m so large that 
Aa LE a 


We may then take n so large that B, contains all the terms of 
Am and v so large that A, contains all the terms of B,. 


Then PPAR 2 
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contains no term of index < m and the terms of the sum 2), each 
taken in absolute value, lie among the terms of the residual series 
Yn Hence wt 

|A, — B,| < in 
or, using 1), Sears 


Thus B is convergent and lim Bo 


2. Let us now turn to the associative property. We begin by 
showing that we may insert parentheses at pleasure in any con- 
vergent series, a fact we embody in the following theorem : 


Let A =a, + a, + 43+ +++ be convergent. Let 
by =a; +--+ + ay, 3 by = Ama Hee + Omg ‘ 


Then the series 
B=(a, +. + Om, ) + Aat te see at An, ) +e 
= b, ae by JE ons | 
is convergent and A= B. Moreover the number of terms which b, 
embraces may increase indefinitely with n. 
For B= Ay. (3 
Since A is convergent, Jim en A: 


Thus passing to the limit m= in 3) gives 
BEA 


3. The next theorem relates to removing parentheses from a 
series. Thus if we remove the parentheses from the series 


B= (a, + art e + amn) + Une F Fn) + oe a 
=b +b + t.. 
- we get the series Baga A Poo (5 


We show now that in the following three cases the parentheses 


may be removed from the series 4). 
1° If A is convergent, B converges and A= B. 
2° If A is a positive term series and B converges, then A is 


convergent and A= B. 
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3° If the number of terms in each parenthesis in +) is < a fixed 
number p, and if a, = 0, then A converges if B does and 
Altre 
For on the 1° hypothesis, we have only to apply 2 to show that 
B converges and A = B. 
On the 2° hypothesis, we have 


EL a nth 4 J, <r (6 


If now we take s > m, B—A, will contain only terms in the 
residual series B,. As the terms a, are positive, we have from 6) 


B-—A,<e. 


Thus aupen 


On the 3° hypothesis, we note that the terms of A, will embrace 
a certain number of terms of B, say Bm, and in general a part of 
the next term of B. We may therefore write 


Ay = Ba + Onan (7 


where 0/,,4, is a part of bm}; Since ,,,, contains at most p terms 
a, and as by hypothesis a, = 0, we see that 


b= 0. 


Passing to the limit in 7) we see that 


ARE 


4. Let us now return to verify the statements made in 35, Ex. 2. 

Since the series 3) in that article is convergent, we may indeed 
group its terms by twos or by fours without changing its value. 
In the series 6) we see that p = 8 and that in 8) 


a, =(— Int. 250. 


Hence this series falls under the 3° case of the theorem 3 above. 
Hence if we remove the parentheses from 6), the resulting series 
T) has the same value as 6). Thus the series 3) is not commuta- 


tive. It is also not absolutely convergent and the theorem 1 does 
not apply. 
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37. Riemann on Simply Convergent Series. 1. It will interest 
_ the reader to see that a simply convergent real term series may be 
rearranged so as to give a series whose sum is any desired real 
number. 
Let the given series be 
A =a, +a +d, ++ Cl 


Let B=b +h +b +- @ 


be the series formed of the positive terms of 1), keeping their 
relative order in 1). Let 


C= e+ cyt eg ++ (3 


be the negative terms of 1) with their signs all changed. We 
begin by establishing the following theorem : 


‘If A is a real term simply convergent series, both B and C are 
divergent, i.e. 
I ppt o. 
For in the first place B and O must both have an infinite 
number of terms. Otherwise some residual series A,, would have 
terms with only one sign. As A is convergent, A, would con- 
_verge absolutely. Hence A would be absolutely convergent, 


which is contrary to hypothesis. 
Let us thus suppose that A, contains r terms of B and s terms 


Boy Lh 
i t ne Y= B+, 5 n=r + 8. 


If now B and C converge, we see that % also converges and thus 
A is absolutely convergent. On the other hand 


A, = Bae o 
shows that if B or C were convergent, both would converge, since 
A,„= A by hypothesis. 
2. We can now establish 


Riemann’s Theorem. If A is a simply convergent series with real 
terms, it is possible to rearrange the terms of A forming a series S 
i for which lim S, is any prescribed number l, or +œ. 
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To fix the ideas let 7 be a positive number; the demonstration 
of the other cases is similar. Since by 1, B, =+ œ, there exists 


h that 
an m suc a by t+ bgt vs $bn, >L (3 


Let m, be the least index for which 4) holds. Since also 
O, = +, there exists an index m such that 


(by +o + Bn) — Cyt + + lm) <L. (6 


Let m, be the least index for which 5) holds. Continuing, we 
take just enough terms, say m, terms, of B so that 


(b+ coe + ba) — (ei + sN Cm) + CÖm +1 + = + bn,im,) >t. 


In this way we may form the series 


T= (by + e Him) — Cet es tem HC J—-C Je 


It is easy now to show that 
lim =k 


For since A is convergent, a,+0. Moreover we choose our 


terms in T so that T, differs from 1 by an amount < some a, of A. 
Thus 
T,, — C=, 


Let now S be the series 7 with the parentheses removed. Since 


the terms in the parenthesis are positive, the series S is con- 
vergent and has T as sum. 


3. The foregoing theorem shows that Dirichlet’s example con- 
sidered in 35 does not illustrate an exceptional case. but the rule. 
This remarkable behavior of non-absolutely convergent series 
should make the reader more careful in dealing with infinite 
series. On the other hand, it would be a great misfortune if he 
became afraid of them. Let him consider infinite series just as if 
they were finite sums when striving to prove a theorem or solve a 


problem. Only he must not neglect at the end to go back over- 
his steps and justify them carefully. 
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4. Let us make an obvious extension of the foregoing result to 
series whose terms are complex. If 


A =a +a +a + + 


An = b, tG 
we saw in 31, 1 that ASNO 


where 


when A is convergent; while we saw in 81, 5 that if A does not 
converge absolutely, at least one of the series B, Cis not abso- 
lutely convergent. 

Suppose the series B is simply convergent, then B is not com- 
mutative. Hence A cannot be commutative. Thus we have the 
theorem : 


No simply convergent series of complex terms can enjoy the com- 
mutative property. 


Power Series 
38. The series A = asha gz? + age? + + qd 
is a power series. Here the coefficients a), dj, a, --- and z may be 
complex numbers. Such series are of utmost importance in the 
function theory. Indeed one is tempted to say they form the 
‘most important class of series. Special cases of such series 
are the series afforded by Taylor’s development in the calculus. 
In fact Taylor’s series 

t 1I 0 
ORLA ETAO ER 


is only a power series as is seen by setting 


a, = f(0) » MARGI 


; y n! 
Thus the developments of sin 2, cos v, e”, etc., given in 9 are power 
series. The variable v is there real, of course. 
A slightly more general form of 1) is 
Gy + a2 — a) + a(z — a)? + a(z — a) +- (2 


Since the series 2) goes over into 1) on replacing z — a by z we 
may reason on 1) without loss of generality. 
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39. Circle of Convergence. 1. A fundamental theorem in the 
theory of power series is the following : 

Let the series A = dy + ay + age? + + a 


converge for z=b. Then it converges absolutely for any c within the 
circle K through b with the origin as center. If A diverges for z=b, 
it diverges for any point d without K. 


For the adjoint series corresponding to z = ¢ is 


A = ay + yy + y+ + @ 
where o,=|a,|, y=|e|. To show that 
this converges we observe that by hypothesis 
ay + ab + a,b? + --- (3 


converges. Thus by 30, 3, 
Cao yo 5. ae 


are all < some g. We now write Y thus: 
2 3 
y = hy + TEA + a8 $) + (Z) GSS. (4 


Comparing this with the convergent geometric series 


8 

@= 9 +9(%)+9(3) tov, ae (5 
we see each term of 4) is < the corresponding term of 5). Thus 
2) is convergent and A converges absolutely for z =e. 

Suppose now A diverges for z =b. Then it diverges at any 
point d without A. For if it converges at d, it must converge, 
as we have just seen, at all points within a circle & passing 
through d and having O as center. Thus A would converge at 
z = 6, which is contrary to hypothesis. 


2. If the circle C whose center is z=0 and whose radius is R is 
such that 1) converges for every point within O and diverges for 
every point without O, this circle is called the circle of convergence 
of the power series 1). 

Nothing is said about the convergence of 1) at points on ©. It 
may or may not converge at a given point on C. 
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3. Let us note before passing on that the series 4), 5) enable 
us to give a rough estimate of the numerical value of the series 1) 
at a point z =e. For let A, denote the sum of 1) for the point 


m2—c. Then JA] < 


by 31,4. But we saw that Y, or what is the same the sum of 4), 
is less than the sum of 5). But the sum of this series is 


Thus 
piel & 


which is the relation we had in view. 


4. Let us find the circle of convergence of certain series which 
we shall employ later. The value of the radius R is placed at 
the right. 


1) ea14 24 F4F yn R=% 
2) cosz=1— 47 _... Rea 
3) sine 2-3 Zo RERA 
4) (peyaly fet MBE ety TL a ie 
5) log (1+2)=2-S +2" 4... Raat 
6) sinhe=etS +2 + T 
E) coshz=14 542 4. Rie ce 
8) Fap nosti hsp tet Belay Ral 


gn if g2 zt } 
pw 3 fe Gag) SR 
BUNA T n+) 12-4 ant2)Qnth 


= 0 
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For convenience of reference we have added on the left side 
their values as functions of the complex variable z. For the 
present the reader should consider the series on the right merely 
as series whose circles of convergence are to be found. Since these 
circles all have z = 0 as center, it is the radius Æ which we seek. 

Suppose now that the adjoint of one of these series, call it A, con- 
verges for |z| =y. Then R is certainly as greatasy. If, on the 
other hand, A diverges for |z|=y, R is certainly no greater 
than y. Finally, if A converges for |x|<-y while it diverges 
for || >y, then the radius of convergence È is = y. 

Now the series 1), 2), 3), 4), 5), 8) we have already considered 
for real values of z. In 21, Ex. 2, we saw that 1) converges for 
any real z. Thus for this series R = œ. 

Similarly 21, Ex. 3, shows that R = œ for the series 2), 3). 

In 28 we saw that 4) converges for real 2 such that |x| < land 
diverges when |z2|>1. Thus R=1 for this series. 

Similarly 21, Ex. 4, shows that R = 1 for the series 5). 

Finally in 29 we saw that 8) converges for real z such that 
|a|<1and diverges for |2|>1. Thus R=1 for this series. 

Thus there remain only the series 6), 7), 9). The first two are 
at once disposed of. For the terms of their adjoint series form 
a part of the adjoint series of 1). Thus R=oo for both 6) and 7). 

As to 9), the ratio of two successive terms of its adjoint is 


Onti — Sa 


too pti E 
W 2248+ 1)(n+84+1) 


for any given ¢& ‘Thus R= œ for this series. 


5. The following development we shall use later 


il 1 2z—a z—a\? 
= 1 ee 
poet aca teat + (E+ (10 


valid for |z—a|<|uw—a|, 


To prove it we note that 


U—z2=(u—a)—(z—-a) 


=(w—a){1-2=4| 


Ui: — 


=(u—a)(1—v). 
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Now 1 
1 —2 
Ley ote 1 


u—z u—a l—v 


=1+o+074+-- , |v/ <1. qi 
Thus 


gives 10) on using 11). 


40. Two-way Series. 1. In the series considered up to the 


present 
a; + dg + a + 


= Ms 
Q 
3 


the index takes on only positive values. It is sometimes conven- 
ient to consider series in which n takes on both positive and 
negative values. This leads to the symbol 
= Hag +a tatata +4, +4; + +: ad 
or a. 
We call 1) a two-way series. 
Example 1. We shall see that in certain cases a function of 
z can be developed in the form 
Ay + 42 + 4z? + + 
ee 
CIF ee 4028 4 ste 
Pores z 
If we set b, = a_,, this can be written 


S a,2*. (2 


Example 2. In the elliptic functions we consider series of the 


type 1 + germs +. giera 4 aie ab see 


ae 


et e 2riz e 2riz 


+. 


which may be represented by 
5 gue; (8 
2. With the series 1) we associate the two series 
B=$a, o O= Şt (4 
0 1 
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If these two series converge, we say A is convergent and its sum 
i A=B40. 


If either or both the series 4) are divergent, we say A is 
divergent. 

Thus the theory of the two-way series is made to depend on 
the two one-way series 4). 

Instead of the series 4) we could use any two other series ob- 
tained from 1) by breaking it at any other index m. Obviously 
the same results would be obtained with these as with the series 4). 

If the adjoint series 


A=>d Qr 3 a, = |a, | 
—2 


converges, we say that A converges absolutely. Thus if B and C 
converge absolutely, A is also absolutely convergent. 

8. Another definition of convergence and sum of the series 1) 
is the following. Let 


Ann = Fm + Omi + wns Oly A+ a+ sos + Gy (5 


Suppose that as m, m= oo independently of each other, A 
converges to some fixed number which we denote by 


m, n 


ling. Aas, (6 


m, n=% 


or more briefly by 7; that is, suppose that for each e > 0 there 
exists an r such that Am,» differs from 7 by an amount < e for all 
mand n >r. In this case we say that A is convergent and its 
sum is the limit 6). This definition leads to that given in 2, but 
we do not wish to urge this point. 


4. As an example let us show that 3) converges absolutely for 


any given z=x+ty when r=|q|<1. For, assuming for the 
moment that à ' 

etw = een 
we have e2rinz = e2rine, en2rny 


Hence | e2mine | — g-Beny 


The adjoints of the B and C series defined in 4) are here 


H=f renw — ç= rew, 


— 


0 1 
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The ratio of two successive terms in $ is 


paH)? 


r A ery = gentle—2ry E 0 
r 


as n=œ. Thus B converges absolutely; similarly C also. 


5. Two-way Power Series. Let us consider the series 


SE eee Es. 
mero e ae (7 
If we set op 
u 


it becomes ath + agus? + aged + 0c 

If this series converges for u = e, it converges absolutely for all 
|u| < |e|. Hence if 7) converges for z = b, it converges abso- 
lutely for all |z |> |6|. 

Let C be a circle about the origin such that T) converges for 
every z without C and diverges for every z within ©. Then Cis 
called the circle of convergence of T). 

Let us now consider the two-way series 


Ay + 42 + az? + ++ 


Sal» 
+14 24..=P+ Q, se 
A Z 


where P is the series in the first line. If ( is the circle of con- 
vergence of P, and D that of Q, the ring R= C — D lying between 
these two circles is called the ring of convergence of 8. 

The radius of C may be intinite. 


41. Double Series. 1. A point whose codrdinates x, y are in- 
tegers or zero is called a lattice point. Any set of such points is a 
lattice set. Let am „n be given numbers, the indices m, n corre- 
sponding to points of some lattice set. The symbol 


Ae 2a eo (1 


is called a double series. With 1) we may associate a series 


Box Sh (2 
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where b, is some term a,,, of 1) and where each term a, q of 1) 
is some b, of 2). If 2) converges absolutely, all these B 
series, being merely rearrangements of one of them, have the 
same sum. In this case we say 1) is convergent and its sum is 
that of 2). As heretofore it is often convenient to denote the 
sum of the series A when convergent by the same letter. When 
the series 2) does not converge absolutely, we shall say 1) is 
divergent. 

The series = Sa. 2 ly ee S a 
is called the adjoint of 1). From our definition of convergence 
it follows that Y converges when A does, and conversely. 


2. Let us note that the multiplication of two simple series 


AS Sas eee 
1 1 


leads to double series. In fact let us set 
Cua = Gyan 


Then C= ze, (3 


is a double series, and when A and B are absolutely convergent, 
we saw that Cis convergent and A - B = O. In the series 3) the 
indices m, n range over the lattice points in the first quadrant, 


excluding those on the v or y axes as for these m or n would have 
the value 0. 


8. We have seen that 


1 
pileata i |a| <1, 


1 
Toe ree ee Ka = i. 
Thus 1 5 mhn > 
(1 — a)(l =b) i m, cava E3 he a 


where m, n range over all lattice points in the first quadrant, 
including those which lie on the x and y axes. 
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4. In studying the double series 1) it is often convenient to 
suppose the terms a,,, placed at the lattice points m, n. From this 
point of view any simple series 


A= San 
1 
may be converted into a double series as follows. Choose an 
infinite lattice set 2 at pleasure, e.g. the points in the first 
quadrant. Put each term am at some lattice point r, s, so that 
each point of £ bears one term of A. If a,, lies at the point r, 8, 


we may denote it by b, ,, so that b, , is only another symbol for aj. 
In this way we get a double series 


B=.. 


5. Example. Let a, 6 be any two complex numbers, such that 
the three points 0, a, 6 are not collinear. If m,n range over all 
lattice points, the origin excluded, 


ma + nb 


will be the vertices of a set of congruent parallelograms, as in the 
figure, which completely cover the plane. 


The series r 1 : 
e > (ma + nb)? C 


is important in the elliptic functions and will be employed later. 
We now establish the theorem : 


The series 5) converges 
when p> 2 and diverges 
when p < 2. 
For brevity let us set 
Omn = MA + nb. 
The adjoint of 5) is thus Eo >S 


| nn P 


Then by definition 5) and 
6) converge simultaneously. 
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We replace 6) by the simple series 
B = Èp, 


where £; denotes the sum of the terms of 6) whose indices m, n 
correspond to points on the first parallelogram P, whose center is 
the origin 0; 8, is the sum of the terms of 6) whose indices lie 
on the second parallelogram P, about 0, ete. 

Let d and D be the least and greatest distances of the sides of 
P, from O. Then each of the 8 numbers o,, , which lie on P, 


satisfy the relation 
d<t oND 


Similarly each of the 2.8 numbers @mn which lie on P, satisfy 
the relation 


Thus Bre <8 
E E 
2.8 2 
k @ Dy 3a © D? ete 
us 3 x 
ESN EDN 
(sD)? — Ses! (sd)? 
or 
8 1 8 1 
CENAN a. 
Lg? Saf Geek SPÈ gra 
As 5 1 
my gpl 


converges when p>2 and diverges when p <2, the theorem is 
proved. 


42. Row and Column Series. 1. Let us consider the double 


series 
A= ay + Aig + aig +- 


+ Gg) + aog + Agg H o 


+ 


a 


= 24m, n M, r= 1, 2, ++ 
The m” row of A gives a series 


t= Amn = Amy + Ang ae Sie (2 
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81 
and from these we can form a series 
œ 
Sy 
siderite {ns * seek Ta (3 
net 
Zz ao 
=> 2 Amn, 
m=l p=l 


putting in the value of rm as given by 2). 


We say the series R is 
obtained by swmming 1) by rows. 


Similarly the x column of A gives a series 
wo 


Cn = È Onn = Ayn + Aon + + 
m=1 


(4 
and from these we can form a series 
C= Cy + Cy +e’ = 2G, 
oa ao 
=> be Ann 


(5 
We say the series C is obtained by summing 1) by columns. 


2. To sum a double series A which is known to be convergent, 
we may often use the following theorem with advantage : 


If A is convergent, each series Tm, €n 18 absolutely convergent. 


The 
series R and C both converge absolutely and 


£= R=. (6 
For let Hit, ee A (7 
be one of the simple series associated with the double series A. 
Since A is convergent, B converges absolutely by definition, and 
A=B. Let |amn|= Oma. The adjoint of A is 


W 
Let us denote the series formed from 2 analogous to 
ty 4 Omer E C ty * 0, 
by Pm ’ Ym >» R € 


3 3 Mins 


To show that rm is absolutely convergent we observe that we 
can take s so large that each term of 


Pm, p = %m,1 + Oma + ee F On, p 
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lies in G,. Hence Pap aD 
Thus Pm = lim pm,p < D- 
pen 


Hence the series pm is convergent and r,, is therefore absolutely 


convergent. The same holds for c, 
To show that R is absolutely convergent let us consider 


R =p; + P2 + = = im Ka 
= lim (p; + Pa + +++ + Pm)- 


B 
ut Pm = Ong T Caa | eee 


= lim Pm, n = liM (my + Omg + *** + Mma) 


If therefore we set 
Am, n = Oy + yg + + + On 


+ Oy, + Bg + +++ + On 


~ 

+ ny = amg + oe Goran 
we get lim Ann = Res 
and hence R = lim lim Am n 


M= N= 


Now let us take s so large that each term of Wm, n lies in 8, Then 
Ann < B,< B. 


Passing to the limit n = œ gives 
Rn < B. 


Passing to the limit m = œ shows that R< B. Hence R is con- 


vergent. As each 
[m| < Pms 


we see that R is absolutely convergent. 
To show that R = A we begin by taking s so large that 


B, <e. 
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Next we take p, q so large that every term of Y not in Y, lies 


in %,. Then ogs 


contains only terms of 8, when m > p, n >q. Thus 
B= Ann < E 
Now the numerical value of B — Amn is < the sum of the nu- 
merical values of the terms of this series. Thus 
PET: m EE E E 
Letiing now n =œ, we get 


|B— R,,|<e. 
Letting m = x, we get (Bo Bl <e. 


As e > 0 is small at pleasure, this gives 
B=. Ae Rh. Q.E.D: 


Similarly we show that C is absolutely convergent and A = C. 


3. Let us now show conversely : 
If the R or the © series converges, A is convergent. 


Let us suppose that R is convergent. Taking s at pleasure, we 
may take m, n so large that the terms of &, lie in Amn Hence 


B, < Ann < Rn < R. 
Thus % is convergent by 13,2. Hence A is convergent by definition. 
4. The following example will show that double series cannot 
be treated as if they were finite sums. They are the limits of 


such sums and often illustrate the fact that what is true of the 
variable is not necessarily true of the limit. Consider the series 


' a a? 
lee DI aE ai i 

9 (2a)? (2.a)* F 
+i- faa ogr t 


8 
+1- 8a E., 


where a > 0. 
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The m** row has here the sum 
Tm = E, 


Thus summing A by rows we get 
R=r,+%+- 
=g tF e7% o e~a + +e 


This is a geometric series and converges absolutely since a > 0. 
We cannot infer, however, that A is convergent or that if it were 
its sum = R. In fact A is divergent. For if it were convergent 
each ¢, series must be convergent by 2. This is not so, for 
: ; a=1+1+1+.-- 
is divergent. 

43. Application to Power Series. We wish to apply the fore- 
going theorem to obtain a result which we shall use later. Let 


the power series 
P(z2) = a + ayz + az? + = (1 


have Ç as% circle of convergence. About any point z within € 
let us describe a circle ¢ of radius p which also 


lies within €. The point z+ will lie in c if : 
|A| <p. Hence the series 1) converges abso- 
lutely when we replace z by z + A; that is fa) 


Peth)=at+a(z2+h)4+ a(z +h} +- (2 


is an absolutely convergent series. Let us expand 
the terms of 2) and write the result as a double series. We get 


A=a,+04+04+0+4... 
+ayz+ah+0+04-.. 
+ ag? + 2 azh + ah? +04 +. = 
+ ag? + 3 age*h + 8 agzh? + h+ 
shee 
If we sum 3) by rows, we get the absolutely convergent series 2). 


From this we cannot infer that 3) is convergent as we saw 
in 42, 4 
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The series A is, however, convergent, as we may easily see as 
follows. Let us set |z|=r. Then 1) converges absolutely for 
z = r + p since this point lies within € Thus 

hy + lr + p) + ty (7 ae p)? SST 


(4 
=a + ar + apt wr + 2 erp + ap? + + ) 


is convergent. Thus the simple series 
B =a, + az + ah + az? + 2agzh + ah? +- 
is absolutely convergent since each of its terms is numerically > 


the corresponding term of 4). Thus A is convergent and we can 
sum it by rows or by columns. Summing by rows gives 


A= P(z+h). 
Summing by columns we get, since the result is the same as before, 
P(a +h) = Pz) +hP,(z) + n KP22) + FPP E+ (5 
phere P =a, +2424 38a + + 
P,= 20a,+2-8a2¢+3-4a27+ + 


CHAPTER IV 
THE ELEMENTARY FUNCTIONS 


44. 1. The functions employed in elementary mathematics are 
the following : 


Integral rational functions. Exponential functions. 
Rational functions. Hyperbolic functions. 
Algebraic functions. Inverse circular functions. 
Circular functions. Logarithmic functions. 


Except in case of the algebraic functions the independent vari- 
able v is usually real. 

We propose in this chapter to define these functions for complex 
values of the variable, and to study a few of their simplest and 
most useful properties. 


2. The reader is perfectly familiar with all these functions, the 
variable being real, except possibly the hyperbolic functions. For 
such as have not used these functions in the calculus we add the 
following. They are defined by 


et + e zgo? 
») 


(d 


: e 
cosh v = » sinhe= 


The left sides are read “ hyperbolic cosine of x” and “ hyperbolic 
sine of v.” We see that they are merely linear combinations of 
e* and e-*. 

These functions have been computed and tabulated, so that one 
is as free to use them as sina, cosa. The reader is referred for 


example to 
B. O. Peirce, A Short Table of Integrals. 
Ginn and Company, Boston, 1899. 


Jahnke and Emde. Funktionentafeln. 
Teubner, Leipzig, 1909. 
86 
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By means of these tables we may draw the graph of these func- 
tions which we herewith give. The graph of cosh g is the familiar 
catenary, that is, the form 
of a chain supported at y 
two points on the same 
level. It is important to 
note that : 


cosh x never vanishes, 


while sinh x vanishes just 4 = © r 
once, viz: Jor z = 0. y=cos h x y=sin h æ 
We note also that cosh x 
is symmetric with respect 
to the y-axis, and sinh z with respect to the origin. 
If we express e7, e~* as series we find 
a Me IE Ze 
cohe = tS tat s (2 
: ae, >, High 
sinh z= — 3 
ritgiteit’ C 
From 1) we find at once that 
cosh? z — sinh? z = 1. (4 


45. The Integral Rational Function. These functions have the 
form 
Ay + 42 + A927 + ++» + amz”, (1 
where the coefficients a), a1, +++, are any given complex num- 
bers and the independent variable z is free to take on all complex 
values, or as we say is free to range over the whole z-plane. 
The exponent m is an integer > 0, and is called the degree of 1). 
Such functions are called polynomials in algebra. Since 1) 
involves only the operations of addition and multiplication of 
complex numbers, its value can be calculated for any given 
value of z. 
In algebra we learn that 1) vanishes for just m values of z, say 


Bey Sy ttt Seu (2 
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some of which however may be equal. We call 2) the roots or 
zeros of 1). Knowing the roots 2) and denoting the expression 
1) by w, it is shown in algebra that 


W = Apn(Z — 21) (2 — Z3) --- (2 — Zm): (3 


The theorem which states that : 
Every polynomial of degree m has m roots 


is called the fundamental theorem of algebra. As often given 
in algebras, its demonstration is long and difficult. Few students 
really comprehend it. It is a luxury which most students are 
willing to dispense with. And quite rightly, for it is far beyond 
their powers at that time. Later we shall give two proofs of this 
important theorem which the student will comprehend ; one is so 
simple that he will not need to set pen to paper to follow it. 


46. Rational Functions. The quotient of two integral rational 
functions of z is a rational function. Such functions have the 
form 


Ay + a2 + oss + 4,2" a 
bot bet ++ ES 


where the coefficients a), a, +++ bos bj = are constants and m, 
n are integers > 0. The expression 1) involves division by 
0 for those values of z for which the denominator vanishes. Let 
these be e 

Zi 5 Žo eee ene (2 
For any value of the complex variable z not included in 2) the 
value of the expression 1) may be computed by rational opera- 
tions. These values of z form the domain of definition of the 
expression 1). We may thus state: 


The domain of definition of a rational function of z is the whole 
z-plane excepting the zeros of the denominator. 

The degree of 1) is the greater of the two exponents m, n, sup- 
posing of course that a,,, 6, are #0. 


When 1) is of the first degree, it is said to be linear. The type 
ofta linear rational function of z is therefore 


c+ dz 5 
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The rational functions include the integral rational functions as 
a subclass. In fact let the numerator of 1) be exactly divisible 
by the denominator; then 1) reduces to a polynomial. This 
takes place in particular when the denominator reduces to a con- 
stant, that is when n= 0. 


47. Algebraic Functions. 1. We say w is an algebraic function 
of z when it satisfies an equation of the type 


w+ R,(z)w" 1+ Ry(z)w" 72+ e + #,(z) =0, Gl 


where the coefficients R}, R,- are given rational functions of 
z, and n is a positive integer. The degree of w is n. 

Let us give to z a definite value, real or complex, say z=a. If 
a is a zero for one of the denominators of thé coefficients, we 
shall say that the point corresponding to this value of a is an 
exceptional point. Obviously 1) has no meaning at such a point. 
Suppose now that æ is not such a point. Then all the coefficients 
in 1) can be calculated, and 1) reduces to an equation with constant 
coefficients. But such an equation admits n roots, which in general 
are unequal, Dy T 4 ho wy (2 
Thus the equation 1) defines an n-valued function w of z for all 
values of z not included among the exceptional points of the coeth- 
cients. These values of z, or, using our geometric language, the 
points in the z-plane corresponding to these non-exceptional points, 
constitnte the domain of definition of the algebraic function w. 

The number of exceptional points is finite. For the highest de- 
gree of any coefficient F, R, =- being say Å, no coefficient has 
more than A exceptional points. As there are only n coefficients, 
there are at most hn exceptional points. Hence: 


The domain of definition of an algebraic function of z embraces 


the whole z-plane, excepting possibly a finite number of points. 


2. Let us note in passing that the class of algebraic functions 
embriices the rational functions as a subclass. 
For let n= 1 in 1); it reduces to 
w+ R,(z) = 9, 
or w= — R,(2), a rational function. 
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3. We have said that the roots 2) are in general unequal. Let 
us denote the equation 1) by F(w,z)=0. If we eliminate w 
from the two relations 


we will get an algebraic equation in z, say 

G(z) =9, (3 
of degree m, let us say. It is shown now in algebra that the 
roots 2) are all distinct at a point z=e when e is not a root of 
3). We may call the roots of 3) critical points; they are finite 
in number. The exceptional and critical points together may 


be called singular points. All the other points may be called 
ordinary. 


48. Explicit Algebraic Functions. 1. The two roots of the alge- 


brai ti 
ralc equation we + R,(@)w TE R(2) = 0, a 


where R}, R, are rational functions of z, are 
w=—43Rh,+3ivk?-4 Ry (2 


Since 2) satisfies 1), it is an algebraic function of z. To calculate 
this function we have to perform, besides the rational operations, 
the operation of extracting a square root of a known quantity. 


2. The three roots of the algebraic equation 
w+ R,(2)w + R,(2)= 90, (38 


where R, R, are rational functions of z, are given by 


3 ee ee e a 
w=} Ry + VERE + sy RS t+ V—-}R,—VERp ty Re. (4 


Since 4) satisfies 3) it is an algebraic function of z. The right 
side of 4) exhibits this function by means of roots of quantities 
which can be successively calculated by rational operations. We 
say 2) and 4) are explicit algebraic functions of z. 

In general we say w is an explicit algebraic function of 2) 
when its expression involves the extraction of roots of rational 
functions of z, or the extraction of roots of such roots, or the 
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rational operations on such roots, each operation performed only a 
finite number of times. This definition is clumsy, but its idea is 


very simple. The expressions 2) and 4) will serve as illustra- 
tions. 


3. It is shown in algebra that every explicit algebraic function 
of zis a root of an equation of the type 47,1). The demonstration 
is simple but will not be given here. 

On the other hand it is not true that every algebraic function 
of z is an explicit algebraic function. The demonstration of this 
fact is anything but simple. The solution of the cubic and bi- 
quadratic equations was effected by the Italian algebraists in the 
first half of the sixteenth century. The algebraic solution of the 
quintic was then sought. This became one of the celebrated 
problems of the seventeenth and eighteenth centuries. The great- 
est mathematicians of their time sought its solution, but in vain. 
At last Abel in 1826 demonstrated that the roots of the general 
equation of the fifth and higher degrees cannot be expressed as 
explicit algebraic functions of their coefficients, in other words 
that these equations do not admit an algebraic solution. 

If then the roots of the general equation of fifth degree cannot 
be expressed in terms of radicals, in terms of what functions can 
they be expressed? In 1858 the illustrious French mathemati- 
cian Hermite showed that these roots may be expressed in terms 
of the elliptic modular functions. This will be referred to again 
when we take up the study of elliptic functions, 


49. Study of Vz. 1. Let z=r(cosf+ising), then as we saw 

in 7, 3 the two values of Vz are 

w,=Vr(cos$ + isin) » We=— Uy. d 
If we let z describe a curve in the z-plane, the two roots Wwy, wz 
will describe curves in the w-plane. 

For example, let z describe a circle € of radius r as in Fig. 1. 
When z is at A, 6 = 0, hence w; = Vr, w=— Vr. Thus w, is at 
a and w, is at 6. Let z describe the quadrant AB. Then ¢ 
increases from 0° to 90° while r remains constant. From 1) we 
see that the argument } ¢ of w, increases only half as fast while 
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its modulus Vr remains constant. Thus when z describes the 
quadrant AB, w, describes the octant a8. Since w, =— w,, we 
see that at the same time w, describes the octant ôe. Let now z 
describe the second quadrant BC. At C, 6=180°, hence } ġ= 90°. 


w plane 


Fig. 1. 


Thus when z has reached C, w, has arrived at y, while w, has got 
to ¢ Continuing, we see that when z has gone all around the 
circle, p= 360°, hence 4 6=180°, and hence w is at ô. Meantime 
w, has moved from € to « Now when we began, w; was at a, 
and w, at ô. After the circuit, w, is at § and w, ata. The two 
roots have been interchanged. 


2. We will now let z describe any closed curve & about the 
origin as in Fig. 2. 

To any point P on & whose polar codrdinates are r, ¢ will cor- 
respond a value of w, given by 1), and the point in the w-plane 
corresponding to this value w has the polar codrdinates Vr, ło. 


Fic. 2. Fre. 3. 


As z describes & starting from A, ¢ will increase steadily from 
¢ = 0° to $= 860° when z will have returned to A. The 
modulus 7 varies continuously from its original value, say r = a, 
sometimes increasing, sometimes decreasing, but finally returning 
to its original value a. From this we see that the argument 4o 
of w, will increase steadily from 0° to 180° while the modulus Vr 
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will vary continuously. Thus w, will describe a continuous curve 
as in Fig. 3, whose end points A,, B, lie on the real axis at the 
distance Va from the origin in abe w-plane. Moreover, as 
W, = — w, we see that w, will describe a symmetric curve on the 
other side of the origin. Hence when z has completed its circuit 
about the origin of the z-plane, w; and wy have interchanged posi- 
tions in the w-plane. 

Thus we see that this more general case behaves in an entirely 
analogous manner to the simple case considered in 1. The main 
facts to remember are these : 

1° When z describes a circuit about the origin, w, and w, each 
describes a curve, but not a closed curve. 

2° At the end of the circuit, w, and w, have interchanged 
values. In other words, a circuit about the origin effects the 


substitution 
os 
Wa W, 
For this reason the point z = 0 is called a branch point. 


3. Let now z describe a closed curve, 
as in Fig. 4, which does not enclose the 
origin 0. Let the polar coérdinates of 


A B "Gi D E 
be a a b Ba: cy; ad, Op €,€ 


The value of w, at the point A is thus, by 1), Fia. 4. 


= Va (cos 4a + isin 4 a). 


The point A, in Fig. 5, corresponding 
to this, has the polar codrdinates 
Va, ia. Let now z move along the 
arc ABCs... Its argument ¢ steadily 
increases till the radius vector becomes 
tangent to the curve at K; that is 
increases from ¢=a to p =e. Thus the argument }¢ of w 
steadily increases from 4 @ to 4e, as w, moves from A, to Æ; in 
Fig. 5. The modulus r of z increases from r = a to r= d as it 
moves from A to a point D in Fig. 4, when it begins to decrease. 


Fia. 5, 
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Similarly, if to fix the ideas we suppose r > 1, the modulus Vr 
of w, will increase from Va to Vd as w, moves from A, to a point 
D, in Fig. 5. As z moves from F back to A and so completes the 
circuit, ġ decreases from e back to its original value æ. The mod- 
ulus r also assumes its original value r = a, at the close of the cir- 
cuit. Thus w, also comes back to its point of departure A,. Hence: 


When z describes a closed curve not including the origin, w, 
describes a closed curve also. 

Since w, = — w; we see that w, will describe a symmetric closed 
curve on the other side of the origin. 


4. When z describes a circuit about z= 0 we have seen that the 
two values of w= Vz are permuted; on the other hand, we have 
seen that if z describes a circuit about any other point, which does 
not include the origin, the two values of w are unaltered at the 
end of this circuit. We therefore say that z=0 is the only 
branch point of w. 


50. Study of w=V(z—a)(z—}). 1. Let 
z—a=a(cos 6+ isin 0), 
z — b = 8 (cos ġ + ïi sin dg). 
u, =Va(cos} 0 +isin} 0) , ug=-— üp gi 
%=VB(coshptisindd) , v=- v. (2 


Let 


Then the two values of w are 
Wy — wW s Wa = ol Uii 


We note that the expressions 1), 
2) defining u,, v; have precisely the 
same form as that defining w, in 49. 
From this it follows that when z 
describes a circuit % about a, u 
will go over into u =-— u. On the 
other hand the curve X lies outside 
of b, and hence by 49, 3, when z de- 
scribes A, v, returns to its original value at the close. Thus % is 
unchanged. Hence the effect of the circuit Y on w, is to change 
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it into — u,v, or w,. As w,=— W, we see that the same circuit 
converts w, into w, Thus a circuit of z about a effects the sub- 
stitution 

cat igs 


Similarly if z describes a circuit Y about b, but excluding a, the 
roots w4, W, are also permuted. 

For this reason the points z= a, z= b are called branch points. 

The same reasoning shows that if z describes a circuit about a 
or b, but in the opposite direction, the two roots w,, w, are per- 
muted also. 

Next let z describe a closed curve € which does not include 
either a or 6. Then 49 shows that both w,, vı return after the 
circuit to their original values and hence w, = u,v, also returns to 
its original value. 


2. Let z move from e to d over the path &. If it describes the 
same path in the opposite direction, i.e. from d to e, we may denote 
it by © 1. Let M denote the other path from e to d as in the 
figure. Then £9"! will denote the closed g, 
curve from ¢ over £ to d and back to e 
over the curve M. 7 

At each point z, the algebraic function 


w= V (2 — a) (z — b) 


has two values. The values of w for z = ¢ 
let us call y and — y. When z ranges over the curve &, the differ- 
ent values that w has group themselves into two curves or branches 
which we may call Z, and Z,. An end point of one of these curves, 
say L,, is y. Let è be the other end point of L,. Jf % does not 
pass through one of the branch points z = a, z =b, the two values 
that w has for each value of z are distinct. In this case the two 
branches Z}, L, have no point in common. We may thus distin- 
guish the two branches Z4, L, by giving one of their points. Thus 
the branch Z is determined by the fact that it passes through y, 
or through 6. 

Suppose now we allow z to range from ¢ to d over g. If we 
start with w = y, what value will we have when z reaches d if, as 
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we pass over £, we always choose that determination of w which 
will form a continuous set of values? Now at z=d, w has two 
values w=6, and. w=—6. From the foregoing the value we 
must choose is obviously w=6. Let us indicate this by the 


notation =e 
ees 


whereby we mean that if we start from z=e with that value of w 
which is = y and allow z to range over the path £, the value that 
w has at the other end of is ò. 

Suppose that we next allow z to move from e to d over the path 
M. We prove now the important fact: 


If Q, M do not pass through or enclose a branch point, 
Yg = Yy = > 


In other words, if we start with the same determination of w at 
z= c¢ we arrive at the same value of w at z= d, whatever path we 
choose, provided no two paths pass through or enclose a branch 
point. 

The proof is very simple. For by 1, 


Yem-1 = ¥- 
Hence 
Yem—im = Yor 
But 
Yem—m = Ye 
Hence 


Ye = Yy 


3. Suppose we start at z=e with the determination of w = y. 
We allow z to describe the circle € as in the figure. We ask what 
is the value of w when z returns toc? As w has only two values 
at ¢ we have 


IC YOO = Se 
To determine which, we introduce the paths 
de and ce. 


Then 
Ye = Ved -de-ec* 


As the two paths de and de. ce do not include a branch point, 


Ve = Ved-de+ce-ec* 
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Now ed-de is a circuit about the 
_ branch point z=a. Hence 
: ‘Vea: des = Y; 
thus 
and thus E E 


Also ce -ee is a circuit about the 
branch point z=. Hence 
C Yese mi G 
Thus finally 


Te ET 


51. The Elliptic Radicals. 1. When we take up the elliptic func- 
tions, we shall find that two radicals 


w=V4(z — e)(@— ez) (2 — ez) d 
w= V (1 — 2) (1 — k?22) (2 


and 


figure very prominently. Let us consider first 1). If we set 
Z — €m =T mC COS On Hi BIN On) 


e! ' m = 1, 2, 3, 
Um = V Tm (COS 46,, +isin4 n), 


and 


_ the two values of w in 1) are 


Wy = UzUgUg s Wo = — W. 


Now the radicals u,, = Vz — em have the same form as those con- 
sidered in 50 and we may therefore conclude at once : 


The branch points of 1) are ey, eg, es. When z describes a circuit 
about one of them, w, and w, are interchanged. A circuit which in- 
cludes two of the branch points leaves w,, w, unchanged ; a circuit which 
includes all three branch points interchanges w,, wọ Finally a cir- 
cuit which includes none of the branch points leaves w, w, unaltered. 


2. Let us now turn to the radical 2). Since 


(1 — 2%) (1 — k22) = k?z — 1) (2 + D(z — aC + i 


we set ps 
z — 1 =r,Ccos 0+ ¿sin 61) , 2+1=7,(cos 0, + tsin 4), 


2— z = 7r,(cos 0g + isin a) yet l =7,(cos 0, +i sin 0,). 
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Finally we set Up, = V7,,(cos $} On +7 sin $ 6,,), m = 1, 2, 3, 4. 


Then the two valves of w in 2) are 


W,=kuyugugly > Wy = — W 


From this we conclude : 


The branch points of the radical 2) are 1, —1, 4 


| When x 
describes a circuit which includes no branch point or an even number 
of them, the values of w,, w, are each the same at the end of the circuit 
as at the start. If the circuit contains an odd number of the branch 
points, the values of w,, w, are interchanged after the circuit. 


en 


52. Study of w = NE sp The method we adopt to study this 
radical is the same as that employed in 49, 50, and 51. We set 
z—-a=a(cosO+isin@) , z—b=ß(cosġ+isin dg) 
and introduce the cube root of unity 
o= cos = + i sin =, 
We also set 


8 /— Gis 8 
“= Vaf cose + isin 3) > Ug=ou, , Ug=ormw,, 
v= Y/A(cos$ + isin $) > E E ATT 


Then the three values of w are 


w=% , w= 
Shi vi 
Let now z describe a circle C about 
z= a, as in the figure. Then @ in- 
creases from say 0=t to 0=t+2 m, 
while ¢ returns to its original value. 
At the beginning of the circuit 


u= Va(cos$t+isin}t). (2 
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At the end of the circuit, w; has acquired the value 
(u,)o= Va(cos 3(t+27) tsind(¢+ 27) ) 
= OU}. 
Thus (Ug) c = O(t) c = OU, = Us, 
(Ug) ¢ = © (Uy )o = ou = Uy. 
The effect of Cis to convert 
Uy 5 Ug +» Ug 


into Un 9 Ug 5 Uy 
As v, remains unaltered by the circuit C, the relation 1) shows 
that after the circuit 


go over into 


Let z now describe a circle D about z = b in the positive direction. 
The same considerations show that ¢ increases from say ¢ = p 
tog=p+27. On the other hand, 6 returns to its original value. 
Thus at the beginning of the circuit D, 


v,=VB (cos 4p + isin 4p). 
At the end of D, v, has acquired the value 
(?1)p = VB(cos 4(p + 277) + isin d(p+27)) 


= WV]. 


 Similarl ha : os T 
y (Vz) =V =V; ; Vg = Vg = V4. 


As u, remains unaltered by the circuit D we have 


Pah gd iy Ls ee E 
wW = = = @ = Ww Wo. 
¢ vo be WV, V1 i E 
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Similarly w, goes over into w, and w, into w, after D. Thus the 
circuit D effects the substitution 


f ’ 
B = We i, 
W, Wy W 
We notice A?=B; that is, going around z=a twice in the 
positive direction produces the substitution B. If we go around 
a three times, w, Wz Wg take on their original values, or 


Ai be ws ws), 


Wi Wy Ws 


A substitution which effects no change in the roots is called the 
identical substitution and is denoted by 1. Thus 


AOS 


Let us now see what happens when z describes the circuit C in 
the negative direction. This path according to our agreement is 
represented by C-1. In this case @ decreases from say 0=t to 
0=t—2mr. At the end of the circuit C~}, w as given by 2) has 
acquired the value 

(Uy) os = Va(cos (t — 2r) + isin 4(t— 2 r)) 
= o ly = wu, = Ug. 
Similarly (Uy )or =U, and (ts) a1 = te 


As v, is unaltered by this circuit, we see that C-! produces the 


substitution 
pA: (“1 Wa a) ny 
Wg W, W 


Since the circuit C~! just undoes what O does, we should have 
AA™= 1 and this we see is indeed so. 
Similarly the circuit D~! produces the substitution Bo = A. 
We notice that A, B combine as products. 


53. 1. One ani Many Valued Functions. The integral rational 
function, 
W= Ay H aye+ o Fam”, 
assigns for each value of z, a single value to w. It is a one-valued — 
Junction of z. Let w=b for z=a. If we allow z to describe 
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some curve in the zg-plane returning to its point of departure 
z2=a,w will describe a curve in the w-plane which starts from 
w = b, and returns to this point. 


2. On the other hand the function 
w=Vz—a 


assigns to w two values for each value of z except z=a where w 
has only one valuew=0. This function is a two-valued function. 


For a similar reason 
ee ig 
z=% 


is a three-valued function. 


3. Since the equation 
w” + Ryw” + ets +R, ,=0 ad 


considered in 47 has in general n distinct roots, the function w of 
z defined by this relation is called an n-valued function. 

Let z=a be an ordinary point [47,3]. If now z describes a 
curve Q which does not pass through a singular point, the n 
values which w has at each point of C can be grouped together 


z plane w plane 


so as to form n curves or branches. If w=«a is one of the roots 
“of 1) for g=a, one and only one of these branches will pass 
through the point w=«. It thus serves to characterize this 


branch. 
Now when dealing with many-valued functions we very often 


have to solve this problem : 

We take one of the values as w = «œ which w has at the ordi- 
nary point z=a and ask what value of w do we get when z 
describes some curve Q leading to z =b and avoiding all singular 


J 
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points. The many values which w has for the points of C will 
be distributed over certain continuous curves or branches and 
the value of w we always want is that value of w for z =b which 
lies on the branch passing through the point w = «a. 

This general problem we have studied in several simple cases 
in 49-52. 

If this value of w is w=, we say that branch of w which 
takes on the value w= « for z= a, has the value w = 8 at z = b, 
when z describes the curve ©. We have used the notation 


to denote this fact. i 

If z describes some other curve D not passing through a singu- 
lar point and leading from z= a to z= b, the end value of this 
branch will not be in general 8. In any case it must be one of 
the many values which w takes on for z = b. 


The Exponential Function 


54. Addition Theorem. 1. In the foregoing articles we have 
considered the algebraic functions which include as special cases 
the rational and the integral rational functions. All functions 
which are not algebraic are called transcendental. The first such 
function we shall study is the exponential function. 

It is defined by the series 

3,8, 

In 39, 4 we saw that this converges absolutely for every z. 

Thus it defines a function of z which is denoted by the symbol 


e or Expz. 


The domain of definition of this function is the whole z-plane. 
When z has a real value v, 1) reduces to the well-known expo- 
nential function p +. ee 
e = 1 — = ae 
ary gpa 

studied in algebra and the calculus. 


A most important property of e is the addition theorem, as it 
is called, viz. : 


+ eee 


ee" = e* tv, 
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Let us show that the relation holds for complex values. Let u, 
_ v be complex numbers. Then by definition 


ae wu Ue 
Seen aoa TS 
Er De 
ery oy + ay hi 


If we multiply these absolutely convergent series, as shown in 
33, 2, we get 


=1¢ Ftv) + Gut ores (ut opt tes 


= et. 


Thus eve? = pute (2 
holds for any complex numbers u v. 
2. From the addition theorem we can show how to calculate e” 


gor Any 2=2+ty , 2, y real 


by using our ordinary logarithmic tables. We have in fact 


ee = ett — ere, (3 
Now weet Wee Ca a 
ot rte Bl T 
a1) feel 
DICA] 
vE ay. 
+i 8151 ) 
Hence ev= cosy + isin y. (4 


Thus from 3) we have ,, _ e*(cosy + ¿sin y). (5 
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The relation 5) is an expression of the complex number e7, which is 
nothing but the sum of the series 1), in its polar form r(cos @ +7 sin 0). 
Thus the modulus of e7 is e7, and its argument is y. In symbols 


le[=e , Awgesy. (6 
Thus to plot the value of |, = e — pzelw 


we first describe a circle of 
unit radius about the origin 
of the w-plane and then 


lay off on this an arc of Ç 
length = y asin the figure. y 
On a radius through the 
end of this arc we now lay 3 
off a length = e”. The end 
z plane w plane 


point of this segment is w. 
To calculate e* by the tables we first compute 


=e. 


Then we convert the are y into degrees, getting an angle @. 
Then 


w =e? =r (cos 6 + isin 8). CT 
If we wish to reduce w to the rectangular form 
w =u + iv 
we have, comparing with 7), 
u=rcos@ , v=rsin ð. (8 


Let us note in passing the important theorem : 
The exponential function e vanishes for no value of z. 


For e cannot = 0 unless its modulus e7 = 0. But e? vanishes 
for no real 2. 


3. As an example let us compute w = e7 for 


z=— 16 —2.8i. 


Here ~ 
t= — 1.5, y =— 2.8. 
Hence inten eae 
Let us set 
$ = el; 
then 


logs = 1.6 log e = t, say. 
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Here the symbol log stands for the logarithm whose base is 10. 


log e = 0.43429 
log (log e) = 9.63778 
log 1.6 = 0.20412 
log t = 9.84190 
log s = 0.69487 

log r = 9.805138, r = .20190 


We now convert y into degrees. From our tables we have 
2A =A obi eu" 
0.84 = 45 50 12 
Hence 6 =— 160° 25! 49! 
or adding 360° 6 = 199° 34! 181'. 


To simplify our calculation let us take 
0d = 199° 34! 
log (— cos 0) = 9.97417 
log (— sin 0) = 9.52492 
log r = 9.30513 
log (— vu) = 9.27930 w= —.19024 
log (— v) = 8.83005 v =— .067616 


As a check for our work we should have 


tan 0 =~. 
U 
only log” = 9.55075 
U 
or 0 = 199° 34/ 


as before. As a final result we have therefore 
w = — .19024 — .067622 
|w| = .20190 , Arg w= 199° 34’. 


4. Since the function e? for real v often occurs in calculations, 
tables of this function have been prepared. We mention those of 
B. O. Peirce and those of Jahnke and Emde already referred to 
in 44, 
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From Peirce’s Tables, p. 114, we have 


loge! = 9.56571 
loget = 9.73942. 
Hence log e1 = 9.30513 , e1*= .20190, 


which agrees with its value obtained in 3. In the Tables of 
Jahnke and Emde we may take out the value of e? directly from 
the table on p. 6. 


55. 1. Euler’s Formula. Let us suppose the real angle ¢ is 
expressed in circular measure. Then 54, 4), gives Euler’s cele- 
brated formula Ade eae a 
which we referred to in 1, 3). The point in the z-plane as- 
sociated with this number lies on the unit circle, i.e. a circle about 
the origin of unit radius. It lies on the radius making an angle 
¢@ with the real axis. Since every complex number can be ex- 
pressed in polar form af: 

z=r(cos ġ + tsin ġ), (2 


we have, using 1) eal (3 


We call this the exponential form of z. Thus we have three ways 
of representing a complex number: the rectangular form v + iy, 
the polar form given by 2), and the exponential form given by 8). 
Each way of expressing z is useful at times. 

From 1) we have 


mi 3 


3r 
H e > m 6 . i 
e?=i , etm — » etm , emal, (4 
The n roots of unity are represented by 
20 2mi 2i 27i 
— 2--— 3-—— (n—1) — 
T E T: n AÈ n > oe a (5 


h s 
US oorno a = r (cos 0 + isin 8) 


are : (0422 (9 = 
a 


(i 
LR a er T = 
@2y=Vrem™ , 2.=Vre m ENT T 
Or if @ is the first imaginary n root in 5) 


6 
wan 
a= Ve ES Z= Zy s + Za = Oa (7 
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2. In plane trigonometry the two formulae 
cos (6 + $) = cos ô cos ġ — sin ô sin d (8 
sin (f + @)= sin @ cos $ + cos 8 sin (9 
are of fundamental importance. They express the addition theorem 


of the cosine and sine functions. Let us show how they may be 
derived from Euler’s formula. 


From 1) we have e-* = cos ġ — i sin ¢. Os 


From 1), 10), we have, adding and subtracting, 
cos ġ = $ (e* + e) (11 
paa sin d= G — e-t), (12 
i 


These last two formulae expressing the cosine and sine as ex- 
ponentials are often useful. 
Let us now multiply 1) by 


e” = cos 0+ isin 0. 
We get 
eeit = e+) — cos (0 + p) + isin (0 + ¢) (13 
= cos 0 cos ġ — sin 8 sing + i (cos 0 sin p + sin 8 cos ġ). 
Equating the real and imaginary parts of this equation gives 8) 
and 9) at once. 


3. Let us show how the powers of sin @, cos 0 may be expressed 
in terms of the sine and cosine of multiple angles. To this end we 
pt u=ee , v=e, 


Then 11) and 12) give 
(2 cos p)” = (u + v)” = u” + (Trw aly (ghenas AR 


= Cur + or) +7) oru 


+g OnE Fomu e a. (14 
Now 
Also 


uv = etet = 1, 


um + v™ = em + e™t = 2 cos md. 
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Thus 14) gives for m = 2, 3, -- 
2 cos? p = cos 2o +1 
4 cos? $ = cos 3 $ + 3 cos ġ d5 
Pe re igi 4 cos siis 


Similarly Qi baths oe i. cu bes ae 
gives —2sin?¢=cos2¢—1 
—4sin?d=sin3¢—3ssing 
+ 8sint¢d=cos4¢—4cos264+3 (16 


56. Period of e7. We are familiar with the fact that 
sin (x + 2 m)=sin v 
for any real v. We say sin v is periodic and has the period 2 7 
It is easy to show that e* admits the period 2 7%, that is, 
ezt2ri — pz 
for all values of 2. For e#+®* =e. e#§ by 54, 3) 
=e. 
In the same way we see that e? admits 2 mmi as period, where 
m is an integer. 
We say any complex number « is a period of e? when 
eta = gt CI 
holds for all values of z. Let us show that e7 has only the periods 
2 mrt just given.. 
For let ¢=a+ib be a period. Then 1), holding for every 
value of z, will hold for z = 0, and we have 
F j e= =], 
or putting in the value of « 
esto cl c= 286%, 
Thus e= 1, 6 = 2kr, k an integer. 
Hence a=0. Thus'any period must have the form 2 kri. But 
these we have already seen are periods. 
We call 2 mi the primitive period of e%, since all its periods can 
be expressed as multiples of this period. 
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57. 1. Graphical Study of e*. In the calculus the student has 
become thoroughly familiar with the notion of the graph of a 
function, and has seen on many occasions how useful it may be. 
In the function theory of a complex variable, the graph of a func- 
tion is also most serviceable at times. Let us study the graph of 


—_— - — eee 


w = e = ee = e*(cosy+isiny) al 


(ae 
SEY 


z plane w plane 


We have seen that when the variable z describes some curve C in 
the z-plane w will describe a curve © in the w-plane, and we call 
€ the image of C. 
Let z range over a line parallel to the z-axis. Then z= gv + ib, 
where z ranges from — æ to + œ, and b is constant. Let us call 
this parallel 7. The value of w corresponding to such a z is, by 1), 


w = ete, 
A 
\cop ed c@™ VL Are. coed, 
as moreover lim 6? = 0, lim e= +o, 


2=—0 =+ 


we see that w describes a straight line or ray r issuing from 
w= 0, and making the angle b with the real axis in the w-plane. 
Thus to each point on 7 corresponds some point on tr. As 6 in- 
creases from Q to 2 7, that is, as 7 moves parallel to itself through 
the distance 27, the corresponding r rotates through an angle 27. 

Let z now range over a parallel à to the y-axis. Then z= a + ty, 
where a is constant and y ranges from —o to +o. From 1) 
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the value of w corresponding to such a z is 
w = ere 
As w=e , Ara. w= y 


we see that the corresponding points in the w-plane lie on a 
circle c. When z moves over a segment of length 27 on the 
line X, y moves over an angle of 27, and hence w goes once 
around the circle c. 

The parallels J, à divide the z-plane into a set of rectangles R. 
To each such Rm corresponds in the w-plane a curvilinear 
rectangle Rm bounded by the rays r and the circles c. When 
z lies in Rm the corresponding value of w lies in Rm. In this 
way the relation between z and the corresponding value of w is 
roughly given. The smaller we take the rectangles R the more 
accurately we will know the value of w corresponding to a given z. 

Suppose now that z describes a curve ©. To find approximately 
the curve Œ which w describes we have only to note the points 
ai, & ++ where z enters and leaves the rectangles R. Then € will 
enter and leave the corresponding rectangles R at points which 
may be estimated roughly by proportion. ‘The smaller we take 
the A, the more accurately we will be. able to plot €. 


2. Let us draw the lines 
y= amr] , m=+1, +2,--- 


parallel to the z-axis. This divides the 
z-plane into a system of bands B, B,, B_,, 
Bae ie 

If we take a point z=2+7y in B, the 
point z,=2-+2m7i will have the same position relative to B,, 
as z does to B. We say Zm is congruent to z. On account of the 
periodicity of e* 


etm — ezt2mni = æ. 


Thus w has the same value at z,, as it has atz. For this reason 
we call these bands, bands of periodicity. 

All the values that w can take on at any point, it takes on in 
any one of these bands as B. Let us show that : 


The function w = e does not take on the same value twice in B. 
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For say 2=a+ib , 24=a+78 
_ are two points in B for which es =e*. 
Then 


erti = ert tB 
= ere — ere, 


This requires that sa pa Crewe wi 


also that Fee Sonne 
As 2,, 2, both lie in B we must take m=0. Thus }=£8. Hence 
| 2 = Zz 

Thus to each point z in B corresponds one point in the w-plane, 
and conversely to each point w in the w-plane corresponds just one 
point in B, if we agree to reckon only one of its two edges as be- 
longing to B. 

For this reason B is called a fundamental domain of e7, that is, a 
domain in which e? takes on every value it can take on, once and 
only once. 


The Circular Functions 


58. 1. Addition Theorem. We wish now to extend the definition 
of the circular functions to complex values. In the calculus we 
learn that the developments 


z at 
cost=1—s t] 
; oh were af 
EE T 


are valid for all real z. If we replace x by the complex variable z, 
the series on the right converge absolutely for every value of z, as 
we saw in 39, 4. 

This affords a natural extension of the circular functions when 
we wish to pass from the domain of real to complex numbers. 
We thus set 


2 4 
C08 6 ka te a 1s qd 
ger fe, (2 


Bes tel 2 Od 
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The domain of definition of these functions is the whole z-plane. 
When z becomes real, cos z, sin z reduce to the familiar cos z, sin z. 
For real values of z therefore, cos z, sin z have the properties of 
cos z, sin z. 

We wish now to show that these properties still hold for com- 
plex z. The most important of all these is the addition theorem 


sin (u + v) = sin u cos v + cos 4 sin v, (3 
cos (u + v) = cos u cos v — sin u Sin v. (Ç: 
Here u, v are any complex numbers. Let us establish 3). The 


reader may prove 4) in the same way as an exercise. 
From 1), 2) we have on multiplying 


3 2 5 32 4 
. u uv i 
Sinu cos o= u NE pE E a 

3! 2! ol Siar I4 


a ue uv? wyt uv® 
Tl 61S Stat aie 


; vV u? 5 EA] 4 
cosu sin way: | 24 SE af Se ee 
si or/*\5t Brat il4l 


vi võu? wut vud 
“(hte 31 Giddens mt 


Adding we get 
sin Uw Cos v + cos u sin v =(u+v)— 5 (u +v)? + RC +v)>—... 


= sin (u + v) 
which is 8). 


2. Since we have now defined 
é o y C08 8) A SiMe 


for all values of z, let us note that the relation 54, 4) holds 
whether y is real or not. We therefore have 


e = cos u + îi sìn u (5 
for any complex u. Hence also 
ev* = e“(cos v +7 sin v) (6 


holds for all complex u and v. 
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We note that 5) is a generalization of Euler’s Formula, 55, Dy, 
Since 5) holds for complex u, we see that we may also generalize 
55, 11), 12). We thus have 


em + eiu 
ORES oe TG GP 
4 eu — —iu 
sin y= *—— * (8 
2% 


and these relations hold for any complex w. 
Let us set u =z +7Fin 8); then 


sin(z +7)= + | K GA) = com) ) 


= 4(e*+e-*), by 55, 4) 
=cos 2, by 7). 


eam sin( 2 =- z)= cosz , sin(z+mr)=-— sinz. (9 


etc., as for real values of z. 


3. From the addition theorem we can show how to calculate 
cos z, sin z for any complex 


z=xz+ iy 
by using ordinary logarithmic tables. We have in fact from 3) 
sin z = sin(x + ty) = sin z cos iy + cos v sin ty (10 
Se a 
Now cos ty = 1 — Cyr + (ay. ) — 
a ET. 
Sah i CEEA 
Pon at * 
=coshy by 44, 2). 
Phus cos iy = cosh y (11 
“Dee ef es 
Similarly sinag iy Cay + OP YS 


we y 
=(H +2444. :) 


=isinhy, by 44, 3) 
Thus sin ty =? sinh y. (12 
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Putting 11), 12) in 10) we get 
sin z =sin(z + iy) = sin z cosh y +7 cos v sinh y. (13 


Similarly we get 
cos z = cos (x + iy) = cos z cosh y — t sin z sinh y. (d4 


The formulæ 13) 14) express sin z, cosz in the rectangular form 
u + iv, where u, v are known. 


4. As an example let us compute 
w= cosz=u + iv 
for z = — 1.6002— 2.8 i. 
Here x = — 1.6002 9 y=— 2.8. 


We first reduce z to degrees. From our tables we have 
[= SP a 45" 
.6002 = 34 23 20 

Thus — x= 91° 41' approximately. 
log | cos v | = 8.4680 
log | sin z| = 9.9998 
log cosh y = 0.9166 
log | sinh y | = 0.9134 

log |u| = 9.38846 w= —.2424 
log v= 0.9132 v= 8.188 


Hence cos z = — .24244 8.1882, approx. 
5. As an exercise in multiplying series, let us show that 
sin? z + cos? z= 1. (15 
From 1) and 2) we have 
Gece eel ond of te pee 
1e ci I Ge 
R = K ee ee 
aGhanisnes 
ly Re VIALS 
cos?z = 1 — 24 — 4. oy eae =) Sin Sak ea 
: “Gita aamisr a) 
Le, Ly lL. leet 
Ctl te ee 
Gwe oa 
1 il 


+ 

o5 
ZN 
(0 6) 

+ 
oO 
= 

+ 
eN 
TS 

+ 
S| tat 
BO | it 

+ 
ce 
ge 

| 
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Thus sinte + coste=1—F11—(7) +1 


+b-O90-O a 
-#0000 


Now from elementary algebra we have for a positive integer m 


+» 


pn = ar (D m-1p, (7) m-2321 .., ee m, 
(a+b) aE HE +\ }4 b24 tepa g ATE Os 


If we set here a = 1, b = — 1, it gives 


ARORO OEE 


This relation shows that all the { --- } in 16) vanish. Thus the 
right side of 16) reduces to its first term, and establishes 15). 


6. When a function f(z) is such that 
I(-2)=—-Ff@) (19 
for all values of z for which f(z) is defined we say f is an odd 
function of z. Similarly if 
FDF) (20 
we say f is an even function. 


Since 1) involves only even powers, and 2) involves only odd 


powers, we have: 
The function cos z is an even function, and sin z is an odd func- 


tion of z. 
7. Let us now define the other circular functions for complex z. 
This we do as in trigonometry. We set 


i COS 2 1 1 
_ Sinz ` cot 2=——_  , secz= < cosec 2=>——-> 
sin 2 COS Z sin zZz 


These functions are defined for all values of z for which their 
respective denominators do not vanish. 
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59. Zeros and Periodicity. 1. Let us find for what values 
sin z= re! 
We already know that such values are 
z=mr , m=0 , +1 , +2 , ov (2 
We show that there are no others. Suppose in fact that 
sin (a + ib) = 0. 
Then by the addition theorem 58, 13) 
sin a cosh b + ż cos a sinh b = 0. 


sin a cosh 6 = 0, (3 
cos a sinh 6= 0. (4 


Hence 


Now when a product «8 = 0, either « or 8 must =0. Thus in 
3) since cosh 6 does not vanish at all [44, 2], we must have 
sina=0. Thusa=m7. Putting this value of a in 4) it gives 


sinh 6= 0. 


But this requires [44, 2] that 6=0. We thus get the important 
result : 


The function sinz has the same zeros as the real function sin x ; 
they are given by 2). 


From 58, 9) we see that the zeros of cos z are 


7 + mr » m=0 , ee eae, 


== 


as for real cos z. 


2. Let us now investigate the periodicity of 


w= sinz. 
From 58, 9) we have 


sin (z+ 2mr)=sing , m=+1 , +2 , 


Thus 2 mr are periods. Let us show that there are no others. 


For say a + ib were a period. Then for all values of z we would 


have : : : 
sin (z + a + ib) = sin z. 
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In this relation set z=0; it gives 
sin (a+ ib) = 0. 
But this equation is satisfied, as we saw in 1, only when 
a=nr , b=0. 
Thus all the periods of sin z must be included among the numbers 


nm. But among these we know only those are periods for which 
n is even, orn=2m. We have thus established: 


The periods of sinz are 2mr. m= +1, +2,- 

Since all of these are multiples of 2 m, this is called the primi- 
tive period. 

60. Graphical Study of w= sinz. Let z describe a parallel 1 
to the z-axis. Then z = {v + ib where b is constant. Then 

w = sin(x + ib) = sin v cosh b + i cos v sinh b 
=u + w. 

Thus to the point z whose coördinates are v, b corresponds in 

the w-plane a point whose coördinates are 


u= sin z cosh b, v= cos zv sinh b. a1 


` 


Thus the image e of the line 7 is the curve whose equations in 
parameter form are 1). As sin z, cos v have the period 27, we 
see that when z describes a segment of J of length 27, w comes 
back to its original position in the w-plane. The curve 1) is 
thus closed. It is in fact an ellipse. For 

u 


V . 
— 4 ——___ = sin? z + cos? z 
cosh? 6 — sinh? b 


EE (2 
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Next we let z range over a parallel à to the y-axis. Then 
z=a+ iy, where a is constant. As before we have 


w = sin(a + iy) = sina cosh y + i cosa sinh y 
=uUu+iv 
so that u=sin a cosh y, (3 
v = cos a sinh y. 
As z ranges over à, w will describe a curve } whose para- 
metric equations are 3). As before we have 


u? v2 


= cosh? y — sinh? y 


=1, by 44, 4). (4 


sin?a cos? a 


Thus § is a hyperbola. 

The ellipses 2) and the hyperbolas 4) are confocal and hence 
cut each other orthogonally. 

The parallels J, A divide the z-plane into a set of rectangles R, 
to which corresponds a set of curvilinear rectangles R. When 
z lies in some Rm the corresponding value of w will lie in the 
image Rm of Rma. Thus the smaller the rectangles R are taken 
the smaller the rectangles R become and therefore the more accu- 
rate is our knowledge of the true value of w. 


The Hyperbolic Functions 


61. For any complex z we define 


— eae a? gt 
oogh 8 SSS ee G 
R 8 D7? 3 5 
sinh z = © —® a ee (2 


From these we further define 


sinh z cosh z 
tanhz=——= . cothe==— ’ (G 
cosh œ sinh z 
sech z = cosech z = . 4 
coshz ’ sinh z C 
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We saw in 39, 4 that the series 1), 2) converge absolutely for 
every value of z. The domain of definition of sinh z, cosh z is 
therefore the whole z-plane. That of the four functions 3) 4) is 
the whole z-plane except those points for which their respective 
denominators vanish. 

Since we have now defined 


sinz , cosz , sinhze , coshz 


for all values of z, the relations 58, 11), 12) are not restricted to 
real y as we easily see, but hold for any complex value. 

We have therefore the important relations connecting the cir- 
cular and hyperbolic functions, viz. : 


cos iz = cosh z, (5 
sin íz = ïi sinh z, (6 
tan íz = 7 tanh z, etc. (7 


These relations show that all the analytical properties of the 
hyperbolic functions may be deduced from the corresponding 
relations between the circular functions. 
Thus the addition theorem y 
sin (u + v) = sin u cos v + cos u sin v 
BINOS sin í (u + v) = i sinh (u + v) 
= sin tu cos tv + cos iu sin tv 
= 7 sinh u cosh v +7 cosh u sinh v, 
or dividing by 2, 
sinh (u + v) = sinh w cosh v + cosh u sinh v. (8 
Synilarly cog (u +v) = cos u cos v — sin u sin v 
mi cosh (u + v) = cosh u cosh v + sinh u sinh v. (9 


The formule 8), 9) express the addition theorem of the sinh and 
cosh functions. 
Again the relation „in?y 4 Gist et 


becomes on replacing u by zu 

sin? iu + cos? tu = 1, 
oE cosh? y — sinh? u = 1, (10 
and so on. 
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In a similar manner, when we have considered differentiation 
and integration, we shall see that all formule involving these 
operations on circular functions go over into corresponding for- 
mule for the hyperbolic functions on using the relations 5), 6). 

A student of a new subject is naturally eager to see its use- 
fulness made manifest as soon as possible. We submit the results 
just obtained as an example. As another example we recall the 
treatment of analytic trigonometry founded on Euler’s formula 
which we indicated in 55. We adduce also the elegant manner 
of establishing the formule of 6. Other examples will occur as 
we advance. 


Logarithms 
62. 1. In the equation wiy ‘al 
let us find the values of w corresponding to a given z. We set 
w=utiwv , zg=re®, (2 
Here r, 0 are known, and we are to find u,v. Putting 2) in 1) 
gives 
ee as re™. (3 
Equating moduli, we have e” = r, whence 
u=logr. (4 
Equating arguments in 8) gives 


v=0+2am , man integer. (5 


This shows that all values of w which satisfy 1) must have the 
form 
w =logr + i + 2 mri. (6 


If we set these values of w in 1) we see that they do in fact satisfy 
it. Thus 6) is the solution of 1). We call it the logarithm of 
z, and write 

w= log z. (7 
There is a slight ambiguity which custom and usefulness sanction. 
In 6) the symbol log r means the logarithm of algebra. For each 
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positive r, log r has one and only one value. On the other hand 
the symbol log z has an infinity of values, viz. those given in 6). 
As the reader is never seriously in doubt which of the two mean- 
ings the symbol log has, there is no need of denoting w by a new 
symbol, as Log z for example. 
2. In algebra y = log z is defined by 

e = 2. (8 
But here z is restricted to positive values. By enlarging our 
number system, the equation 8) admits a solution whatever value 
x has, the value z = 0 excepted. In doing this we find, however, 
not one but an infinity of solutions as givenin 6). If we allow 
z to range over a curve, the corresponding values of w will trace 
out an infinity of congruent curves or branches. Each value of 
m=0, +1, + 2, --- in6) will give one of these branches. The 
branch corresponding to m = 0 we will call the principal branch. 
The branch belonging to a special value of m as n, say, we may 
denote by log, z. 
Thus w, =log,2=log r + ið + 2 nmi. (9 
3. The relation log ry = log z+ log y (10 
established in algebra for positive z, y is called the addition 
theorem of logarithms. It is an immediate consequence of 


Ce! = pts 


A similar relation holds in the complex domain. For let 
u=re® , v=se'r, 
Then 
Hence by 2) and 6) 
log uw = log (rs) + i(0 +$) + 2nri (di 
= (log r + i0 +2 n'ri) + Llog 8+ ip + 2n" mi) 


uv = rget+d), 


when vn’, n'’ are any two integers such that 
n +n' =n. 
Thus 11) may be written, using 9) 
log, Cuv) = logyu + logy. (12 
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If we leave the symbol log undetermined, we may write 11) 
log uv = log u + log v. (13 


The relations 12), 13) express the addition theorem of the 
logarithm in the complex domain. They are the generalization 
of 10). 


4. Let us find the zeros of log z. If we set 
w=logz=u+ iv, 
|u| = VAF 
=viog?r + O42 may. 


we have 


This being the sum of two squares cannot vanish unless 
logr=0 , @4+2mr=0, 
or unless 


r=1 , 0=— 2mm, 
that is, 


goo. 
Since log 1 = 0 this shows that : — 


The function log z has one and only one zero, viz.: z=1. 


5. Branch Points. Let z describe in the positive direction a 
circle of radius r about the origin. Then r in 2) remains constant 
while @ increases from say 6= 0, to 0=0,+27. If we start 
with the value of w corresponding to 0 = 0, in 9), w, will acquire 
at the end of the circuit the value 


W, = log r+ %(6, +2 r)+ 2 nri 
= log r + 10, + 2(n4+ Dri 
= Wary: 
Thus a circuit about the origin in the positive direction converts 
each branch w, into Wnr 


Suppose now that z passes around @ in the negative direction. 
Then @ decreases from say 0= 6, to @=0,—27. Thus w, will 
have at the end of the circuit the value 


W, = log r +7(8, —27)+2 nri 
= log r + 10, + 2(m— 1) wt 
= Wa-1- 
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Thus a circuit about the origin in the negative direction converts 
each branch w, into wn: 

Finally, let z describe a closed curve € which does not include the 
origin as in the Figure. „In this case both r and 0 vary as z moves 
over ©. But if z starts from the point 
z=2z, for which r=”, 0=9, as in the 
Figure, obviously r and 0 acquire these 
same values when z has returned to 2. 
Thus if we start out with the value of w 
corresponding to r=7, 0= 0, in 9), w, 
will have this same value when z has 
returned to z. Hence each w, remains 
unaltered when z describes a closed curve which does not enclose 
the origin z= 0. 

Since the branches w, permute when z describes a circuit about 
the origin z = 0, this point is called a branch point. There is no 
other point in the z-plane having this property; that is, = 0 is 
the only branch point of the logarithmic function w = log z. 

Since logz in the real domain is not defined for a= 0, it 
follows that the formula 6) has no meaning for r = 0; that is, 
when z=0. Thus the domain of definition of w is the whole 
z-plane excepting z= 0. 


63. The Function z“. 1. Letting u denote any complex number, 
we define the symbol 


z“ by ot = enloss (1 
Let z= re, 
then log z = log r + if + 2 smi, 8 an integer. 
Hence 1) gives gh = eulosr guid p2sumni, (2 


Let us consider special cases of the exponent p. 
1° pa positive integer m. As 


e2nsnt == 1, 
2) becomes gm — pmlogr amid, 
But by algebra, emlogr — pm, 
Hence gm = pmemtd (Ç 


=Z. Z... 2, m times, 
which agrees with 4, +). 
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2 wa negative integer. Let p=— n. Then we find 


ge = rre Mo = 


N= 


9 
as in algebra. 
3° p=", a fraction. Here 
n 


re 
z s-—-2 i 
erent =e n = w, 


an n root of unity by 55, 5). 


m bi u 
Also er 108r =— eniogr = Vr”. 
m mo 
Hence AEE N E A ( 


as in algebra. Here the radical 
ym 
has the value heretofore assigned to it; that is, it is the positive 


real root of the positive real number r”. One often denotes the 
right side of 4) by vz 
a", 


4° u areal number not a fraction, and z real and positi 2. 


Let us denote this value of z bya. Here ġ = 0, r=a. Then 


wlogr __ lo nea 
e g = e" sa = a", 


as is shown in algebra. Then 2) gives 
ae = ahere | gee Ode dy Son. © 
This shows that in this case z* has an infinity of values, each 
differing from the others by a factor of the form 
arent: 
For s=0 , =a", 


2. From the foregoing it follows that the function 1) is in 
general infinite-valued, as the logarithm is. If we give to logza 
definite one of its many values, the exponent on the right side of 
1) takes on a definite value, as v, say. Then 1) gives 2 as the 
absolutely convergent series 


= v , v2 9 
felts ho ae 


Its value is thus completely determined. 
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3. Suppose x is not a positive or negative integer or 0. Then 
_2=0isa branch point of z*. For if we start at z =a with one of 
the many values of w= 2", w will not have this value when z 
describes a circuit about the origin. 

Since z = 0 is the only branch point of log z, the only branch 
point of wis alsoz=0. That is to say, if we start at z =a with 
one of the many values of w, as w,, and allow z to describe a closed 
curve, which does not enclose the origin, w will return to its 
original value w, when z returns to z = a. 


Inverse Circular Functions 
64. 1. In trigonometry we learn that the equation 
sin yy = 2 G! 
has two sets of solutions y when 0< x < 1. If y = 4 is one solu- 
tion of 1), all solutions are given by 
Y = Yo + 2? mr, 


m,n = 0, +1, £2,- (2 
Y = T — Yy + ZnT, 


Thus 1) defines an infinite-valued function which is denoted by 
y = sine or y = arc sing. 


Of these two, we shall employ the latter only. 
Let us now pass to the domain of complex numbers. We seek 


the solution w of BF Aon tee (3 


where z is any given complex number. 


Now by 58, 8) À eiw — giv 
sinio = er 
This in 3) gives eo _ 2 izet = 1, 
or setting t= e, 
we get @—2Qiet = 1. 


Solving this for ¢, we get 
eM = iz + V1 — 2, (4 


126 FUNCTIONS OF A COMPLEX VARIABLE 


where the radical may have either of its two values. From 4) we 
have, taking the logarithm of both sides, 


w = log fiz +VI— #4. (5 
i 


As the log is infinite-valued and as the radical may have either 
sign, we see that 3) admits a twofold infinity of solutions. If we 
denote these solutions by are sinz, we have 


w =arosin 2x5 log fez +V1 — 2}. (6 
t 


2. Let us show that the relations 2) still hold for complex 
values. Let us set 
wz+vVl—-2= Zp 


t2—-V1—2= Z,. 


Then if L, =l Z 
is one of the determinations of log Z,, all the other determina- 
tions of log Z} are given by 


L, + 2 mri, 
as we saw in 62. Thus if 


= : log, {iz + VI — 2} =! log Z, 
a 


is one of the values of 5) when the radical is taken with the posi- 


tive sign, all the other values of 5) for this determination of the 
radical are given by 
u+2mmr , man integer. CT 


Similarly if I= ; log, {tz — V1 — 2 = llog Zz 
Ta, 


is one of the values of 5) when the radical has the negative sign, 
all the other values of 5) for this determination of the radical are 
given by 

v+2mr , man integer. (8 


Now a 
u+v = log ZiZa (9 
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the logarithm on the right being properly determined. But 
ZZ, =— 1 


and . log (—1) = mi + 2 nri. 
Thus 9) gives utv=a7+2n7, 
or 


v = m — u + a multiple of 27. 
Putting this value of v in 8) it becomes 
™—uU+28sr , san integer. (10 


Thus all the values 6), that is, of arc sin z, are given by T) and 
10). We have therefore shown : 


If w = w, is a solution of 3), all solutions of 3) are given by 


w=w +2 mT , w=T— w+? mr, (11 
where m=0 , +1,4+2-. 
3. Since z = 1, z = — 1 are branch points of 


vi—-2=vV-(@-1)(z +1), 


we see that when z describes a small circuit C about one of them, 
Z and Z, permute. Thus if at z= z we start out with one of the 
values of w at this point, say w = w,, and allow z to pass around O, 
w will not return to its original value wọ when z returns to 2. 


Thus z = 1, and z = — 1 are branch points of w. 
Let us see if there are any other branch points for w = are 
sinz. Since z = 1, z = — 1 are the only branch points of 


Z=iz+v1— 2, 
the only other branch points of w must be branch points of log Z, 


that is, points z = a for which Z=0. But the relation 


wa+ V1 — aÊ = 0 
gives —&@=1—g?, 
or 1=0, 
which is absurd. We have thus shown that : 
The branch points of the function 
w = are sin Zz 


are the points z = 1, z = — 1, and only these. 
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4. Ina precisely similar manner we may define and study the 
other inverse circular functions 


are.cos2.,.aretan2 . etc. 


We will not take space to do this, as it is all too obvious. We 
note, however, that the solution of the equation 


tan w =z (12 
JŽ wile 1+ _ are tana. {d3 


2t  1l—:z 


Its branch points are : l 
2 = uand a=—— 4%. 


CHAPTER V 
REAL VARIABLES 


65. Many readers of this book have studied the calculus chiefly 
with the view of learning its technique and of applying it to 
geometry, mechanics, physics, ete. Such students have little time 
to spend on demonstrations, and it is natural that their ideas of 
the limiting processes which lie at the base of all the principles 
and method of the calculus are often vague. It seems best, there- 
fore, to insert a chapter at this point whose object is to briefly 
treat such topics of the calculus as we shall need in the course of 
this work. It will be our purpose rather to refresh the reader’s 
memory and to illuminate the subject than to repeat demonstra- 
tions or to discuss delicate points. One may therefore, turn over 
the following pages, reading such parts as are not quite familiar; 
or he may pass at once to the next chapter and return to this one 
when further explanations are necessary. 


66. Notion of a Function. 1. The functions used in the calculus 
are usually made up of simple combinations of the elementary 


functions, as 


‘ 1+vV1—2 
yosine +, ca 
_ et sin zy 4 9 
“en toan & sin y. ( 


Or they are defined implicitly by equations between such 
functions, as for example, 


abigail N (3 


The equation 1) defines y as a function of the independent varia- 
ble z But when v <0, log has no sense, the variables being 
129 
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real. Also -V1— 2 is not real when 22 > 1. Finally, when z=1, 
log z= 0, and the denominator in 1) vanishes. Thus 1) defines 
y only for0<a#<1. These values of z form the domain of defi- 
nition of y. 

2. Let us turn now to 2). This relation defines u as a function 
of two variables z, y. We note that the denominator either = 0 
or is not defined when the point z, y lies on one of the lines, 


e+y=m-2, m=0, +1, +2-:- (4 


Also the radical Vsin y is not real when sin y is negative, that is, 
h 

Leia (2n — 1)r < y < 2n, n=0,4+1,4+2--- (5 

The domain of definition of u embraces thus that part of 2, y plane 

after removing the lines 4) and the bands 5) which are parallel 

to the z-axis and of width v. 


3. It is convenient to generalize our definition of a function. 
To fix the ideas, let us take a single independent variable v. Let 
us mark a certain set of points on the z-axis and denote them by 
A. At each value of v in YN, let us assign to y one or more values 
according to some law. Then we call y a function of 2, and we 
call Y its domain of definition. 

To illustrate this let us take the function 1). For the point 
set A we take the values of x such that 0 < x < 1, that is, the 
interval (0, 1) except the end points. The value we assign to y 
for a given v in Q is the value that the right side of 1) has for 
this value of 2. 

Another illustration would be the temperature y at a given 
place at a given time 2 If we were concerned only with tem- 
peratures from the time x =a, to the time v = 8, these would 
define y as a function of x in the interval Ñ =(a, 6), and this 
would be its domain of definition. This would be an example of 
a function which is not defined by an analytic expression as in 1). 

As an illustration of a function of two variables not defined by 
an analytic expression we may take the following. Let 2 denote 
the latitude and y the longitude expressed in circular measure of 
a point on the earth’s surface. Let u denote the temperature 
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at the earth’s surface at one and the same instant. As the lati- 
tude is restricted to lie between T3 and z, and the longitude 


between — 7 and m, we see the domain of definition of u is the 


rectangle 
8 —-t<r<2 , -wK<yk<r. 


67. Limits. 1. We have already discussed the notion of a 
limit of a sequence of numbers 
ay Ay. ag + a 
when studying series. In the calculus we use the notion of limit 
also in another way. Thus in defining the derivative of a func- 
tion y =f (x) we form the difference quotient 
Ay _J(z+h)—f L) Q 
Ax h 
and allow the increment 4 = Az to converge to 0 by passing over 
all values near h=0. The value h=0 is excluded, since this 
would make the denominator in 2) vanish. What do we mean 
by the limit of 2) as h=0? The value of v being fixed, the 
quotient 2) is a function of h; let us denote this by g(h). If 
now g(h) converges to some fixed value l as h=0, we mean that 
q may be made to differ from 7 by an amount as small as we 
please, say by < e, provided A remains numerically < some posi- 
tive number 6. 
Graphically we may state this as fol- pee ee a 
lows. Let us plot the values of q for ~*~” 
values of h near h=0, on an axis which 
we may call the g-axis. With / asa center 
we may lay off an interval of length 2e. Then if g=/ as h=0, 
there must exist an interval (— 6, 6) on the A-axis such that q 
falls within the e interval when 40 is restricted to lie within 
the 6 interval. 
This graphical formulation of the notion of a limit may be put 
in analytic form. By the phrase q(h)=/ as h=0 we mean that 
for each e > 0, there exists a ô > 0 such that 


KORES 
provided 0 < |A| < è. 


O l-e l e 


q axis 
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The reader should think this over carefully and see that this 
analytic formulation exactly represents the above graphical for- 
mulation. 


2. This notion of the limit is used in many other parts of the 
calculus. We will therefore state the definition quite generally. 

Let the function y = f(x) be one-valued about the point z=a. 
When we say f(z) =/ as xa or otherwise expressed that the 
limit of f (x) = l for x= a, in symbols 


limf(x) =. (3 
we mean this: 


For each e > 0 there exists a 8 > 0 such that |f (x) —l1| < e pro- 
vided 0 < |jr—a| < ò. 


The last sentence will be expressed more briefly by a line of 
symbols, 


esd ) 38>? | oeoHo<e4, Ta S (4 


and such a line of symbols is to be read as the sentence above in 
italics. 


3. The reader will note the similarity of this definition and 
that employed in 16. 

Almost all students dislike this e form of the definition when 
first presented to them. It seems so much easier to think of f (s) 
converging to l as x converges to a. Why bother about these 
es and òs? In reply we refer the student to the remarks made 
in 16. Fortunately the intuitive form of the definition of f con- 
verging to its limit is usually quite sufficient, and we shall avoid 
the e’s as much as possible. When we do employ them, it will be 
to aid clear thinking. When the reader can think clearly with- 
out the e’s, let him do without them. 


4. The reader should note that when the limit 3) exists, 
J (@)=l when x converges to a from the right side, or when it 
converges to a from the left. For by the definition given in 2, 
the only restriction on v is to remain in the ô interval, excluding, 
of course, the value =a. It can therefore approach a from — 
either side, and f (x) must = Z in either case. 
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5. From the definition of a limit we conclude that when 3) 


_ holds, we may write 


f@=l+e (6 


and know that |e'| < e provided z lies in some è interval. We 
may also say in this case that e' = 0 as z = a. 


68. Limits for Two Variables. Let us now consider limits of a 
function of two variables. Suppose the one-valued function is 
defined in a certain domain Y%. Let x= a, y =b be a point « of Y. 
Then u(a, b) is the value of u at the point « ‘More briefly we 
may denote this value by u(«). 

Let us describe a circle of radius ô about « The points a, y 
within this circle may be called the domain of this point of norm 6, 
and denoted by any one of the symbols 


Dia, >). s DG, Dexa) ;.. Dla); 


The simpler forms may be used when no ambiguity can arise. 
When the center « of this domain is excluded, we indicate this 
fact by a star, thus D*. 
What now do we mean when we say: u converges to J as the 
point £ = z, y converges to «=a, b? In symbols 


ulah asie = Oe 


We mean just this: Let us plot the values 
of u on an axis, the u-axis. With }as a center 
we lay off the e interval as in the figure. 
About the point œ =a, b we describe the 6 
circle in the z, y plane of radius 6 as in the 


r 0 
figure. Then for each e interval there must ee A doar pii 


8 


exist a 8 circle such that u remains within 


this interval when the point % y remains within this circle, the 
center a, 6 excluded. 
Analytically we may formulate this as follows: 
The limit of u(z, y) for v =a, y= b is l, or in symbols, 
lim u(a, yy=l 
b 


zw=a, Y= 
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when for each e > 0, there exists a è > 0 such that 
lulz, y)—l\|<e 
when z, y lies in D,;*(a, b). 

The reader will note that the definition of a limit for a single 
variable is a special case of the one just given, the domain of the 
point «=a, 6 reducing to an interval. 

He should also notice that in passing to the limit the point z, y 
is never allowed to become «=a, b; thatis, z, y ranges in D*(«) 
and not in D(@). 


69. Continuity. 1. Let y=f(x) be a one-valued function in the 
interval X= (p, q) whose graph is given in Fig. 1. The graph 
shows that y is continuous in A g" 
except at the point z=6. Let us 
formulate the notion of continuity 


analytically. To this end we note 
how f(x) behaves at a point of con- K 
tinuity as z= a, and about the point o 
p «a b q 


of discontinuity v= b. 
Let f(x) have the value @ at z= a. Fic. 1. 
Then as x= a, we see that y=a@; in symbols 


lim f(@)=f(a) = «. 


On the other hand, at the point z= b, the ordinate does not con- 
verge to a definite value. For when 2=8 on the left y+’; 


when a= 6 on the right, y = 8''. But if the reader will turn back 
to 67, 4, he will see that when 


lim fs) 

a=b 
exists, f(s) must converge to the same $ 
value whether x= 0 on one side or on the S 


other. 

Another case of discontinuity is illus- 
trated by Fig. 2. Here y=f(x) is a one- 
valued function whose value at v= a is 
defined to be y=a. The figure shows that 


lim f(z) = a’, 


Fia. 2. 
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Here the limit exists, but its value is not the value that f(x) 
has assigned to it at this point which is æ. 
These considerations lead us to say : 


The function f(x) is continuous at x= a when and only when f(x) 
converges to the value of f at a, that is, when 


lim f(z) = fla). 


Therefore if lim f(z) does not exist at z =a, or if it exists but 
has a value different from the value f(a), then we must say that 
Jis discontinuous at r=a. If f(x) is continuous at each point of 
an interval Y = (p, q) we say f is continuous in A. 


2. When f(z) is continuous at z=a, we know that the value 
of f(x) differs from its value at z=a by an amount as small as we 
please if x is only kept sufficiently near a. In symbols 


SO) =f) +e A 
where e =0 asv =a. ‘This is the same as saying that 


|e |<e , providing |z—a|< some 6. (2 


3. Let f(x) be continuous in Y = ( p, q). Let us take e>0 at 
pleasure and fix it. At any point x =a we lay off the 6 interval 
about a as in Fig. 3 such that the é 
in 1) satisfies the inequality 2). Let 
us pass to another point b in Y and 
lay off the corresponding 6 interval 
about b, such that e' again satisfies 
2). At the point z = b the curve is 
steeper than at a, and therefore the 
ô interval at b is shorter than at a, 
that is, the value of 6 at b is less 
than at a. The reader will note, how- 
ever, that as a ranges from p to q the 
value of ô corresponding to the dif- 
ferent values of a will never sink below some positive number 7. 
In other words, for the value of e that we have been using, there 
exists an 7 > 0 such that f(z) differs from f(a) by an amount <e 
when |2—a|<7; and here a is any point in Y. 


Fig. 3. 
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If we expressed this in symbols, we would say that for each 
e>0, and for any and all points a in A, there exists a fixed n>0 


such that RO TO E provided |z — a| <n. (3 


Or what is the same, Fay Sey es 
miere |e |<e provided |z—al|<n. (Ç 

This important property of a continuous function in an interval 
% is expressed by saying that f(x) converges uniformly to f(a) 
in Y; or in symbols 


f(z) = f(a) uniformly in A. 


The reader should remember that here a is a variable point in the 
interval Y. 


4. When f(x) has a point of dis- Ba 
continuity in A = (p, q) as at r=e in 
Fig. 4, the reader will see at once that 
taking e >0 small enough and then 
p a e q 


fixing it, there is no corresponding 

7 > 0 such that 3) or +) holds wher- oC 

ever ais taken in Y. To make this perfectly clear we have taken 
e as in Fig. 4, and laid off the corresponding ô interval at a point a. 
The reader will see at once that for a 
point 6 very near e, the length of the è 
interval will be determined by the fact 
that it cannot contain the point z= e. 
For in any interval containing this point 
F(x) could differ from f(b) by an amount 
far greater than the small quantity e, as 
Fig. 5 shows. 


bæ 
Fie. 5. 


5. Finally let us consider the function 
F(e) = tan 2. 


This is defined for all v not included in the point set 


E 


$ 
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Let x range over the point set Y defined by 0>2<%. This 


A = 


* 
= may be denoted by (0, bat \ the star * indicating that the end 
~ point n is omitted. We call such a set an incomplete interval. 
Obviously f(z) is continuous at each point z = a of Y, for 


lim tana = tan a. 
r=a 
It is not uniformly continuous in Y. For in the relation 2) we 
see that must =0 as the point a approaches Z. There exists 


therefore no 7>0 such that 3) or 4) holds. 


6. The analytic definition of continuity can be extended at once 
to functions of any number of variables. For clearness let us 
take two. 

Let the one-valued function u(r, y) be defined in some domain 
D about the point r =a, y =b. ‘Then u is continuous at this 
point when u(2z, y) converges to u(a, b) as the point v, y con- 
verges to the point a, b; in symbols when 

lin u(a, y) = ulg, 6). 
x=a, y=b 
If u(x, y) is continuous at each point belonging to some point set 
A, we say u is continuous in Y. 


T. Let u(x, y) be continuous at the point a, b. If 
c=u(a, 6) #0, 


there exists a domain D;(a, b) about a, b such that in it u(x, y) has 


the same sign as e. 
For since u is continuous at a, b there exists a 6 > 0 such that 


|u(a, y) —e|<e (5 


when v, y is restricted to D,(a,6). But 5) is equivalent to 
e—e<u(a, y)<e +e. (6 


Obviously as ¢ is +0 we may make e> 0 so small that c — e and 
c+ e have the same sign as c. 


P 
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8. If u(2, y) is continuous at a, 6 
|u(z, y)|<some G (7 


in D,(a, b) for a sufficiently small 6 > 0. 
This follows at once from 6). 


70. Geometric Terms. 1. At this point it will be convenient to 
introduce some geometric terms which we shall need constantly. 
We begin by considering the point set A formed of the points 
within a circle Ñ, that is, in the interior of R. Any point a of Y is 
such that we may describe a circle c about it as center, and all 
the points within c form a part of Y. In other words, Y is such 
that any point a of it is surrounded by some domain D(a) which 
also lies in ÑX. As a approaches R,6=0. But for each given a, 
dis >0. 

We may. now generalize. Let Y denote any set of points in the 
plane. If % is such that each of its points a has a domain D(a) 
which also lies in Y, we call the point set Y a region. 

For example, the two curves C}, C, in Fig. 1 
define a ring R whose boundary or edge € is 
formed by them. The set of points Q in the ring 
R but not on its edge € form a region. 

Let us look at the set of points Y formed of Q 
and the curve C}, in symbols the point set 


Secs Q 4 a: Fia. 1. 


The set Bis not a region. For let e be a point of C} asin Fig. 2. 
Then however ¢ is taken it will contain points of Y and points not 
in $. 

As another example of a region, let {& be the (eX 
point set formed of all the points of the z, Y 
plane except the points ees on a finite coe 
ber of ordinary curves, and also a finite number j 
of isolated points. Obviously Q is a region. sha: 

We say a region is connected when any two of its points can 
be joined by a curve lying in Y. 


If the boundary of a connected region is a closed curve without 
double point, we call it a simple region. 
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2. Let Y be a connected region whose boundary or edge € is 
formed of a finite number of ordinary closed curves or points. 
The point set € formed of & and Ç, that is, © = A + Ç, we call a 
connex. If % isa simple region, the corresponding connex © is 
- called simple also. 


3. The reader will note that the definition of continuity given 
in 69, 6 requires that if u(x, y) is continuous in a connex G, it must 
be continuous at each point of its edge, and this requires that wis 
defined as a one-valued function for all points in some D(e) of e. 


4. Let & be a connex or a connected region. Let P be any 
point; it may or may not lie in Y. Let r be the radius vector 
joining P to a point z of Y. If z can describe a 
continuous curve lying in Y such that r describes 
a complete revolution about P, we say that Y is 
eycliec relative to P, otherwise acyclic 

Thus in Fig. 3 let Y be the ring-shaped figure 
bounded by Cj, C} Then Y is cyclic relative to 
L and M, but acyclic relative to N. Fra. 3. 


Cy 


71. Uniform Continuity. Let us now show that if u(2, y) is 
- continuous in a connex © it is uniformly continuous. By this 
we mean the following. Since u is continuous at a point a, b of 


% we have utr yy SuLaL T ad 


if only z, y lies in some domain D,(a, 6) of the point a,b. We 
say now that the point set © being a connex, 6 cannot sink be- 
low some minimum value 7 > 0, as the point a, b ranges over GC. 

For say that as a, b converges to some, point «, 8 of C, ô= 0. 
Since u is continuous at «, 2, 


Jel <5 


2 
if z, y lies in some D,(a, £). 

But then ô cannot = 0, for as the point a, b 
converges to the point «, 8, the figure shows 
So, and not to 0. Since therefore 6 cannot 
= 0 as a, b ranges over G, it follows that there 
exists an 7 > 0 such that 


ulr yj= ula, byte) , e C 
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wherever the point a, b is taken in Ç, provided z, y lies in 
D Ca, b), the norm 7 being the same wherever a, b may be in ©. 

"We may thus state the following theorem, which for our fur- 
ther development is of utmost importance : 


Tf u(x, y) is continuous in a connex ©, it is uniformly continuous 
in ©; or in other words the relation 2) holds in ©. 


72. Differentiation. 1. We touched on this subject by way of 
illustration in 67. We wish now to discuss it more fully. Let 

= f(x) be a one-valued function in the 
interval Y = (a, b) whose graph is given in 
Fig. 1. If we give to van increment A= Az, 
the function receives an increment 


Ay =F + h) —f(2). 
The quotient 


Ay _f(x+ h) — f(x a eo RHE. 6 
as eee (d Fre. 1. 


Q 
TA 


is called the difference quotient. From the figure we see 
Ay 
—~ = tan 6. 
Az S 
As Av= 0, the secant PQ converges to a limiting position, 
viz. the tangent at P. 
We call the limit of 1) when = 9 the differential coefficient at 


the point x and write 


ay Gjana lim [E + n- F@). 


h=0 h 


(3 


If f has a differential coefficient at each point of some interval 


A, we say f has a derivative in A; the value of this derivative 
at a point v of A is given by 8). 


2. Let us consider the function 
y =(«—1)3. (4 


The graph of this function is given in Fig. 2. It has a point 
of inflection with a vertical tangent at z=1. We see here that 
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the secant PQ converges to a vertical posi- 
tion. The difference quotient Q 
Ay Sl ' Ay 
Ag (Az) O P 
: ; : À Ax = 
is always > 0 and increases indefinitely as 
Az=0. We say its limit is + œ and write 
dy _ p ae =. 
Bittle = HS for, a= 1, oboe 


To say that a variable g has the limit +o as z =a is only a 
short way of saying g has no limit at =a, but that it increases 
without limit as r= a. 

Strictly speaking the function 4) has no differential coefficient 
atz=1. Usage, however, permits us to say its differential coeff- 
cient is + œ at this point. We also say the derivative f'(x) is 
definitely infinite at this point, meaning thereby that the differ- 
ence quotient does not change its sign about z= 1. 


3. Let us consider the function 
y= (4 — 13 , radical with positive sign. (5 
The graph of this function, Fig. 3, has a ver- 


tical cusp at z= 1. 


At this point Bs 
SA ay ) ee (6 


It is thus positive for positive Az, and nega- 
tive when Az is negative. Thus 

Ay 

Ax 


=+% asAr=0 on the right, 
SOO s « « « » » loth, 
Here we cannot say that the difference quotient Ay/Azx converges 


to any value, not even to an improper limit as +, or — 0, since 
it changes its sign in any interval about z = 1. 


4. Let us now consider the differentiation of a function of 
several variables. For clearness let us take a function u(a, y) of 
two variables which we suppose is one-valued in some domain D 
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of the point a, 5. Then, as the reader knows, 
lim “(a + h, 6)— ua, b) _ y! _ ou s£ 
pap R ul (a, 5) = a 


is the partial differential coefficient of w with respect to z at the 
point a, b, and a similar definition holds for 

u! (a, 5) = =. 
The values of 7) as the point a, 6 ranges over some set of points 
% define the first partial derivative of w with respect to z; this 


denote b 
ane ee ul(z, y) or ul or = cs 
or 
A similar definition holds for 
; ou 
u,(z, y) or ul or aa (9 


The derivatives 8), 9) are also functions of z, y and so in general 
possess partial derivatives 


= MS a 
E e E o anne 
5. Suppose w possesses first partial derivatives for the points 
z, y of some point set A. The expression 
ou ou 
du =— h+— 
emo ei en qo 
is called the first differential of u. 
Similarly, if œ has second partial derivatives, 
Pu Fu Fu 
@u = —_ h? +2 hk i+— FP 
ag ie réy Ta Dh 
is the second differential of u, ete. 
We note that the right side of 11) may be written symbolically 


ð a\¥ 
(a o+k A u. a2 
To deduce 11) from 12) we expand 12) as in algebra and replace 


ay, by Bu 
(2) u by oa? ete. 
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In general, suppose u has all partial derivatives of order <n 
for all points zv, y in some set A. Then 


ð gN” 
d" =(42 k=) 
u “ays ay u (13 


when after expanding the right side we replace 


oa. ru 
OORS 
Ox/ \ðy oz™dy"™ 
73. Law of the Mean. 1. Let the graph of the one-valued func- 
tion y = f(x) be as in the figure. Let the secant PQ make the 
angle @ with the z-axis. At each point x Q 
let us draw the tangent to the curve. It 
makes an angle @ with the z-axis. Let now 
x start at a and move toward b. The tan- p_, A 
gent changes its inclination from point to Pacey 
point. If the reader will reflect a few mo- 
ments, he will see that it is altogether im- “| ‘ b 
possible to pass from a to b without somewhere the tangent being 
parallel to the secant PQ. Let this be the case for x = e. Now 


tan $ eh) Aa); 


b—a 


2d a: 
tan 0 a ECR) 


Since ¢ = @ at the point e, we have, on equating these two expres- 
mom FB) - F(a) =O-afl@) , a<c<b. 


This is the celebrated Law of the Mean. It is one of the most 
important theorems in the whole calculus. 

The foregoing considerations do not form an analytic proof of 
this law. They do, however, make the reader feel in the most 
convincing manner that this law is true, and this is all that he 
needs at this stage. On account of its importance let us formulate 
it as follows: 

Tf f(x) is one-valued and continuous in the interval A =(a, b) 
and tf f'(x) is finite or definitely infinite within A, then for some 


point a<c<b AO) — f(a) = (b = a)f'(c). qd 
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2. Let a<r<b, f(x+h)—f@=Af. Then the law of the 
mean 1) gives, setting h = Az, 


Af = fu) , rcucrth. (2 


Suppose now that f'(x) is continuous in the interval Y. Then 
fi@mafi@te , |el<e (3 
provided | Az |< some fixed ò, wherever the point v is chosen in 
N. This in 2) gives 
Afs fi(a)t+e (4 
Az 
and e = 0 uniformly in Y. 
3. From the law of the mean it is easy to establish another very 


important theorem, viz.: 


Taylor's Development in Finite Form. In the interval Y = (a, b) 
let f(x) and its first n — 1 derivatives be continuous. Let f (x) 
be finite or definitely infinite within N. Then for any v within Y 


FOK) + TE Pa ET pia) 


(x — a)" 
rs (n—1)! 


As this is not a work on the calculus we do not intend to prove this 
theorem ; we have quoted it in order to state precisely conditions 
for its validity. 


FOViay+ @— 9" pC) » acv<ez. (G 


4. From the law of the mean we can draw an important con- 
clusion which we shall need later. Suppose u(x, y) has continu- 
ous first partial derivatives about the point a, b. When we pass 
from this point to the neighboring point a + h, b+ k, u receives 
the increment 

Au =u(a + h, b+ k)— u(a, b). 
But we have 
Au = fu(a + h, b + k) — uCa, b +k): + iula, b+h)— ula, b)? 
= A, + Azs 
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By the law of the mean 
A, =hu(e,6+k) , ¢ betweenaanda+h 
A, = ku, (a, e) , e between 6 and b+ k. 


But ul, ul, being continuous, 
ul.(e,b6+k)=ul(a, b)+ a 
u,(a, e)=ul(a, b)+ 8 


where «=0, B=0 as h and k=0. Hence we may state the 
theorem : 

Let u(x, y) have continuous first partial derivatives about the 
point a,b. Then the increment Au differs from the differential du 
by a quantity of the form 


ah + Bk 
where « and B =Q as h and k=0. Thus 
PAT E A M E 


Ox ay 
5. Suppose now that u! and w/, are continuous functions of a, y 


in a connex ©. Then, as observed in 71, œ and 8 will converge 
uniformly to 0 in ©. Hence in particular 


Jal<G@ , |B\/<G, 


provided |A| and | %| are < some ô, and here 6 is independent of 
the position of the point a, b in ©. 


6. Taylor’s development 5) may be extended to a function of 
any number of variables. For clearness let us take a function 
u(x, y) of two variables. Suppose u and 
all its partial derivates of orders < n are 
continuous in some domain D about the 
point a, b. Let a+ h, b+ k be any point 
in D. Let L be the segment joining these 
two points. Then any point v, y on L 
has the codrdinates 


a=atsh , y=b+sk , 0<8<1. 


ath, bNe 
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When s ranges over the interval 6 = (0, 1), the point z, y ranges 


L. Then 
ts ulz, yj) = ula + sh, b+ sk)= (8) 


is a function of s defined for values of s lying in S. But 
TAN ur E 
AERE ay” u(z, y), 


ðu 8u 
hk + — K = d*u(z, y), 
ðxrðy * dy? u(z, y) 


gay= h2+ 2 


Hence ¢/(s), ¢/'(s) --- ¢™(s) are continuous in © and we may 
apply 2 to the function ¢(s). Doing this and then setting 
s=1, we get 

ula + h, b+ k)=u(a, b)+ oi du(a, b)+ s d*(a, b)+ ++ 


++ aruCa + Oh, b + Oh) (6 
nN: 


where 0< 6< 1. 
For convenience of reference we note that 


du(a, b= A+ ou k, 
a 


ðb 
— FU ya Pu ôu 
@u(a, b)= aa h? + 2B hk + ape 
Integration 
74. 1. The integral % 
S(x)dzx qd 


may be defined in connection with 
the notion of area as follows. Let 
the graph of f(a) be as in Fig. 1. 
In the interval of Y= (a, b) we 
interpolate the points a}, az «+. If 
no interval (anj, @,,) has a length 
greater than 6, we say these points 
effect a division of YX of norm S. 

We set 


Òm — Am — An—4 c= AXn 
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and form the sum 
F(a) Ax, + fCag) Ary + +++ = ES an) AT, (2 


The value of this sum is the area of the shaded rectangles in 
the figure. If now 6= 0, this sum obviously converges to the 
area under the curve. Thus when f(z) is a one-valued con- 
tinuous function of v in the interval X, the sum 2) has a 
limit as 6=0. This limit is the value of the symbol 1). This 
symbol we also denote sometimes by 


4h F (2) ae. 


2. These geometric considerations 
enable us to take a more general 
definition of 1). In the intervals ò, 
let us take at pleasure a point ap 
If f(«,,) =8,, let us construct the 
rectangles of base 6,, and height £,,, 
as in Fig. 2. We now form the sum 


pi CA) Ax, +f (ay) Az, P eee =f (Gn) AZ: (3 


The value of this sum is the area of the shaded rectangles. 
If now ô =0, the sum obviously converges to the area under the 
curve and therefore has the same value as before. 

Let us state this in a theorem: 

If f (x) is continuous in the interval (a, b), 


lim 2 f(an A, (4 
s=0 


exists and this limit is the value of the integral 1). 


3. With this definition we can establish the following funda- 
mental theorem : 

In the interval (a, b) let F(x) be one-valued and have the continu- 
ous derivative f(x): Then 


f a) dz = F(b) — F(a). (5 
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For, using the points aj, a +++ G—4 introduced in 1, we have by 
the law of the mean 
F(a,) — F(a) =f (a, )Az, 
heal vite f oA Saas 


FO- F(a, +) Ae 


where «,, ig some point in the interval Az,,. 
Adding these equations gives 


F(b) — F(a) = Ef (ct, AT: 


Now by 2 the limit of the right side as = 0 exists and equals 
the integral in 5). 


4. From the definition of an integral given in 1) follows an 
important property which is useful in estimating the numerical 
value of an integral. Since 


| Pan )AZm | < E|F Can) | Atm 
we have, on passing to the limit ô = 0, 

S rds [Old p ax c 
pathealet | f(x) | <) in the interval (a, b). 


Then similarly we have 


| [ f@a 


5. Another property of importance is that: 


To)= | Fade , a<gr< b 


< [bOd , a<b. (T 


considered as a function of its upper limit xis a continuous function 
of x such that 


dJ 
dz = F@) 


the integrand f(x) being continuous in (a, b). 


PRETO a ~ 
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75. Surface Integrals. 1. Let u= f(x,y) be aone-valued con- 
tinuous function of z, y in a field Y bounded by a finite set of 
ordinary curves. As v, y ranges over 
M, the end points of the ordinate 
through z, y will describe a surface 
S, while the points of the ordinates 
will constitute a solid of volume V 
lying between S and the 2, y plane 
under S. 

Let us draw a set of parallels to 
the z, y axes in the z, y plane as in 
Fig. 1. This effects a division of the 
plane into rectangles R. If their 
sides Ar, Ay are all < 6, we say the norm of this division is 8. 
Let us now form the sum analogous to 74, 2), 


ZF (Amy bn) AX mAY ns See a 


extended over all rectangles containing a point of Y. The points 
An, 6, are the vertices of these rectangles. 

The sum 1) is obviously the volume of the set of prisms whose 
bases are the rectangles Az,,Ay, and whose heights are the ordi- 
nates of the surface S at the points x = am, y =b, We take it as 
geometrically evident that the sum 1) converges to the volume V 
as 6=0. This limit we use to define the symbol 


[r@ y )daxdy. (2 


Frc. 1. 


2. To calculate this integral it is usual to express it as an 
iterated integral 
fa J (a, y)dy.- (3 
B € 


Here the symbol B denotes the projection of the field %& on the 
a-axis. Let zbe a point of 8. The line through v parallel to 
the y-axis will partly lie in Y&. This section we denote by ©, or 
more shortly by €. Thus to calculate 3) we give v a fixed value 


in $ and calculate i 
JEC y)dy, (4 
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the field of integration being the section Œ of A corresponding to 
the value of z chosen. This integral itself is a function of z. 
This we now integrate relative to z over the field Y, getting in this 
way 3). 

To illustrate, suppose 

the field of integration 
% in 2) is bounded by 
the three outer curves 
and the two inner curves 
of Fig. 2. Then the pro- 
jection 8 on the z-axis 
consists of the segments 
AB, CD. For a value 
of x corresponding to Fic. 2. 
E, the section € of Y is formed of the two segments marked @ in 
the figure. At F the section € is made up of three segments, also 
marked C. 

It is shown in the calculus that: 


The two integrals 2) and 3) are equal. 


The following geometrical considerations will make this 
apparent : 


That slice of V which lies between the two planes 
T= Oy 9 C= Eni 


in Fig. 3 has approximately the 
volume 


NN df Fam y)dy, 
(O 


as is seen from Fig. 3. The 
sum of these slices is 


DArm | fam Yay. 6 ha 


Fic. 3. 


Thus the volume V is the limit of 5) or the iterated integral 3). 
Thus 2) and 3) are equal as they both = V. 


76. Curvilinear Integrals. 1. Let us suppose that f(z, y) is a 
one-valued continuous function of v, y at the points of a curve 0 
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whose end points are a, b, as in Fig. I. If we interpolate a set of 
points a&i a, a, +++ such that the ares Adi, Alz Agdg +++ are of 
length <6, we say these points aj, a, ++ 
effect a division of norm 6. 

Let Tms Ym be the codrdinates of a,,; let b 
Am = tmt — Zm- We now form the sum 


y 


a 
E Lux Yo Das d ay aa as 
O X 
If we let ò= 0, this sum converges to a Fia. 1. 
definite limit which we denote by 
èb 
[fe ndz or by [Aa yax (2 
C : a 


and call it the z-eurvilinear integral of f(a, y). 

When the curve C reduces to a segment of the z-axis, the 
integral 1) reduces to the ordinary integral considered in 74, 
since y is now constant. 

Let us prove that the limit of 1) exists for the nie case that 
the equation of C is peng ery GB 


¢ being one-valued and continuous, the end points of C corre- 
sponding toz=a,24=f8. Then 


Fez, y) = fle, 6) = 9), 


and 1) becomes SAh (4 


But g(x) is continuous, hence the limit of 4) exists and is 


iff POLS (5 


Hence the limit of 1) exists and has the same value. We note 
that this form of proof not only establishes the existence of the 
limit of the sum 1) but determines its value. 

Because 2) and 5) are equal, we may extend the properties of 
ordinary integrals to curvilinear integrals. Thus if ¢ is some 
point on C between the end points a, b, we have 


[Fe nae [Fe nar + [Fe wee (6 
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Let us return to the sum 1). The factor f(z,,, Ym) denotes the 
value of f at the end point of the arc amim The same geo- 
metric considerations used in 74,2 would show that 1) has the 
same limit when ZmYm denote any point in the are a,_,a,. We 
shall make use of this fact in 3. 


2. The foregoing proof applies to the 
case when Cis the are PQ of the circle of 
radius r in Fig. 2. For then 


y=tVP— 2 = $(2), C 


the radical being taken with the plus sign. 
It does not apply immediately if C is the 
arc PQS. For if — s is the abscissa of S, 
y is two-valued in the interval (—r, — s). 
In this case we have only to break C into two ares 


C,= PQR and C,= RS. 


Then on C} we have ¢ determined as in 7), while on C, ¢ is 
determined by net, Se 
y=—Vr—2= $(a), 
the radical now having the negative sign. 

Corresponding to this we would break 2) into two integrals 


J and j; : 
Cy Cy 


To each of these our proof applies. 


3. In 2 we have taken the equation of the circle as 
PHA, (8 


which defines y as a two-valued function + Vr? — 2. Instead of 


the equation 8) we may use the equations of the circle in pa- 
rameter form : 

t=rcosu , y=rsinu. (9 
If we do this, we can avoid the radical and so deal from the start 
with one-valued functions. 


In general, let 


r= $(u) , y= wu) (10 
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be the parametric equations of a curve O; that is, when u ranges 
from u =a to u = £, the point v, y defined by 10) describes the 
curve C. We suppose of course that $, y are one-valued con- 
tinuous functions in U =(«, 8), with continuous first derivatives. 


Th 
4 F(a y)= Fip u), Yu} = gu) 


is a continuous function of uin U. Let us effect a division of U 
of norm 6 by interpolating the points «p «++. To them will 
correspond certain points a,, & + on C. 

Then by the law of the mean 


DE = Plam) a P( Gm) > '(Um Aum 


where Vm is some point in the interval (a,_,, «,). To this point 
Vm Will correspond Zm, Ym in the arc (4,_1,4m) on the curve O. Thus 


Zf (Lim Ym) ALm = 2y (mn) P! (Um Aum: 


If we let the norm 6 = 0 in this relation, we get in the limit 


dh 


aB 

F(a yyde= | gp du di 

4. In precisely the same manner the y-curvilinear integral gives 
b >B 

JTE ndy= | IDy Wau a2 

77. Work. 1. Let us show how the notion of curvilinear in- 


tegrals presents itself naturally in mathematical physics. Suppose 
a particle is acted on by a force § whose com- 


ponents are X and Y, as in Fig. 1. The work 4 b 

done in passing from P to a point Q near by 

on the curve C is Pá 
dW = § cos @- ds, (1 5 x 


where @ is the angle between § and the tan- Fia. 1. 


gent T. If § makes the angles a 8 with the v and y axes, and 7 
the angles «', 8’ with these axes, we have, from analytic geometry, 


cos 6 = cos «œ cos «' + cos £ cos p. (2 
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Now Fecosa=X , Fes P= ¥, 
dZ = cos a! A a = cos f. 
Thus 1) and 2) give 
dW = Xdx+ Ydy. (3 


Thus the work done by the particle in passing from a to 6 along 
the curve C is 


W= ji ‘(Xdx + Ydy) (4 


a te ‘Xde + ie "Yay. (5 


It is therefore the sum of two curvilinear integrals. 


2. The relation 3) may be obtained more 
simply by referring to Fig. 2. The work per- 
formed in passing from P to a point Q very 
near is in general the same as if the particle 
took the route PR, RQ. The work done 
along PR is Xdx; the work done along RQ Fre. 2. 
is Ydy. The total work d W is the sum of these or 3). 


78. Potential. 1. In physics we often deal with forces § whose 
components are the partial derivatives of some one-valued function 
Ve, y), that is, 


’ mi ee ad 


In this case 77, 3) gives 


= d Wek da 3 age 
Ox oy 


and the element of work is the total differential of the function 
V, with sign reversed. 
o V aV s 
Let us suppose that K, zr are continuous. We can then 
y 
show that the work done in passing from a to b is independent of 
the path. For let us effect a division of norm 8 of Ọ by inter- 
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polating points a, aj, --- between a and 6. Then by 73, 4 


AV= Ae z+ $ Ay + Ae + Bay 


= — Xr — Yy + «Arv + BAy 


where «, 8 = 0 with Az, Ay. Thus we have 
V(a)— V(a,)= X Ar + F Ay + «Az, + BAy, 
cae aes Xx, ns -+- I, = + mAT + ER 


Va, 1)— Vb) = Kody + Voy + tty + BÀ 
Now by 73, 5 | ghee and ES) 


are all < some e for all norms ô< some ô. Thus, adding the 
foregoing equations, we get 


V(a)— V(b) = =(X,,Ax, + Y,,Aym) + € 
where e =0asd=0. Hence, letting ô= 0, the last relation gives 
W= V(a)— V(b)= if (Xdz + Ydy). fe 


As V(x, y) is one-valued, the value of the work done by the 
particle in moving from a to 6 is independent of the path taken, 
and depends thus only on the end points a, 6. 


2. It is sometimes useful to know that the relation 2) holds, in 
a certain sense, when V is not one-valued. In fact the foregoing 
reasoning is valid if V(x, y) is only one-valued about each point 
of the curve C and possesses continuous first partial derivatives as 
before. Suppose then that V, is the determination of V(x, y) 
with which we start at a. If V, denotes the value that V, 
acquires on reaching b, passing over C, we see that we may 
write 2) 
W= f (Xie + Ydy)= V, — Vy (3 

C 


3. The simplest case of a potential function is presented by 
several particles of masses My, Mg «+. 
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P(x,y) 
TY 
a, T: 

m 02 


Similar forces are exerted by m,, Mg +++. Thus the total force § 
exerted on a unit mass at P has the components 


A unit mass at P is attracted by m, by 
a force whose components are, as seen by 
the figure, 


m m : 
X,=—cos@, , Furyk 


ri 7 


re cos, , T oa (4 
Let us set m = 
V= E 
F © 
From ETAT 
we have rdr = rdv + ydy, 
SS dr =? dz +” dy. 
r r 
EA A or _¥ — sin 8 
Ox oy r 
yas ə Oe aylyar. 1 
= ——cos 8, 
dx \r AG haa a 
i a Gat E e 
SD Shrii sin @. 
Hence A A ie cos 4, 
gerade an; )= 2m r aula 
We have therefore __ Leer : 
ax im oy’ (6 


and hence the function V is a potential function for the force §. 


79. Electric Current. 1. Suppose a constant current of elec- 
tricity is passing along the wire PQ. The lines of force gen- 
erated by this current are circles @ as in Fig. 1. The intensity 
of the force § is giyen by 


F= 


30 


if 


= 
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where e is proportional to the strength of the 
current. We have here, as shown in Fig. 2, @ | 


Ke Fein 6 = g 5 Vaan 
T 
Suppose a unit mass of electricity to describe 
the circle C. Then 
2 = reo 0 » “y=rsin 6, 


dx=—rsin@d@ , dy=rcos 6d. 


The work is 
W= h (Xdz + Ydy) 
a 


= cf Cin? 0 + cos? @)d@=e *" 10 
0 


I 


= 2 re. (1 


2. Let us now suppose that the unit mass 
is restricted to move in a connex Y acyclic 
with respect to O, as in Fig. 3. Let us set 


=—c-arc tan’. (2 
x 


Then av 


(4 


Thus V is one-valued in Y and has continu- 
ous first partial derivatives. We can there- 
fore apply 78, 2), which gives as the work done by the unit charge 
moving from a to 6, 


a! gl! 
W=e wind — sota | © 


Fia. 3. 


where v'y', 2’/y'' are the codrdinates of a, b. 
The work Win moving from a to b is independent of the path 
between these points, provided only it lies in YW. 
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3. Let the convex % be cyclic with respect to O as in Fig. 4. 
The origin O is the point where the current pierces the z, y plane. 
It is excluded from Y by a small circle. 

The partial derivatives of V are one- 
valued and continuous in Y as 3), 4) 
show, but V is no longer one-valued in Y. 
For when the point z, y makes a circuit 
about O, V has increased by —2e7. Thus, 
if V, is the determination of V chosen 
at the point a, after the circuit V, has 
acquired the value pee 


Thus, if we apply 78, 8), the work done 
by a unit charge moving around the circuit C is 


W=2ern. 
This agrees with the result found directly in 1). 
80. Stokes’ Theorem. 1. The theorem we now wish to prove is 


a special case of a theorem due to Stokes and which is much used 
in mathematical physics. For our purposes it may be stated thus: 


Let F(x, y), Q(x, y) be one-valued functions having continuous 
first partial derivatives in a connex A whose edge we denote by &. 


Then 
[fit Gdy)= te E 5) dy. el 


In calculating the curvilineai integral on the left we let the point 
x, y run over € in the positive sense, that is so that the region 
bounded by € lies to the left of the direction of motion as in Fig. 1. 

Let 8 be the projection of X on the z-axis, and € the section of 
Wat a point z of B. Then 


ð 
[a iay = fà OF ay 
x OY Be Jeo 
as we saw in 75, 2. 
At a point x= « in Fig. 1 


tay = -F+ - F=- FA- F), 


| 
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where F, denotes the value of F(x, y) at the point 1, ete. At a 
point as z = 8 in Fig. 1 the right side becomes F, — F,. Thus in 
any case 


oF 
a OSS = 
fa WA 2 Fon BD 


and hence 


J OF dndy = Ji dz&(F.,,—F,). (2 
a 3Y B 

Let us show that the right side 

is equal to : 
pe Ji Fae. ts ai 
€ 


In fact to calculate 3) we Fie, 1. 


break € into a number of arcs such that for each arc y is a one- 
valued function of z Along the lower arc AB of Fig. 2 let 
Y = Jp along the upper are let y = y, Along the lower ares CD, 
EF let y =y, and along the upper arcs let y = y, Thus 


ji Edr = Jh "F(a, y,)dz 
& a 
+ ih "F(a, y)dx 
b 
d 
z f F(x, ys) de 
a sj "Fezi y Jda 
d 


A 
+ | F(a, y,)dx 


+ | Fe Y4)az. 


Hence 


— | Bis = | E,- Bde f (Ħa B+ Ei Bde + bs 
(C a c 


£ JS dc&( Fu, —F,) (4 
R 
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asin 2). Thus 2), 4) give 


oF 
EE Remit ay eee 5 
(ie ras d 7 € 


In the same way if C denotes the projection of Y on the y-axis and 
B a section of & parallel to the z-axis, we have 


SE aaay = fay [ee 
= [BGs = G,). (6 
C 
On the other hand, taking account of the positive direction of € 
f. Gdy = f. diilan 7 
J/E JC 


Hence from 6), 7) we have 


fe oo eden =f Gedy. (8 


On subtracting 5) and 8) we get 1). 


2. As a physical application of Stokes’ theorem let us return to 
our line integral 


W= | ” (Xda + Ydy), 9 


which expresses the work done by a unit mass moving from a to 
b along some curve C in a field of force § whose components are 
X, Y as explained in 77. 

We saw that when § has a one-valued potential V(x, y) whose 
first partial derivatives are continuous in some connex Y, the value 
of W is the same for all curves O in Ñ leading from ato b. This 


condition is sufficient to make the value of W independent of the 
path C. 


In this case 


oy aV 
X = — = — ——> 
=) oe (10 


If X, Y have continuous first partial derivatives, Stokes’ theorem 
shows that if C,, C, are two paths leading from a to b and & the 
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= connex they bound, the work done in running over the boundary 


 €=C,+ Cy of & is 


a 


W= | (Kae + Yay) = f- f 


IX 0 
= —— — — )drdy. 
l J m xdy (di 
Now from 10) ax aV 32y 
ðy dx ðrðy 
Thus 11) gives w= f- f=0 
Cy e/ 0 ; 


or the work performed along C, is the same as the work done 
along C, as it should be. This gives us nothing new. 

But let us reverse our reasoning. Let us suppose that X, Y 
have continuous one-valued first partial derivatives in a certain 
connex A. We ask what condition must X, Y satisfy in order 
that Wis independent of the path C? 

The answer is that 

3X _ oY (12 


dy ðr 


must hold at each point of Y. For suppose it did not hold at a 
point c, in Fig. 3. Then within some domain D about c, 


aX dV 


ay ðs’ 
being a continuous function of 2, y, must 
have one sign, by 69,7. Let y be a circle 
with center ce and lying in D. Then by 
Stokes’ theorem 


Fia. 3. 


where T is the region bounded by y. 
Now the right side cannot = 0 since the integrand has one sign 
in I. Thus the work done in going around y is not 0, or 


W,+ 0. (13 
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Let us now go from a to 6 along opposite sides Y; Ya of Y- 


pose the work 


Won Re 


for these two paths C}, C, were the same. Then 


W, ea 0. 
But Si -1 
C, Cy} = aay, - Bb - bR - yg aa. 
Also 


Waa = — Waea ’ Was = — Wag ’ W, a= 


which contradicts 13). 


Thus Woe — W, = 0, 


which contradicts 13). 


Sup- 


Stated in mathematical language these considerations give: 


Let F, G be one-valued functions having continuous first partial 


derivatives in the connex A. In order that the value of 


ui ‘(Far + Gay) 


shall be the same for all paths in U leading from a to b, it is 


necessary and sufficient that 


OF aG. 
dy he in Y. 


(14 


CHAPTER VI 
DIFFERENTIATION AND INTEGRATION 


81. Résumé. Before going further, let us take a look back and 
see what we have accomplished so far. In Chapter I we have 
established the arithmetic of complex numbers. It is thus pos- 
sible at this point to define algebraic functions of a complex 
variable z, since the definition involves only rational operations. 
The reader will recall that a rational function of z is defined by an 
expression of the type 


m . 
R(z) = HEZE Fn?" m,n positive integers 
G) ba + bz + eoe bnz” a: St a 


which obviously involves only rational operations. An algebraic 
function w of z was defined by an equation of the type 


w” + Ry"! + oes +R, w +R, =O, 


where the coefficients are rational functions of z. Thus the defi- 
nition also only involves the rational operations of addition, sub- 
traction, multiplication, and division on the variable z. 

The transcendental functions 


e, sinz, logz, sinhz, arcsinz--- (i 


cannot be defined in this simple manner. The definitions we have 
chosen as the most direct and simple employ infinite series. We 
have therefore developed the subject of series. Now the conver- 
gence of a given series A whose terms are any real or complex 
numbers is of prime importance because divergent series are not 
employed in elementary mathematics. To test the convergence of 
A we pass to the adjoint series Į when possible, because the terms 
of Y are real and positive. Thus we are led to consider first the 
theory of series whose terms are real, and especially those which 
163 
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are positive. This we did in Chapter II. In the next chapter we 
studied series whose terms are complex, and in particular the 
important subject of power series. 

Having developed the theory of infinite series as much as need- 
ful we were in position to study in Chapter IV the elementary 
transcendental functions 1). At the same time we took a brief 
survey of the algebraic functions. 

The next topic in order would be the calculus of these functions, 
that is, we should learn to differentiate and integrate these func- 
tions just as is done for a real variable z. In order to treat this 
subject clearly we have inserted a chapter, the foregoing one, 
whose object is to furbish up the reader’s knowledge of the cal- 
culus and to emphasize certain points of theory which are usually 
passed over hurriedly in a first course. We also developed the 
notion of a curvilinear integral which is the foundation of the 
following chapters. 

These matters having been looked after, we are now in a posi- 
tion to take up the differentiation and integration of functions of 
a complex variable z. But first let us define more explicitly a 
function of z. 


82. Definition of a Function of z. 1. We have already defined a 
number of functions of the complex variable z, viz.: the algebraic 
functions, e7, sin z, log z, etc. These we called the elementary func- 
tions. From these we can form more complicated functions of z as 


sg i pds 


1 A +sinz Vi +z. 
—2 


All such expressions will be called functions of z just as they 
would be in the calculus if z were replaced by the real variable v. 
Any such relation establishes a relation between z and w as 
follows. For each value of z which belongs to a set of points Y 
in the z-plane, one or more values are assigned to w. We now 
generalize as in 66 in this manner. Let X be a point set in the z- 
plane. Let a law be given which assigns to the variable w one or 
more values for each value of z in X. Then we say w is a function 
of 2inQ. Ifw has but one value for each z in N, w is a one-valued 
function in Y, otherwise many-valued. 


+i 
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For example, the relation 3 
oa 
n ve—1 qd 
sin Z 


assigns to w two values for each z not among 
0, 7, +27, -> (2 


except at z = + 1, where w has but a single value, w=0. Thus w 
is a two-valued function in the point set % which embraces the 
whole z-plane excluding the points 2). 

The branch points of this function are z= +1, that is, when z 
describes a circuit about one of these two points, the two values of 
w permute. By means of this two-valued function wy can define 
a one-valued function of z. In fact let B be an acyclic part of A 
relative to the points z = + 1, and z=— 1. For example, let % 
denote the points of Y which lie to the right of the parallel to the 
y-axis, z7=1. At the point z = 2, w has two values 


sin z sin z 


Each of these may be used to define a branch of 1) and this 
branch is a one-valued function of zin B. If instead of Y we take 
a cyclic set € relative to + 1 or — 1, the function of z just defined, 
which is one-valued in %, is two-valued in C. 

Thus a function which is one-valued relative to one domain 
may be many-valued in some other. Conversely by taking on a 
part B of the domain of definition Y of a many-valued function 
we may employ one of its branches to define a one-valued function 
of z relative to B. 

2. It is important to remember that the functions we deal with 
in the following are one-valued in the domain ẸX{ under considera- 
tion unless the contrary is stated, or unless it is obvious from the 
matter in hand. 

We make also another limitation. The domain for which a 
given function w is defined will always be a region [70, 1], unless 
the contrary is stated. 

For example, the domain of definition Y of the function 1) is a 
region. For z = a being any point of & we may obviously describe 
a circle ¢ about a such that all points within ¢ belong to A. The 
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reader will also note that the domain of definition of all the ele- 
mentary functions defined in Chapter IV are regions. 
For example, the domain of 


w= log z 


is the point set % formed of the whole z-plane excluding the origin 
z=0. This function is infinite-valued in Y; but any one of its 
branches is a one-valued function in a connex acyclic relative to 
Aze. 0: 

As another example, the domain of definition of 


sin Z 
w= tan 2 = 
cos z 


is a set % embracing the whole z-plane excluding the points 


3 +m. Obviously, Y is a region. 


8. Let w be a function of z defined over some point set Y. To 
each point z = x+y in Y, w will have one or more values, 


w= ut iv. (3 


The values of u, v will depend on the position of z in M, that is, on 
the values of x, y. Thus u,v are real functions of the two real 
independent variables 2, 
y. If w is one-valued, 
so are u and v. 
Conversely, let 


u 


WH=UtW 


ab( 2.0) a PCY) 


be two real functions of 
the real variables 2, y defined over some domain Ñ. If we set 


z=vr+ iy, (4 


then to each point x, y of % will correspond a value of z. By 
means of 3) we can now define a function w of z by stating that at 
the point z, w shall have the value 3) when w and v are given the 
values that they have at the point 2, y corresponding to this value 
of z as defined in 4). 


E eL 
xvample 1. Let u=" cosy , v= e siny. 6 
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To a given value of z, correspond a pair of values z, y determined 
by 4). For these values of z, y, the relations 5) define the values 
of u, v. These put in 3) determine the value w has for this 
value of z. Thus 

w = e* cos y + iesin y 


is a function of z. It happens to be the exponential function e” 


r54, 5)]. 


Example 2. Let -z2 +y? v= — 2 zy. 


Then we must consider from the foregoing definition 


w= (a2 + y?) — i- Qay 
as a function of z. 


4. Images. Let w=f(2) (6 


be a function of z defined over a point set Y. When z ranges 
over XN, w will range over some point set, call it X, in the w-plane. 
It is convenient to call Y the image of A afforded by 6). We 


write B~ 


This we may read: % is the image of Y, or B corresponds to A. 

The relation 6) establishes thus a relation between the points 
of Mand Y. If f is a one-valued function in A, toa point z = a 
in Y will correspond but one point w=6 in ®. If f is on the 
other hand a many-valued function in Y, to z =a will correspond 
more than one point in $, as b', b”, b/'’.... If 6™ is one of these 
points, we may write 1” wa 


which we read: 6 corresponds to a. 

When to each point a in Y, there corresponds but one point 6 
in $, and to each b in B but one ain A, we say the correspond- 
ence between Ñ and B is one to one or unipunctual. ‘This we may 


write B~ A , unipunctually. 


83. Limits, Continuity. 1. Let w be a one-valued function of 
z defined about z =a. Suppose as z =a, that the values of w 
converge to some value 7. We say / is the limit of w forz=a 
Marits limw=] ; orw+lasz=a. al 


2a 
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Geometrically this means that having described an e circle 
about the point Z in the w-plane there exists a 6 > 0 such that 
when z is restricted to lie in 
a ô circle about z = a, the 
center excluded, the corre- 
sponding values of w fall in E) 
the e circle. = o 

Expressed in e language the 


relation 1) means that for each 
e > 0, there exists some 6 > 0 such that 


z plane w plane 


lw—l|<e forall 0< |z-a| <6. (2 


The reader will note the perfect analogy of this definition with 
the definition of a limit given in Chapter V where the variables 
are real. From this follows that the ordinary properties of limits 
employed in the calculus will also hold here. 


Thus if 
I@=r , g(s)=8s asz=a, 
a lim(f+g)=r+s, 
limf-g=r-s. 


If | y(z)| = some y > 0 near z =a, 


ete. 
2. Suppose we write 
w=utw , l=rA+tu , a=atif, 


where u, v are one-valued functions of v, y about the point a, 8. 
Obviously if 


u= , v= Pp (3 


Conversely if 


necessarily 3) holds. 


we 
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8. Continuity. Let z describe a continuous path P in the 


_#-plane; if the corresponding values of w define a continuous curve 


in the w-plane, we say w is continuous. 
To obtain an analytic formulation of this we have only to repeat 


_ the considerations of 69, with slight modifications. This leads us 


to define as follows : 
Let w be a one-valued function of z defined about the point 
z=a. Let w have the value «atz =a. If 


lim w= a, 


z=a 
we say w is continuous at a. If w is continuous at each point of 
some domain A, we say w is continuous in Y. 

4. Asin 2, let w = u + iw. The same considerations show that 
for w to be continuous at z = a= « + iĝ it is necessary and suffi- 
cient that w(x, y), v(x, y) be continuous at the point «, £. 

5. If w is continuous and + 0 at z = a, wis #0 in some circle 
c described about a. 

For let w= a at z =a. Then for each e> 0 there exists ac 
such that 

|w(z)—al<e for any z inc, 


or what is the same, 
a—ex<w(z)<at+e. l 


If we take e such that e < | «| = R, this relation shows that 
|w(z)|> 7 where 7 = |a|— e>0 (2 
for all zinc. 
6. If w is continuous at z = a, 
|w(z)|< some & (3 
for any z in some circle ¢ about a. 
This follows at once from 1). 
7. The inequalities 1), 2) may be extended to any connex 


C as follows: 
If w is continuous and + 0 in the connex G, the numerical value 


of w never sinks below some positive constant 7 in ©, or 
|w(2z)| >> 0 in €. (4 
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For suppose w = 0 as z ranges over a set of points a,, a, --- in © 
which converge to a. In symbols suppose 


lim w(a,,) = 0. (5 


Now w being continuous, 
w(a) = lim w(a,). 
n= æ 


Thus w = 0 at z = a by 5), and this contradicts the hypothesis 
that w + 0 in ©. 


8. If w is continuous in the connex G, 
|w(z)|< some Œ , inG. (6 


For if not, suppose |w(z)| =+ œ as z ranges over some set of 
points a,, ag -in © which =a. But w being continuous at z= a4, 
the relation 3) holds inc. But then 


lim |w(a,)| cannot be + œ. 
n= 


Thus if 6) does not hold, we are led to a contradiction. 


Differentiation 


84. 1. Let w be a one-valued function about the point z= a. 
When the independent variable z passes from z=a to z =a + h, 
that is, when z receives an increment A = Az, the function 
w(z) receives an increment 


Aw =w(a+h)— w(a). 
The quotient Aw _ w(a+h)—w(a) 1 
Az h : 


is called the difference quotient as in the calculus. If 


lim 
h=0 


wla + h)— uwla) 
h @ 


exists, we say w has a differential coefficient at z = a, whose value 
is the limit 2). It is denoted by w'(a). If the limit 2) exists 
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for each point z of a region Y, it defines a function of z denoted by 


dw 


dz 


and called the derivative of w(z). The value of w/(z) at z=a 
is of course w' (a). 


or by w' (z) 


2. The reader will note that this definition of the differential 
coefficient w’(a) is entirely analogous to the definition when the 
variable is real, given in 72. The only difference lies in the fact 
that in the calculus, A is restricted to move on an axis about the 
point A= 0, while in 2) Å is any complex number +0, in some 
circle about the point h=0. 


3. Let us note that if w has a differential coefficient at z=a, w 
must be continuous at a. 

For by hypothesis the limit 2) exists and is finite. As the 
denominator A = 0, the numerator must also =0. But then ` 


w(a+h)=w(a), 
which is the definition of continuity, 83, 3. 


4. By reasoning exactly as in the calculus we can show that 


FED — $12) + 9'(@) GB 
dz 
AC SY) _ i 
n IT g, (4 
KAPA eS A 5 
AG) P ( 


) hold under the same conditions as when the variable is real. To 
illustrate this let us show that 5) holds in any region A in which 
g #9. 

For let us set A = Az, 


ad ipsa Ry 
w F » JEJA) 


ane Aw _ghf—fdg _1Af_f 1Ag 6 
Az  ggAz ghee g ghz 
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If Az is taken so small at a given point z that z + A lies in A, g 
is +0. Next we note that 


lim g = lim gle +h)=g9g2), 


Az=0 
since g is continuous by 3. rae now to the limit Az=0 in 
6), we get 5). 


5. By the aid of the foregoing we can find the derivative of a 
rational integral function 


f= a taz+az*+ + + 4,2". 


For as in the calculus we show that 


n 


= nz), 


dz 
Thus by 8), 
d _ a, + 2agz + ++ + Manz”. 


can be found by 5). 


6. Let us prove here a theorem we shall need later. 


If w =f (2) has a differential coefficient f'(a) + 0 at x = a, there 
exists a 5>0 such that Aw does not vanish when z =a + Az is 
restricted to D(a). 


For as lim $ — kG J. , «@b@era, 
azo A i 

Avo (7 
where |e! |< e if only 0 < | Az | < some 8. 


If now we take 0 < e <|f'(a) | 


we have 


we see that f(a)+e cannot vanish when 0 <| Az|< ê. Thus 
Aw cannot vanish under this restriction, as T) shows. 


85. The Derivative of a Power Series. 1. Let the power series 


P (2) = dy) + az + age? + + (g! 
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have Ç as a circle of convergence. We show that P has a deriva- 
tive within Ç, viz. : 


P!'(2)= a, + 2a + 3 age? + +: (2 
For by 43, 5) a j 
| P+ =PO) + AP e) + LRP) + E 
where P =q +2 az +3 az? +- (4 


which is the series on the right side of 2). As z is an arbitrary 
but fixed point, let us write 3) 


P(2+ h)= by + bh +b + -: (5 

This converges absolutely as long as the point z + A lies within Ç, 
that is as long as 

The adjoint of 5) is 

p = Bo + Bin Se Bar Ta 


n =| A| Z some 6. 


and as this converges for 7 = 6, 


By + By8 + B® + ++ = By + B18 + BB, + B35 + By + +3 


is convergent. Hence 
Q =f, + bð + BF + -- (6 
is convergent. 
From 3) and 5) we have 


AP = PEFR EE) L Pye) +hjby + bh + vas} 
= P,(2)+hQ. (7 


Now each term of O= 6,4 B+ Bh +... 


is numerically < the corresponding term of the series 6) when 
ee Pooh | Q| <Q, a constant. 

Hence hQ=0 ash=0. Hence, passing to the limit h=0 in 7), 
we get 2). We have thus this result : 


The function of z defined by a power series 1) has a derivative 
within its circle of convergence, which is obtained by differentiating 
1) term by term. 
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2. Let us show that : 
The derivative series 2) has the same circle of convergence © as 
the series 1). 


For let z be any point within ©; let 6 be any point within © 


such that g , i 
2 red | 
8 


Since 1) is convergent at b, 


a, 8" < some M n = 0, 1, 2. 


by 30,3. Let us now look at the adjoint of 2); it is 


a, +2054 3 af? + -o (9 
h ter iQ 
Its mth term pA E maafn( D LE pr 
ô B \B 8 
Thus each term of 9) is < the corresponding term of the series 
M m (gy. (19 
ERTEN 


This last series is convergent by 21, Ex. 1 by virtue of 8). Hence 
9) is convergent and hence 2) is absolutely convergent. 

The series 2) cannot converge for any z without ©. For then 
9) would converge for some £ > the radius of Ç. Thus 


Oy + aS + 2 ad? + 3 gE + -- 
is convergent for this value of & Hence a fortiori 
Oy + aS + HS? + agé + ++ 


is convergent, and thus-1) converges at a point without ©, which 
is impossible. 


3. Since 2 o 
s=] p 
A 
a. 
sin 3 ee 
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etc., we have, differentiating these series termwise, 


de _ 


si +245 a os 
dsinz_; #, 2 on, 
dz aie a ae 
ALCOZ F 2 2 
ees be OE apa 
Similarly a g. sinh ra d- coshz .. 
—~ = coshz , —— =sinhz. 
dz dz 


86. The Cauchy-Riemann Equations. 1. In the foregoing article 
we have been able to find the derivatives of e7, sin z, sinhz--- 
because these functions are defined by means of power series. 
In other cases the following theorem is of great service ; it also 
has a deeper significance from a theoretical point of view. 


Let w= u+iv be a one-valued function of z =x +iy in the 
domain A. Let u, v considered as functions of the real variables x, y 
have continuous first partial derivatives which satisfy 


du ðv ðu __ ðv a 


ðr oy ` dy oz 


in A. Then w has a derivative in A and 


do _ du, 3v 30 4 10, z 
dz dx 0x ay i oy 

For Aw _ Au ;Av 
Az Az Az 

ee Re Au =< Ax r+ Sh Ay + abr + Bay, (3 

Av= 2 Ar + Č? Ay + Ax + by, (4 

Ox oy 

pre |a | ’ |B | ’ Iy] 9 |ô] are all < Ê 


4 
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if 0<|Az|< some 7. Thus, using 1), 


84 (Ax + iAy) + i ÎL (Ae + iAy) 
Ox ox 


aa ahs ne 
-I 6 
where g tAr + Bay + ilyAr + òAy), 
Az 
Sh [Az] , |Ay| are <|Ae|s 
tak le |<lel+|B|+lyi+lal<e 
This says that Rat a Arai 


Hence, passing to the limit Az = 0 in 5), we get 2). 


2. The equations 1) play a very important part in the theory 
of functions. They are called the Cauchy-Riemann equations. 
From 5) we have, on using 2), 


Aw = fw'(2) + e'} Az, 6 
where e' = 0 with Az. iw (a) i C 


For later use we note here an important property of e': 


Let w(z) be òne-valued about each point of a connex ©, and let 
w' (z) be continuous in ©. Then e' = 0 uniformly in ©; that is, for 
each e > 0, there exists a 8 > 0 such that 


|e’ |<e provided 0 < | Az|< 64; ) 
moreover the same & holds wherever z is taken in G. 


For by 73, 5, a, 8, y, ô= 0 uniformly in C. 


87. Derivatives of the Elementary Functions. 1. Let us apph 
the theorem of 86, 1 to find the derivatives of the elementar; 
transcendental functions. We have 


w = ë =e*(cosy+tsin y) 
so that here 


u = e? COS y v=e*siny. 
We have at once du _ gm _av 
Ox Y ð $ f 
ðu a dv f 
— =—e*siny=——- 
Oy dx 
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As these are continuous functions of v, y in the whole 2, y plane, 
_ the Cauchy-Riemann conditions are satisfied. We have, therefore, 


_ by 86, 2) 


Te ČU GY L et cos y + ie” sin y 
= e (cos y + isin y) 
=e. qd 


This result agrees with that already found in 85, 3 by another 
method. The method just employed may be used to prove the 
more general relation 


d- e”? 
— = ae”, 2 
dz í ( 
2. Similarly, we can show that 
d+ sin z 
——_—— = cos z. 3 
dz ( 
For w = sin Z = sin (x + iy) 
= sin v cosh y + i cos z sinh y, by 58, 13) 
=u + ùv. 
Here ðu ðv 
— = cos z cosh y = —, 
Ox Oy 
fu sin g sinh y = — oe 
ð Y Ox 


These derivatives are continuous and satisfy the Cauchy-Riemann 
equations 86,1). Hence 


ease = cos z cosh y — i sin vsinh y 
z 
= cos z, by 58, 14), 
which is 3). 
Another way to establish 3) is to start from 


(Y ei 


21 


sin z= ’ 


which we derived in 58, 8). Then by 2), 


desig te 4-te-% e +e crate 
dz 2% 2 


by 58, 7). 
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3. Let us now show that 


d-logz_1 (4 
dz z’ 


taking one of the branches of log z, say 


log z= log r+ id + 2 mri. 
Hence u=logr , v=$+2mrz, 
where 


r=Ve+y? , ġ=arctg = 
Now at any point different from the origin 

du_ du or_1 xe_2z_ ov 
or Or += Oz 


z 

Ou _ E o L A 
ay or oy r 

Thus the Cauchy-Riemann conditions are satisfied, and 


d-logz_ du, .dv_ 2 y 


. 
— = — — = 


de è ð ə ê r 
=- (cos ġ —tsin $) 


which is 4). 


4. In a similar manner we find : 


d» arc Si 8 aa darctg 2 _ 1 G 
dz Vica} dz 1 +2? 
d-sinhz _ d-coshz_ |. 
ee coshe , To poe sinh z. (6 


In the first equation of 5) we must choose the right branch of 
V1—2 for the particular branch chosen for arc sin z, just as in 
the calculus. 


88. Inverse Functions. 1. Let w be a one-valued function of z in 
the domain A. As z ranges over Y, let w range over a domain $, — 
in such a way that to each point w in % corresponds but a single 
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point z in Y%. Then the relation 


| w =f (2) a 
may be used to define a one-valued function of w, 
z = g(w) (2 


in the domain $. We call this the inverse function. If, on the 
other hand, to several values of z in Y corresponds the same value 
of w in ®, the relation 1) may be used to define a many-valued 
inverse function. 

We have already had examples of inverse functions. Thus 

w =e 

defines the logarithmic function. 

We note that $ is the image of Y afforded by 1). When the 
inverse function 2) is one-valued in %, 


$B ~ A, unipunctually. 


2. Let us now consider the derivative of the one-valued inverse 
function 2). We have the theorem : 


y% is +0 in A, the inverse function has a derivative 
z 


dz 1 


P Pria =m in B. GB 

dz 

For Az = iT 
Awa Ao? a 

Az 


provided Aw+0. Now by 84, 6, Aw+0, if we take 0< |Az| < 
some 6. Thus, passing to the limit Az = 0 in 4), we get 3). 

3. We have already found the derivative of log z directly from 
its analytic expression log r + i$ + 2 mri. 
It may, however, be found much more easily from the theorem 2 
above. We start from | _ e, 


We have seen in 62 that log w is one-valued in any connected 
region %, acyclic relative to the branch point w=0. While w 


wf 
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ranges over %, let z range over A. Since 


di y 
a e 
dz 
never vanishes for any value of z by 54, 2, we lave at once from 3), 
da; ghat 
dw e w 
[a d-logw_1 
dw w 


which is the result obtained by another method in 87, 3, the letters 
w, z being of course interchanged. 


4. Let us find the derivative of the are sin function considered 
as the inverse of 5 
w = sin Z. 


We saw, 64, 3, that the branch points of 


z = arc sin w 
are 
w= ak 
Thus in any connected region $ in the w-plane, which is acyclic 
relative to both of these points, any branch of the are sin function, 
call it z, is a one-valued function of w. While w ranges over 9, 
let z describe the set N. Then in Y 


dw _ 


— = COS 2 
dz 


does not vanish. For cos z vanishes only for 


= Tv Tv 
2=+ guy O2 3. 3 
But for these points w= + 1, and these points are by hypothesis 
excluded from the region %. 
Thus all the conditions of the theorem in 2 are satisfied. We 
have therefore 


d-arcsinw dz 1 1 
~ dw dw dw cose 
dz 
1 


"= VE E 
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where the radical must have the sign of cos z at 
the point z which corresponds to the value of w 
in question. 


5. In the calculus we have 
daresinzg_ 1. 
dx V1 — 2 
As the radical is two-valued, the sign to be taken 
depends on the branch of the function we employ. 
Thus if we take the branch which passes through 
A in the figure, we must take the + sign. If we 
take the branch which passes through B, the figure shows that we 
must take the — sign. 


89. Function of a Function. 1. Let us now extend the familiar 


relation ae rag 
dt dz at 
for complex values, under certain restrictions. 

Let z be a function of t in some domain T. When ¢ ranges 
over Ẹ let z range over a domain 3 in the z-plane. Let w be a 
function of z in 3. Then w may be considered as a function of 
the variable t in T. 


Example 1. Let £ ; 
Zm S 20 e, 

While ¢ ranges over the whole t-plane Ẹ, z ranges over the whole 

z-plane 3. Thus 


w= esint 
is a function of t in S. 


Example 2. Let A V1—#, 


taking that branch which corresponds to z= +1 
for t= 0. Then z is a one-valued function in 
any connected region Z, which, as in the figure, 
is acyclic relative to the branch points t= +1 
of the radical. When ¢ ranges over &, let z 
range over 3. Let 

w = log z, 
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taking that branch which = 0 for z=1. Then w is a one-valued 
function of z in 8. Hence fsa ES 


is a one-valued function of ¢ in T. 
2. We now prove the following theorem: 
Let z have the derivative dz in T, and w the derivative H in 3. 


Iir 2 does not vanish in Ẹ, then 


dw dw dz. 

dw_ dw dz „g. 1 

a yee ( 
Sa Aw_ Aw Az ja 

Adve Ree N 


provided Az#0. But by 84, 6, this condition is satisfied if we 


take 0 < |At| < some §&>0 


since by hypothesis Zp in T. Let now At = 0, at the same 
time Aw = 0. Thus, passing to the limit At= 0 in 2), we get 1). 


3. We may use the relation 1) to calculate the derivative of 
complicated expressions, just as we do in the calculus. Thus, let 


E e. 
We set : 
Th w=6. 5 VERN 
en 
dw u sinz du 
—=e"= ¢' ; — = GOSS. 
du dz 
Hence 
dw a 
pe = e™n COS g (8 
z 


for all z for which cosz+ 0. 


For these exceptional values of z it is easy to show directly from 
Aw dw : ‘ i 
w. that 7m 0, so that the relation 3) holds even in this case. 


4. Let us find the derivative of 
w= Çi 4 z)", (4 
where p is a constant. Then by 683, 


w = e" log(l+2) 
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Let us set u=plog(1+z) , w=. 

The only branch point of u is z =— 1. Let then 3 be any con- 
nected acyclic region relative to this point. Let now u denote 
one of the branches of plog (1 +2); it is one-valued in 3, and 


As this does not = 0 in 3 we have, from 1), 
dw m 3 
— => CS 1 K 1, 
dz ‘i 1+z Mo? © 


5. We have proved the important relation 1) on the hypothesis 


that a is #0. This condition is imposed by the fact that our 


reasoning requires that Az cannot =0 as At=0. In 118, 9 we 


shall see that the relation 1) holds even when z = 0, provided 
2 is a continuous function of t. 

90. Functions having a Derivative. 1. Let us return to 86 and 
prove the important converse theorem : 


Let f (2) = u + iv be one-valued in the domain Ù and have a deriva- 
tive f' (2). Then u, v satisfy the Cauchy- Riemann equations 
ðu _ w l ðu ðv d 
Ox «OY Oy Ox 
at each point of A. 
For at any point z of Y 


Af _ Au ihr, (2 
Az Az hz 
Since f’(z) exists at z the left side of 1) z+idy z+Az 
must converge to f' (z) however z'=z+ Az er 


converges to z. Suppose we allow z’ to 
=z by making it approach z along a 
parallel to the z-axis. As in general 


Az = Az + tây, 
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we see here that Ay = 0. Then 2) becomes 
Af Af _ Au, ,Av 
Az Az Av Az 
Passing to the limit, we get 


f@ = +i. G 


Let us now allow z' =z by making it approach z along a parallel 
to the y-axis. Then Ar=0 and hence Az = iây. Thus 2) 


becomes Af _ Af __lAu, Av 
Az iAy tidy Ay 


Passing to the limit, we get 


; 1 diti 
OE E € 
Comparing 3), 4) gives 
0 ) 
ðu rooli jou 4. dv ov 
Ox ae “ay oy 


Equating the real and imaginary parts gives 1). 


2. Conformal Representation. Let w= f(z) be a one-valued 
function having a derivative in the connex A. Let Ci, Cy be two 
curves within A which meet at z = a,- making the angle @ with each 
other. If f'(a) # 0, their images C}, ©, will cut at the same angle 0, 
at the point a ~ a. 


For let a, a, be points on C}, C, near a, as in the figure. Let 


=f (ay), % = f(a,). Then 
a; — a = | f'(a) + f(a, — a), 
a — a = | f'(a) + e} (a — a). 
Since f’ (a) + 0, æ — wis + 0 if a, is sufficiently near a. Hence 


% — Ge Rr eee 6 
w — a ad—a f'a) e 


Now the argument of the left side is the angle ® between the 
chords «jæ and «æ. The argument of the first factor on the right 
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of 5) is the angle © between the chords aja and aga. Since ej ez 
are numerically small, the argument of the second factor on the 
right of 5) is a small number ô. Thus, taking the arguments of 
both sides, we have an DLA 


on choosing © properly. Now as a, and a =a, @=8@ and 
5=0. Hence ¢ = @ also. 


Z plane 


w plane 


8. This property of the representation of the zplane on the 
w-plane afforded by a function w = f(z) having a derivative is of 
great importance in many applications of the function theory. We 
see that if f’(z) + 0 in circle € about z= a, to any little triangle 
T in © will correspond a triangle T in the w-plane which is the 
more nearly similar to T, the smaller 7' is. This we may state 
briefly by saying: The image of an infinitesimal triangle T, in which 
F'(@) #0, is a similar infinitesimal triangle Z in the w-plane. 

For this reason the representation of the z-plane afforded by the 
function w = f(z), is said to be conformal, where f' (2) + 0. 

We have had examples of this conformality in studying the 
representations afforded by the exponential and the sine functions 
in 57 and 60. 

Thus in the case of w = e*, we divided the z-plane into a set of 
rectangles and found that their images are a set of circles and 
their radii which, of course, cut each other at right angles. 

In the case of w = sin z, the rectangles had as images a set of 
confocal ellipses and hyperbolas which also cut orthogonally. 


4. The reader should note that if f(z) is not one-valued or 
if f’(z) is 0 or does not exist at z = a, the reasoning in 2 breaks 
down. We cannot say the representation is conformal at this 
point. 
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For example, wide 


which we studied in 49, is not one-valued at z =0. Two radii in 
the z-plane passing through this point and making an angle @ 
with each other have as images two radii going through the 
point w= 0 and making an angle 4 @ with each other. Thus the 
representation is certainly not conformal at this point. 


Integration 


91. Definition. 1. Let f(z)= u+ iv be one-valued and continu- 
ous on the curve C whose end points are a, b. 
We will suppose the equations of C are given by 


s= , y= HO), a 


as ¢ ranges over an interval Ẹ = («, 8). We will suppose that 
p' Ct), Y' Ct) are continuous in T; also that the correspondence 
between Cand & is unipunctual. 

Let us effect a division of of norm 
n by interpolating the points 

a EN 

To these points will correspond the 

pointi Zis Zos Sg oes (D 


on O which effect a division D of norm 7 
ò, say, of O. Moreover 5 


ò= 0, as n= 0. 
Let us now calculate the sum 
DS On) Atm =F (21) (2 — @) + f (2) aD @ 
Since Az = Az + iAy, we have 
J @)Az=(u + iv) (Az + iAy) = uAr — vAy + i(udy + vAr). 
Thus Xf (@)Az= E(uAv — vAy) +i (uAy + vAz). 
The sum 2) has, therefore, the value 


È (UmALy — VmAYm) + TZ (UmAYm + UmALm). (G) 
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Suppose now we let ô= 0, the sums in 8) converge to curvi- 
linear integrals. Thus the limit of 2) exists; we denote it by 


[fou or by f Fe (4 


We have, therefore, 


IROL =lim ANA 
g ô=0 
= f (ude — vdy) + i | (udy + vdr). (5 
c c 


2. Example. Let us evaluate 


f: zdz, 
c 


where C is an arc of the circle 
g= reot i AUE AAMI, 
eee f@=2= (+ yao y+ Qayi, 
hence u=e—y? , v= 2oy, 
dx=—rsintdt , dy=r cos tdt, 
udx = — r°(cos*t — sin? t) sin tdt = r?(sin? t — cos? t sin t)dt, 
vdy = 2 r? cos? t sin tdt, 
udy = r?(cos? t — sin? t) cos tdt, 
vdz = — 2 r? cos t sin? tdt. 
Thus 
[fa 
d 


B 
= r f sint — 3 cos? t sin t)dt + iro (cos’t — 3 sin*tcost)dt. (6 
In particular, we note that if Cis the whole circle, call it ©, 


[ew = 0, (7 
(O 


92. Properties of Integrals. 1. The definition 
b 
i (2) de = lim Sf (¢,)Aem al 
(7 &=0 
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of an integral of a function of a complex variable is entirely 
analogous to the definition when the variable is real. The only 
difference is the path of integration; in one case it is a piece of 
the z-axis, in the other it is a curve C in the z-plane. 

From this we conclude that many of the properties of integral 
developed in the calculus can be extended to the integral 1). 


Thus we have : 3 
[P@u=- [rox 2 
a 6 


[Fok = f faz + [ fas, (38 


where ¢ is a point on C. 


ifi Of+9)de= f fae+ iğ “gde. (4 
2. As an exercise let us prove the very important relation 
| jj f(2)dz|< GT, 6 
where OIER: , T, (6 


and C on the right of 5) stands for the length of the path of inte- 
gration ©. We have at once 


| EF Cem) AZn] < Z| Sen) | lAn] < GE| Aza | (T 


on using 6). As 
to) — 
A2n = Ca — Say 


we see that |Az,,.| is the length of the chord joining the points 
e ea ou Ge LNUs; referring to the ñgure in 91, 
= | Az,, | (8 


in 7) is the length of all the chords corresponding to the division D of 
norm 6. Now by definition the length of the curve C’is the limit 
of 8) as 8=0. Thus passing to the limit = 0 in 7), we have 5). 


3. From 5) we have the useful relation 


d 2 : 
; Z ( om = g n an integer (9 
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where Cis a circle of radius R about z =a, and 
lf) |< 4 on 0. 


For the integrand is here 


Da which is numerically < ms 
(z2— a)" R” 


and the length of Cis 2 rR. 
93. Fundamental Integral Theorem. 1. In 91, 5) we have 
seen how the calculation of an integral may be reduced to that 


of two line integrals. In a great many cases it may be effected 
by a far simpler formula, as the following theorem shows. 


Let F(z) be one-valued about each point of a connex X, and have 
a continuous derivative f(z). Then 
b ` 
TEOL = F(b) — F(a), ad 
where if F (z) is many valued in A, F(b) is the value which F(a) 
acquires as z ranges over the path of integration O. 
For let us effect a division of C of norm 6 by interpolating the 
points 2, 2,---2,-;. Then by 86, 6), 
F(z) — F (a) =f (2) Az, + €,Az, 
Lann AT ges h -+ An 


PO reh f DAR Ja + EAZ. 


Adding, we get 
FO) — F(a) = Ef Em) dem + LEmAZm (2 
Now by the theorem in 86, 2, the |e,| are all <e for any 
ò< some 6. Thus the last term in 2) is numerically 
< eS | Az,,| < €C, 

where Cis the length of ©. This shows that the last term in 2) 
has the limit 0as = 0. Thus passing to the limit ô= 0 in 2), we 

get 1). 
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2. The relation 1) is merely an obvious extension of the similar 
relation in the integral calculus. It is just as useful in the function 
theory as it is in the calculus. 


8. A particular case of the theorem 1 and one of especial 
value is: 


Let F(z) be one-valued in the connex Y and have a continuous de- 
rivative f(z). Then 
T f(z)de=0 (3 
c 
for any closed curve Cin A. 


94. Examples. To make the reader feel perfectly at home with 
integration in the complex domain, we give now a number of 
examples. 


Example 1. Let us evaluate 
b 
i z”dz m a positive integer. 


gmt, 


Here 
I(=e raya i 


Thus F(z) is one-valued and f(z) continuous in any connex. 
Hence for all a, 6 we have 


a 1 
l2 = m+l — gm+l A 
[fe@a ows he antl ad 
The reader will note that the integral considered in 91,2 is a 
special case of 1). 


Example 2. 
ddz KN: 

i = m a positive integer > 1. 
a 

Here 


f@=5 


is continuous in any connex & which does 
not contain the origin, as for example the 
ring in Fig. 1. 


Fic. 1. 


UN 
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Also 1 1 
ie) aA 
G) 1—m zg! 
is one-valued and has f(z) as derivative in %4. 
Hence ag 1 1 1 
dz 
jj == ale}: i 
Example 3. wyla 
i "z, (3 
Here 


f@)== ; A): loge. 


Thus f(z) is continuous in any connex Y which does not contain 
the origin 0. Unless Y is acyclic relative to O, F(z) is many- 
valued. In fact if we start from z= a with one of the determina- 
tions of loge at this point which we call b 
F, and allow z to describe a circuit & 
about O in the positive sense, F, will acquire 
the value F, = F, + 277 at the end of &. 

Thus 

‘nde (4 
K 2 

Let now J, be the value of 3) for the 

path 0} in Fig. 2, and J, for the path 0} 


ke T= J, 2A (5 


Fia. 2. 


For C,C, forms a circuit & about O. Hence by 4) 


a è . 
Emi =f +f Cafes =J,—dy 
GO g O OG J; 


wnich proves 5). 
Finally let 8 be any connex, acyclic relative to the origin. Then 


any one of the branches of the logarithmic function is one-valued 


in 8. Denoting this by log z, we have 
[Fa loe 5 — log a, (6 
Fee: 


and this integral is independent of the path of integration, pro- 
vided of course it remains in 8. 
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95. The Indefinite Integral. 1. Returning to the relation 1) in 


93, let us write it f 
[ f(z) dz = F(2)— F(a). a 


Let G(z) be any other function of z which has the continuous 
derivative f(z). Then similarly 


OL G(z)— G(a). (2 
Comparing 1) and 2), we have 
G(z)= FFG 


where C is a constant. The functions F, @ are called primitive 
functions of f(z). They are denoted by 


ft (z)dz, 


no limits of integration appearing in this symbol. Primitive 
functions are also called indefinite integrals. 


2. Every formula of differentiation as 


dF(z)_, 
scald Fy S 
dz STE) 


where F (z) is one-valued and f(z) is continuous in some connex 
XN, gives rise to a formula of integration, 


[faa = I (2). 


Thus any table of indefinite integrals given in the calculus may be 
extended to the complex variable z, provided z is restricted to a 
connex in which F (e) is one-valued and f(z) is continuous. 


3. Let the one-valued continuous function f (2) be such that 
G(z) =f F(2)dz (8 
is also one-valued in the connex X. Then 


dG 
P =f). (4 


W 
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For let z = u be some point of X. Then 


AG = G(ut E Gu) = th oon | "rde 


uth 
= f fdz. 


As f (z2) is continuous, f@=fu)+e 


and |e' |< efor |A| < some 6. Thus 


auth 
al {f (wu) + tdz. 


As u is a fixed value of z, f (u) is constant. Hence 


AG MACA "uth i uth À 
EE dete f edz=J+ K. (5 
Obviously F=f (u). 
uth 
Also afi edz| <e| |. 
Hence |K] <e. 


Thus K=0ash=+0. Hence letting h = Az = 0 in 5), we get 


ae G'(u) = f Cu 
which is 4). EI Cu): 

96. Change of Variable. 1. Every student of the calculus knows 
that a change of variable is often of great assistance in calculating 
an integral. It is equally useful in the function theory. To this 
end we establish the following theorem : 


Let f (2) be continuous on the curve C. When z ranges over C. let 
u = p(z) range over a curve D which corresponds to C unipunctually. 
Let the inverse function z = y(u) have a continuous derivative on D. 


Then 
I: f(2)dz = ip Piva) ty! (udu. a 
o e/D 


For let us effect a division of norm 6 of D, by interpolating 
the points uz, uz +--+. To these points on D will correspond points 
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Zis Zg ++ on C which effect a division of norm, say y, of C. Also 
Za — Sm —1 = Rem = Y (tim) AU + EmAUms 

where le.j<e: m=1, 2, -- 
provided ô< some ô Thus 

Ef (em) A2n = Ef {Y Um) i Y (Um Atm + ZfEmAUm (2 
Now the last term on the right is numerically 

< EGE |Aun|<EGD, (3 


where D is the length of the D curve, and|f(z)|< @. But 
3) states that the last term of 2) has the limit 0as6=0. Thus 
passing to the limit in 2), we get 1). 


2. Example. Let us calculate 


San 
J= f ——— , c0 4 
a V2—&@ € 
along a curve ( lying in a connex Q which is acyclic relative to 


the branch points +¢ of the radical. We change the variable, 
setting 


u= (2) =2 + V2 -— è. (5 
Th 2 
en PEE = ote (6 


if u+0. But u cannot vanish, for if it did, 5) gives 
z+V2Z—8=0 , or 2=2-c% 


which requires e= 0, and this is contrary to hypothesis. From 
6) we see that z is a one-valued function of u. To the end points 


of C correspond 
a= h(a » =$% 
on the curve D~ C. 2 ee 


From 6) we have 
dz='(u)du = 
From 5), 6) we have 


Val Selene lp eee 
Qu 


wv — e 


Dak du. 
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Thus 4) becomes, on using 1); 


B du B 
Taji ap E 


ETS ALa (7 
a+Va®— e? 


97. Integration by Parts. 1. This is another important method 
for evaluating integrals. Analogous to the calculus we have the 


- following theorem : 


In the connex Y, let the one-valued functions f(z), g(z) have 
continuous derivatives. Then 


[ isa =|7O9@ | z [ fa @! 
For let us set h(z) =f -g. 
Then h'(z) = fg’ + gf". 


Hence by 938, 1), 


fa + gf')dz = hb) — h(a) = Al 


4 f fg'dz +f “gf de =|]. 


—"- 


which gives 1). 


2. The relation 1) still holds when f and g are many-valued in 
the connex Y%, provided we take the right determinations of f, g 
and their derivatives along the path of integration as 91, 1 shows. 


Example. Let us evaluate 


J = | zlog zdz. (2 
We set FE) = log z y g' (2) = Z. 
Then 1 z2 
Faje- ’ Ja) => 
Thus 


J = 4 z? log z — pf ede 
= 427 (log z — 4). (3 
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98. Differentiation with Respect to a Parameter. 1. Let g(z, u) 
be a one-valued continuous function of z on a curve C for each 
value of win some connex U. Then the integral 


$u) = | 92, wae a 


defines a function of u over U. 
For example, let 
g(2, uw) = od ee 


(z — u)” 


where f(z) is a continuous function of z 
alone. Also for purposes of illustration 
let O be a simple closed curve, as a circle 
or an ellipse, and let the connex U lie 
within C as in the figure. Then z— u 
does not = 0 as z ranges over C, for any 
point u in U. Then 


te F(e)dz (2 


c (@— u)" 


, n an integer, 


defines a function of u over U. We shall see that the integrals of 
the type 2) are very important. Returning to the general inte- 


gral 1), we prove the following theorem, which will be of great 
service later. 


0g . ‘ i ‘ 
dG i E is a continuous function of u and z for each u in U and z on 


C, we have ; ag 
— 1 d Š 
P'a) Te k z (3 
For by definition itvic lies Ap 
au=0 Au 


Ba Ap= plu A eu , b= Au 


= f se u + hd- | ge u) dz 


= |19 u + h) — g (æ u)} dz. (4 
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| Now as in 86, 2 

g (2, u + h) —g (2, U) = fg, (2, U) + et Au, 
where |e'|< e provided 0 < |Au| < some 8; moreover this holds 


for every z on C. 
_ Thus +) gives 


oS eg joe 
sb [tena fea ‘ 
But | 
fet mae, 
l c 


as we have often seen. But this states that the last term of 5) 
has the limit 0 as 6= 0. -Hence passing to the limit 6 = Oin 5), 
we get 3). 

Functions Defined by Series 


99. Steady Convergence. 1. Let us consider series of the type 
F= AO RORE) ++ = E Sn), ad 


whose terms f,,(z) are one-valued functions of z in some point set 
X, which may be unlimited. The simplest case of such series is 
power series 


a, +a,(2 — a4) +a,(2—a)?+-- (2 
or changing the variable by replacing z — a by z, 
Ay + 42 + gz? + + (3 
By means of such series we defined the functions e7, sin z, ete. 
If the series 1) converges in M, it will define a one-valued func- 
tion of z in A, which we denote by F(z). We wish to study such 
: functions relative to continuity, differentiation, and integration. 


To this end we introduce the notion of steady convergence. 
Suppose for all z in Y the m” term is such that 


RCo tee A m =1, 2, fii (4 
where g}, Ja + are positive constants. 
Let the series dey tg, ose 6 


converge. Obviously the series 1) converges absolutely for each 
2 in Y, by virtue of the relations 4). In this case we have com- 
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pared a series whose terms are functions of z with a convergent 


series whose terms are constant. This kind of convergence we 


call steady. We therefore define: 


The series 1) converges steadily in Ẹ¥ when each term of 1) satisfies 
the relation 4) for all z in A, and when the corresponding constant 
term series 5) 18 convergent. 


2. An important property of steadily convergent series is the 
following: 


Tf the series 1) converges steadily in A, the remainder after n terms 


F, is numerically <e for any n > some m, for every z in Y. 
For the & series being convergent, 


Ga <e , for some m. 


Hence as the g,, are positive 
G,<e a fortiori for any n>m. 
But from 4), |F, I<@, 
for any z in Y. 
3. Power Series. Let the circle of convergence of 3) be O. Let 
D be a cirele lying within C, and having the origin as center. Then 
3) converges steadily in D. 


For, let z = 8>0 be a point lying between the 
two circles C, D on the real axis. Then as 8) 


converges absolutely at this point, the constant J 
term series 
ty + ab + a8? o (6 ay: 


is convergent. But for any z in D 
| Am?” rom ot,” m= 0, 1, 2 +s (7 


Thus the terms of 3) satisfy the relations 4) for every z in D, and 
3) converges steadily in D. 


4, The definition of steady convergence may be extended at 
once to two-way series © 
ÈRO, (8 


Zifra (9 


and to double series 
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hus if for every z in some point set A 


OTETA 


29r, s 
š convergent, then 9) converges steadily in Y. 


_ 5. Example. Let us consider the series 


| 1 
p PSEREN 
$ 2, G Wi Omn)? 


mere p is an integer >2 and 
Omn = ma + nb 


199 


(10 


(1 


as in 41,5. These eine as we shall see, are very important in 


<k<1 


@ 


mn 


peqine inp sty 
2— Onn im Tee e 
Omn 

Hence 1 ec g 
Z— Om| | Omn| 


where Cis some constant > 0. 


the positive constant term series 


ON) ain 


lona? 
the circle &. 


6. Let us show that : 


A two-way power series 
Ay + yz + aZ? + «> 


P PEO see 
Z Z 


Let us describe a circle & about the origin and consider the 
series H formed only of terms of 10) for which the points 11) lie 
without &. We show that the H series converges steadily in ®. 


Thus each term of the H series is < the corresponding term of 


which we saw converges in 41,5. Thus H converges steadily in 


(12 
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is steadily convergent in any ring R lying within its ring of conver 
gence R. 

For let R= C—D, and R=C—D. Then the series in thi 
first line of 12), call it P, converges steadily in Œ. Let noy 
z = ò > 0 bea point on the z-axis between the two circles D an 
D. Then the series Q formed of the second line in 12) converge 
absolutely for z = 6, that is, the positive term series 


pew ee 


ses > [ön] =bn a 


is convergent. Let now z be any point on the circle D or with 
out it. Then |z|=¢>6; hence each term of 


Qizi ny boy ny -Ai 
PAE 


is numerically < the corresponding term in 13). Thus Q cor 
verges steadily for all points on and without D. Hence 12 
converges steadily in the ring R formed by € and D. 


100. Continuity. 1. It is quite important at times to know if th 
sum of a series of continuous functions is itself continuous. Th 
following theorem is often useful. 


Let the terms of the series 
P= AC) FRECHA > Í 


be continuous and one-valued about z =a. If 1) converges steadi 
in some circle © about a, F is continuous at a. 


To prove this we have only to show that 


lim Erat h= F(a). ( 
=0 


Let 
3 AF = F(a + h) — F(a), 


then 2) is equivalent to 


lim AF = 0. 
h=0 
Let us write 1) PoP 4F 


tl 4$ 
SF AF =AF,,+ AF,. 
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Since F converges steadily in Ç, 
Fn f, 
(Faa 
for some m and for any z in € by 99, 2. Thus, in particular, 
| Fn(2)| <5 | Fn(a +S ; a@+hin€. 


Hence subtracting, 
|AF,, |l<e , orlimAF, = 0. (5 
h=0 


Since F,, is the sum of m continuous functions, it is itself continu- 


ous. Hence AT eN (6 


h=0 
Thus letting A = Az = 0 in 4), we get 3) on using 5), 6). 

2. The power series Faay+ ae + ag? + -.. ei 
is a continuous function of z at any point within its circle of con- 
vergence ©. 

For let z = a bea point within ©. Let & be a circle about z= 0 
which contains a in its interior. Then we can describe about 
z= a a circle c which lies in &. As T) converges steadily in & 
by 99, 3, it does in c also, since this is a part of &. Hence F is 
continuous at z = 4 by 1. 


3. A property of power series often used is this: 


Let the series Pa, tag agi + 


converge about the origin. If a,#9, P does not vanish in some 
circle c about the origin. 
This is an immediate consequence of 83, 5, since P is continu- 


ous at z = 0. 


4. Closely connected with the property of continuity is the 
following theorem; it embraces 1, in fact, as a special case. 


Li KORSAOLSAOL EE (8 


. 
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converge steadily in some circle R aboutz=a. Let each 


FiACZ)= Cn » G8 2=a. 


Ih O=e tet eee 
is convergent, we have 


lim F(z) == lim f,(z) = C: 


For we may take m so large that 


| Fn) <5 ; Cn< S , zing. 


Also we may take ò> 0 so small that 
AEE = » 0<|z-al<, 


since by hypothesis, F (s\= At ace 
Then the relation 
F— C=F,—C,+¥F,— C, 


ives = = 
8 |F- C|<|F,—C,|+|F.|+|G] 


<i tyrime by 10), 1), 
and this establishes 9). 


(9 


(10 


en 


101. Termwise Integration. 1. In order to integrate a series 


F=A@O+A® +- 


ad 


it is usually most convenient to treat it as we would a finite sum 


and integrate it term by term, or as we say termwise. 


This 


method, which suggests itself at once to the reader, is permissible 


as follows : 


Let each term of 1) be one-valued and continuous in a connex A. 
If 1) converges steadily in Ñ, we may integrate it termwise over any 


curve Cin A; that is, 


JEO [fae + f fde + es 


E 
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For being steadily convergent, 


F=F,+F, (3 


A F 
F |F] <e 4 


for all n > some m, and for all z in Y. 
_ By 100, 1 F is continuous. As F, is the sum of n continuous 
functions, itis continuous. Hence F, is continuous. Thus 3) gives 


if Fae = f F,dz + If Fdz. G 
Co C JC 

[Fae 
C 


where Cis the length of C. Thus the last term in 5) has the limit 
Oasn=o. Thus letting n =œ in 5) we have 


By 92, 2, i 
< eC 


fre: = lim dr dz 


= lim | [ fide+ + f fade} (6 


Now for the series on the right of 2), that is, 


ffde+ | fde + A 
Cc C 


to converge it is necessary that the sum of its first n terms should 
converge to some limit. The relation 6) shows that this sum does 
‘converge and has as limit the member on the left. Thus 2) holds. 


j 
Fi 


2. From the foregoing we can show that 


E 
in = — —_—_— — tee a 
TCE ET CA : 
is valid within the unit circle, that is, for |z| < 1. 
For 1 
TF = | pgp pes AAE 
—z 
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H P E z 
hey Hee = — log (1 — D= f dz + I zdz + «+. 
= 0 


his a eee 
which is 7). 


3. We can show similarly that 


5 
arctgz=2— + 5 — vee sj <1. (8 
For 1 
=1—242*-2#4... pre 
ITa z2 + |z] 
Hence E k i 
f — = arctg z = de— [ 22dz+ ++ 
0 1+z2 0 0 
a 
Say ey 


which is 8). 


4. The reasoning in 1 shows that 2) holds provided each term of 


1) is continuous on the curve C and the series 1) converges steadily 
on O. 


5. Since a two-way power series 
F = a,(z— a)" (9 


converges steadily in any ring R lying within its ring of conver- 
gence, we have for any curve C in R 


[Pte= fuita [@-aae+— 
taa fF + oa | eee 
ia Zo f, Sra e cu 
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MANA 


Let now C be a circle R. Since 
f G@-ayrae=0 n+#—1, 
JR 


mee bave f Faz =2 ria. ant 
JR 


102. Calculation of m. Let us use the relation 8) in 101 to calcu- 
late m; it will serve as an exercise in infinite series. Putting 
z= + in that relation we get 


a = arct Ae i ae tee ea tee ad 
E a 68 to 
The error committed in breaking off the summation of any term is 
less than the next term, as we saw in 16, 1. 


From trigonometry we have 


which gives here 


12 
Similarly tan 4 a = 129 
Let B=4a—7- (2 
Then fan Gone) i. 


P, 1+tan4a 239 
E Thus 101, 8) gives 
. 1 pr all 1 f GB 


P= 939 3° 23987 5° 2308 
and the error committed in breaking off the summation at any term 
is less than the next term. Thus from 1), 2), 3) we get 
ee eae eee ee te |, 
Haeo. 8. bb eae 239 3 2398 


We have now 


4 =.2 i At 002666667 
1.1 00064 3 
P bed 01829 
fag 1. 2 = .0000 
TE .000000057 75 
ions 1 1 _ 000000002. 


= .0000000001 


ll 


wl 

(Ss) 

qn 
e 
en 
— 
oO 
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Thus a = .200064057 — 002668497 
= .197395560 
is correct to 9 places, and 
4 a = . 18958224 
is correct to 8 places. 
Also we have pa 004184100 


3 2398 
Thus B = .004184076 
is correct to 8 places. 
Thus 


na .78539816 
or m = 3.1415926.--- 


is correct in the last.decimal. In fact a more elaborate calculation 


gives or = 3.14159265358 --- 


103. Termwise Differentiation. 1. From the theorem on term- 
wise integration of a series given in 101, 1 we can deduce a useful 


theorem on termwise differentiation : 
In the connex YA, let each term of the convergent series 
F =A Hh 
be one-valued and have a continuous derivative. If 


G=fi(2)t+fo(2)+ + 


converges steadily in A, 


For by 101;1 4. 4 : 
[e= [Aed [AO 


= AOAO HR) =J OR + 


= F (z)— F(a). 
Thus by 95, 3 we get, on differentiating 3), 


d 


(2 


(3 
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= 2. A power series may be differentiated termwise at any point 
within its circle of convergence. 


For let 


PF = ay + ayz + az? + + (4 
have the circle of convergence ©. Then by 85, 2 the series 
G=a,+2a,2+3a,22+ ++ 


E 


_ obtained from F by differentiating it termwise has the same circle 
of convergence C. Thus if c is a little circle about a point z = a 
_ within C, the series # converges in c, and G converges steadily 
ine by 99, 3. Thus the condition of the theorem 1 holding, we 
may differentiate 4) termwise, or 


“= = q4; + 2 a2 + 3 az? + -= 
Remark. We note this theorem was proved in 85, 1, making 
use of double series. 
3. A two-way power series F = Şa,z” may be differentiated 


_ termwise at any point within its ring of convergence; that is, 


$ aF Snag", 
Í dz =o 
p To prove this we need to consider only the special case 
4 Fa’ + ba +e R circle of convergence. 
i 2 2 
_ If we set PEL 
~ u 
7 we get F= byu + byu? + eee 
and LE Spe 
4 du 
If now we apply 89, 2, we get 
aH aE du since SD ot Sk 0 without & 
dz du dz dz zâ 
1 


E E E 


g2 


b b 
=— [32+ | 
| without &. 
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4. Differential Equation for F(aByz). As an exercise in dif- 
ferentiating power series let us find the derivatives of the hyper- 
geometric series 

; ; 1-8- 1 
F (uBye) = 1+ 4E wd ii 2. 5 


m 1-2.-y-y+1 pri: G 


introduced in 39, 4 and show that it satisfies the differential 
equation = iy 
22-1) Sy +i(@+Rt+le—v z+ oF =0. (6 


On differentiating 5) termwise we get 


f _< a@-a+1--atn—1-8-84+1---B+n—-1_._ 
ee 1-2--n-y-ytl---ytn—-1l “7a 


n 


Sa-atl---atn-8-B+1---Bin 
zZ 
1-2..n+l-y-ey+l-y+n 


n=} 


nepetite Aboe 
y 1. 2--n+1l-yt le ytn 


n 


ai 


ay Cockle tents 2). (T 


Hence 


F"(aBy2z) = EPa +1, 8+1, y+1, 2 


_w:at1-8-B+1 
Noy tl 


F(a + 2, B+ 2, y + 2, z), (8 
etc. 
To prove that 5) satisfies 6) let us set 


P _@:a+1--a+n—1-B8-B4+1--B+n—-1 
1L-2-m-yeytl1l-ytn—-1 À 


Then the coefficient of z” in 22F'' is 


n(n a ND) 
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oi nex yt . * g 

in — 2F"' it is _ net ny(Btn) p 
ytn is 


| 


. a 
in (a+ 8+1)zF" it is MEE r 


in — yF" it is CEREN 
y By 
yrn 


in aBF it is aB8P,,. 


Adding all these gives the coefficient of z” in the left side of 6). 
We find it is 0. 


CHAPTER VII 
ANALYTIC FUNCTIONS 


104. Definitions. 1. At this point we begin the study of the 
theory of functions of a complex variable. The functions con- 
sidered in this theory are not the general functions considered in 
Chapter VI, but a subclass of these, viz. those functions which have 
a continuous derivative. To be more specific, let w have assigned 
to it a definite value for each point z of the connected region Y such 
that w has a continuous derivative in YU. We call wa one-valued 
analytic function of z in A. Suppose, on the other hand, that w has 
in general more than one value assigned to it for the points of Y. 
We will call it a many-valued analytic function if its values can 
be grouped in branches, each of which is a one-valued analytic 
function about each point of YW. 


2. From this definition it follows that 
e , cosg , SIRS , QUOShS 4 Sidhe 


are one-valued analytic functions in the entire plane. For they 
each have a continuous derivative for any z. 
Similarly 1 


z—1’ 
for example, is a one-valued analytic function for the region A 


formed of the whole z-plane after deleting z= + 1, the zeros of 


the denominator, while 
tan z 


is analytic for the region Y formed of the whole plane after delet- 
ing the infinite point set 


Ce i a = 
2 oo Be x: 
On the other hand, 


= 
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is a two-valued function for the region Y formed of the whole 


plane after deleting the branch points + 7, while 


log z 


is an infinite-valued analytic function in the region Y formed of 
the whole plane after deleting the origin z = 0. 


3. A power series 
P(z)= a, + a,(2 — a) + a,(z — a} +- 


_is an analytic function within its circle of convergence €. 


For by 85, P has a derivative within € which is a power series 


and therefore continuous within €. 


ra 


P. 
l 


4. The quotient of two power series 


ipar a,(z2—a)+-- 
by +b (z —a)+ 


having a common circle of convergence Ç, is an analytic function 


ba + 0, 


_ of z within some circle ¢ about the point z = a. 


For the denominator does not vanish at z=a, since by hy- 
pothesis b¿+0. Thus by 83, it does not vanish in some ¢ lying 


x in ©. Hence by 84, Q has a continuous derivative within c and 


is therefore analytic within c. 
5. A two-way power series 
FT = be a,(2@— a)” 
is an analytic function of z within its ring of convergence. 
This follows at once from 103, 8. 


6. We propose now to study the general properties of analytic 
functions and shall rest our treatment on two theorems of a grand 
importance due to Cauchy, and called his first and second integral 
theorems. 


105. Cauchy’s First Integral Theorem. 1. Let f(z) be one-valued 
and analytic in the simple connex A. Then 


N f (2)dz =0 a 


Jor any simple closed curve Cin A. 


3 
a D 
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For let {Q=wt+w, z= zx + ņy. 
Then since f has a continuous derivative in Y, the first partial de- 
rivatives of u, v are continuous functions of z, y which satisfy the 
Cauchy-Riemann equations 

ðu _ dv dus ðv 


5 = 


dr dy ° ðy dx’ C 


by 90. On the other hand, let us express 1) as line integrals, 
using 91,5). Then 


fl fe = | Cute —vdy) + if (aay + vdr). 3 
c c c 


We now apply Stokes’ theorem 80, 1) and get 


[cae — vdy) = =r =) drdy=0, by 2), 


du ðv 
d dr) = ———)|drdy=0, by 2). 
J (udy + dey = (SES) dedy = 0, by 2) 
These in 3) give 1). 


2. From this we conclude that : 


$ filet k fä (G 


where Ci, C, are two simple curves in Ñ having the same end points 
but no other points in common. 


For C,C;? is a closed curve. Hence by 1) 


th fie =0 

COs 

Mesa 
J C e CA tae TEET Oa 


3. The restriction that C}, C, should have only their end points 
in common is obviously not necessary. For if C,, C, have other 
points in common, we can break them up into arcs which have only 


their end points in common. Similarly Cis C, may have mul- 
tiple points. 


which gives 4). 
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4. In the connex X in which f(z) is one-valued and analytic, let 
Cı, Cz be two simple closed curves forming the complete boundary of 


a ring-shaped connex, as in Fig. 1. Then 


ip TO= ik f@as, 6 


= 
the curves C,, C, being passed over in the SY 


same sense. 


For let us join C}, C} by two adjacent 


curves 34, 16, as in Fig. 1. Then 


C= 123 . 34 . 456 . 61 / 
is a closed curve forming the edge of a 


simple connex in %. Thus Fig. 1. 


Bae amet coll ed 4 


Now the value of f(z) at a point z on 34 does not differ by an 
amount greater than e from a point near by on 16. Thus 


44 6 
f faz and if 
3 l 


differ by an amount as small as we please as the curve 384 is made 
to approach 16. 


As Í “dee ii “fin 


we see that under these circumstances 


[fa + f fie 0. 


fiz = fae 


123 


and a 
f ee J. fdz. 
e/ 456 C 


Thus passing to the limit in 6) we get 5), 


Similarly 


si 
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5. The little strip 1643 taken out of Fig. 
l and whose edges are then allowed to ap- 
proach indefinitely near we call a cross cut. 


6. Let C,, Cp ee Gn be simple closed 
curves as in Fig. 2, each exterior to the 
others and all interior to a simple closed 
curve O. Let these curves form the com- 
plete edge of a connex A in which f(z) is 
one-valued and analytic. Then if all these Fic. 2. 
curves are described in the same sense, 


[fae= [fae+ [ fies ~ + | faz. (1 
Cc C1 e Cy 


e/ Cm 


C 


To prove 7) we need only to put in the cross cuts Yis Yg + ‘is 
as in the figure. This produces a simple connex € with edge €. 
As f is one-valued and analytic in ©, we have 


[ve = 0. 
€ 


We may now reason as we did in 4. 


106. Cauchy’s Second Integral Theorem. 1. Let f(z) be one- 
valued and analytic in a simple connex whose boundary is ©. Then 
for any point z within C 

f(z) = F(ujdu a 


For by 105, 4 we can replace O by a circle & of radius r and 
center z. Then for a point u on Q, 


Ff) =f)+e lel <e 


for all v on & if the radius v is oat Mee small. Thus as f(z) is 
constant 


d 
[o2- “f(e 2 f Swf ae (2 
But J= pt 
while | K| < 2 re. 


Thus lim K=0. 
r= 
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On the other hand, the left side of 2) does not depend on r. 
Hence letting r = 0 in 2) we get 1) in the limit. 


2. This theorem of Cauchy brings to light a tremendous differ- 
ence between analytic functions of z and the general function of 
z. For suppose we know of a function f(z) that it is one-valued 

in a simple connex Ç and has a continuous derivative in ©. Sup- 
pose also that we do not know the values of f within Ç but only 
on the edge C. Then the relation 1) says that to learn the value 
of f at some interior point z we need only to calculate the inte- 
moral in 1). 
In other words the values of an analytic function f(z) are com- 
_ pletely determined when its values on the boundary C are given. 
This is not at all the case for the non-analytic functions of z. 


3. At first it seems strange to students that the values of an 
analytic function f(z) should be fixed for all points within C 
_ when its values are assigned on the curve C. 

Here the study of nature reveals many cases of just this phe- 
nomenon. For example, the stationary flow of water, heat, or 
electricity in a body are all determined by the flow at the surface. 
In case the body assumes the form of a thin plate, it may be 
- treated as a plane figure € bounded by a curve C, provided the 
_ flow is parallel to the plane. 


OAA a 


à i 


= 107. Derivatives. 1. The integrand in 106, 1) 

; f) 

l u—z 
is an analytic function of z for each value of u on the curve O, 
provided z is restricted to lie in a connex bounded by a curve ©” 
which lies within ©. We may, therefore, apply 98 and get 


; 1 Ff (u)du 
TE aE g (u— z2)? 4 
t(u)du 2 


AT ‘ih 


t y Kurdu 
wees 2 nfd =g) c 
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From this we conclude: 


An analytic function of z has derivatives of every order. 


We also have the result: 


If f(z) is a one-valued analytic function, so is each of its deriva- 
tives. 

2. From 8) we get at once an inequality called Cauchy's In- 
equality, which is of great service in theoretical work, viz.: 


|Fo@) | <™ 8, a 


where |f| < @ on a circle & of radius R with center z, and f is 
one-valued and analytic in &. 


For we need only to replace the curve C in 3) by the circle & 
and apply 92, 9). 


108. Termwise Differentiation of Series. 1. By the aid of these 


integrals of Cauchy we can establish a more general theorem 
than that given in 103. 


Let : 
ORTOR ORAO] a 
We saw that if this series converges and the series 


CORTE ORTE OER AO) @ 


converges steadily in the connex N, then @ represents the deriva- 
tive of F. 


Let us now prove the more general theorem : 


Let the terms of 1) be one-valued analytic functions in the connex 


K. Lf F converges steadily in R, F is an analytic function within 
R and IF 


r 


In other words under these conditions we may differentiate 1) 
termwise. 


G. 


For let c be a circle of radius r and center z, lying within &. 
From 1) we have KK 
w) > Fm(U) 


U—z2 U— @ 


(3 


way 
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and since 1) converges steadily on c, the series on the right con- 
verges steadily on ¢ since |w—z|=ra constant on ¢. Thus by 
101, 4 we may integrate 3) termwise : 


F(uydu _ Fm( ude | 
oP See ay ce Uz G 
Now by 106, 1) 
i fn(u)jdu_9_4 
Yao = 2 rif,(2). (5 
Hence 4), 5) giv 
y eee wa °F (u)du 


= Efn). (6 


27tJ. Uu—z 


- But by 1) the series on the right is F(z); thus 6) gives 


F)= z ; F(u)du (7 
Ti). u—z 
ey: 20 Pi@ =, (Z0, (3 
ami. (u— 2)? 
_ Reasoning as before, we have 
4 
y °F(u)du _ 5 fie 
- (u—z)? J, (u—2z)? 
a= Diertas' (2), 
From this and 8) we have 
ORRIO (9 


2. From 8) we get, using 98, 
2! F(u)du, 


2 mi J, (u— z2)? 


F'' Ce) = 


Proceeding as in 1, we get 
Fee Sf nce) (10 


and so on for higher derivatives. 
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109. Taylor's Development. 1. Let F(2) be a one valued analytic 
function in a circle © of radius R about the point z = a. Then at 
any point z within © 


fO=/ Ot FIO +E- rat a 


This theorem is a direct extension of the corresponding theorem 
in the calculus. It is of transcendental importance in the func- 
tion theory, as we shall see at every turn. Its demonstration may 
be conducted very simply by resting it on the termwise integration 
of steadily convergent series. 

Let c be a circle about z lying within € 
as in the figure. Then by 106, 1), 


f= 1 (fade. 


2riJ. u—zZ 


But Pp f(wdu_ [fdu 


CuUu—2 ec W a 


We now develop 
as in 39, 10), a 


1 ¢— a \s 
——— 1 (1+ Mpe (3 


U—2 w= ga w — a u—a 


in a power series about the z — a, getting 


This series converges for any u on € since 


|z—aļ|=r |jw—-a|=R and r< R. 
Hence 
FO _ f(a) a fa) ) 
Goer aoa? CO" n se 


‘This series converges steadily on ©. For f being continuous, 


| f(v) |< some M on ©. 


Hence each term of 4) is numerically less than the corresponding 
term of the constant term convergent series 


= (5) may M/r 8 
r j RE EAAS 


Ez 
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We may thus integrate 4) termwise and get 
F(ujdu _ FOOTE Ge — ay f Foes, 4 


© u—zZ u—a 
=2mi{ f(a) + @—a) f(a) + FG g(a) + | 


on using 106, 1) and 107, 1), 2), =- 
Replacing the first member of the last equation by 2) we get 1). 


2. If we set z =a + hin 1), it takes the form 
2 
fatW=f@)+ OL S AORE 6 


This is the form of Taylor’s development usually given in the 
- calculus. 


If we set a= 0 in 1), we get 
F= FO) FOF INO) + (6 


which is often called Maclaurin’s development. 


The coefficients in 1) and 6) are constants. These series are 


~ thus power series. We say that 1) isa development of f(z) about 


A, 


the point z =a. Thus Maclaurin’s development 6) is merely the 


development of f(z) about the origin. The two series on the 


right of 1) and 6) are called Taylor’s and Maclaurin’s series re- 


spectively. 

3. Let f(z) be one-valued and analytic in the region %. Let a 
be any point of Y%. About a as a center describe a circle R which 
contains no point of the frontier of Y. Then by the theorem 1, 
F(z) can be developed in a power series valid in Q, 

f(@) = % + a 4) + (2-4)? + + (7 
whose coefficients are those in 1). 

We may also proceed thus: With a as a center describe a circle 
€ which passes through a point of the frontier of % but contains 
no frontier point within ©. Then the development 7) holds for 
all points within GC. 

For let z be any given point within ©. We can describe a 
circle with aas center which contains z but no point of the fron- 
tier of Y. Thus f(z) is analytic in & and we can apply 1. 


ie 
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110. Examples of Taylor’s Development. 1. Example 1. Let 
FS@) = sinz. 
This function is analytic in any region. If we develop about the 
origin z = 0, we have, exactly as in the calculus, 


Fi4Z) = C08 2 POl 
f"(@) =— sinz FAO) —8 
FO e) =— cosz f'O)y=-1 
f'() -smee E) F'*(0) = 0, ete. 
Thus 109, 5) gives LM Ok Pa se = 6 
i! ) ‘Sl 6} 


which is exactly the series we used to define sin z. 
Similarly we may develop 


e* .,c0sz, , sinha, ,, ets. 
Example 2. Let f(2) =logz 
= log z. 


This is an analytic function in the region Y formed of the whole 
plane after deleting the origin. The frontier of Y is thus a single 
point z = 0. It is one-valued in any connex which is acyclic 
relative to this point. Thus by 109,3 we may develop log z about 
z = 1 and the development will be valid within the circle having 
z= 1 as center and passing through the frontier point z= 0. 
Proceeding as in the calculus, we have: 


fa) =9 
1 
HORE fa)=1 
1 
Peo- f'a) =-1 
9 
Prae Fi" C1) = Bete: 
Thus eek. ips 
lgz=2-1- 07 @- DI.. laea 
If we set 
z=1+4, 
this oi 2 3 
nls gives log (1 + u) me 2 Sat |u| <1, qd 


which is the development given in the calculus. 


UCADAN 


3 
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If the reader asks why one develops about the point a = 1 in- 


_ stead of about a = 2, the answer is that the values of the coefficients 


yay es FO FO.. 


? 
are simpler for a = 1 than for any other value of a. 


Example 3. The Binomial Formula. Let 
FO=0 +2). (2 


From 89 we know that any branch of f is a one-valued analytic 
function in any connex acyclic relative to the point z= 1. It 
thus admits a development about z = 0 which is valid for all points 
within the unit circle. 

Proceeding as in the calculus, we have, choosing that branch of 
2) which reduces to 1) for z = 0, 


F(0)=1 
J')= ua +2) f'(0) =p 
SJ’@=4@-NaAt+za? f''(O) = um — 1), ete. 
Thus 
(1+2) =1+ p+ eUD at y(u stl tee Daye ly r 
i+ (De ea) pct 


2. Let us make use of 1) to develop a formula which we shall 


need later. If we set a 
u= — re”, 


it gives forr < 1 
3 
— log (1 — u) = — log (1 — reib = reih T oi 4.7 oi + oe 


But e"it = cos nd + i sin no. 


Hence path) = ST COS NP Sir sin np | 4 
— log (1 — re ae A C 


Let us write the left side of 4) in rectangular form, 


log (1 — re*) = A + iB. 
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To determine A and B we set 
tT 7 = s 
Now 1 — ret? = 1 — r (cos ġ + isin ġ) 
= (1 — r cos $) — îr sin ¢. 


Thus 
s?=(1—rcos¢$)?+ 7° sin? ¢ =1 —2rcos¢+7r, 
te —rsing 
wept AT Bae, eS 
oe A=}log #=}log(1—2rcos$+7°), 
rsin gd 


B=y=_— areigs 


—reosd 
Thus, equating the real and imaginary parts in 4), we get 


$ Mees ne — _Fiog (1-2 r cosp +), © 


1 n 


pii sinn _ arctg rsin ġ (6 
n 


; 1—rcos¢ 


The relations 5), 6) hold for 0 < r < 1 as we have just shown; 
a more delicate analysis shows that they hold for r=1. With- 
out establishing this important fact we shall set r=1 in these 
formule, getting, replacing ¢ by 2 mz, 


> cos 2 nmg _ 
n 


— log (2 sin mv), CT 


yy he arctg (cot 72) = mt (4 — v). (8 
l 

111. Critical Remarks on Taylor’s Development. We are now in 
a position to point out another great advantage which we reap 
from the theory of functions. Let us compare Taylor’s develop- 
ment as here presented and as given in the calculus. 

To make use of the development 


F@th=f@+@+Es@t a 
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5 in the calculus we must first assure ourselves that the remainder 
a E A T ETEA 


or one of its equivalent forms, converges to 0 as n =œ. This is 
n . 
an easy matter for es sinz, cosz, 


but it is far from easy for most functions; for example, 

(1+z2z)" , tanz. 
How difficult it is to show that the remainder for (1+ x)“ con- 
verges to 0, the reader may see by turning to a good work on the 
calculus. As to the remainder for tanz, no one, as far as we 
know, has ever shown that it = 0. 

These considerations show that the applicability of Taylor’s 
development in the calculus is crippled by the fact that we can- 
not show that the series on the right of 1) really has as sum the 
function of the left. 

How differently we are situated in the function theory. .Take, 
for example, tanz. We know without putting pen to paper that 
this can be developed about z = 0, and that the development is 


valid for all |z] <D since tan z is one-valued and analytic within 
this circle. Thus if we wish to restrict ourselves to real values, 
the development holds for 3 KEX R 
Let us look similarly at (Eak 
This we know is one-valued and analytic for all points within the 
circle of unit radius about z =— 1. Thus the validity of the 
binomial formula for real values of z for which — 2 < v < 0 is 
again established without any calculation whatever. 


112. Remainder in Taylor’s Development. Let us write 109, 1) 
aes gi 2 
JOKATE S ayt SS SN) 
(z = aA *(n) 1 
+ Art a Sf (a) + Ry C 


where Pes Co = ay f(a). (2 


s=nu+1 


Let r be the radius of a circle ¢ about z= a, lying within the 
circle ©, for which 1) holds. Let 


SOILE one 


Let z be any point within c; we set |z—a|=p. Then by Cauchy’s 


inequalities, 107, 2, 3! = 
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| f(a)| < 


Thus 2) becomes 


n+1 2 
|R. < (2) er -= =} 
T L 7 y 
1 


< efe)” IEA: i 
5 r PON: (G) 
r 


113. Analytic Continuation. 1. We have seen in 106, 2 that a 
one-valued analytic function is completely determined in a simple 
connex € when its value is known along its edge. We now wish 
to generalize this result. Suppose 

1° it is known that f(z) is one-valued and analytic in a con- 
nected region Y. 

2° the values of f(z) are given along some curve C in YM, as, for 
example, a small segment of the z-axis. 

We show that under these conditions the 
value of f may be found at any point of z 
in Y; that is, the value of f at this point is 
determined by the above data. 

Suppose in Fig. 1 that C is the are a, b. 
Join a and z by a curve D lying in Y.. Since 
f(e) is analytic about a, it can be developed 
by Taylor’s series 


SOSE- af) + FSO pat A 


The value of f will be known for all values of z within a circle Q y 
whose center is a and which extends as near the frontier Œ of M 
as we choose. 

Let now u be an arbitrary but fixed point on ©. Then f'(u) 


is the limit of te are i 


2—U 


LD SS EO A 
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as z =u. < Moreover f(z) being analytic, this limit is the same, 
however z approaches u. Let us suppose that z approaches u by 


< running along the curve Ọ as in Fig. 2. Then for a 
each such value of z the difference quotient 2) is C is 
known by hypothesis. Thus its limit is known, that u 
is, f' (z) is known for each z on C. 

Z 
Spi F"(u) = lim Fe) Fy (3 
z=u oe b 


we may reason on f’(z) as we did on f(z). Thus f(z) is known 
for each z on C. 

In this way we see that the values of the derivatives of every 
order f™ (z) are known for all values of z on C. 

In particular they are known for z=a. Hence all the coeff- 
cients of 1) are known. ‘Thus 1) gives us the values of f(z) for 
all points in Q. 

Let R cut Dina,. About this as a center we can describe a 
circle &,, which extends as near the frontier € as we choose. 
Since f(z) is now known on the are C, = a,a, we can reason on C} 
as we did on C. If &, cuts D in ay, these considerations show 

that fis now known for all z in ,, and in particular on the arc 
C,= 4,4, Continuing in this way we may finally reach z, when 
the value of f will be known. 


2. This process of finding the value of an analytic function f(z) 
at a point z, when its value is known at the points of some curve 
C, is called analytic continuation. It has little or no practical 
value as a means of actually computing f at the various points of 
X; but it has an inestimable value in many theoretic investi- 


1 


gations. 
3. In the foregoing we have supposed f(z) to be one-valued in 
NX. This is not necessary; we made this assumption merely for 
clearness. The same considerations apply if we suppose that f(z) 
is many-valued in A, but such that each branch is analytic, and one- 
valued about each point of X. 


4. The foregoing reasoning shows that: 


Tf the analytic function f(z) = «, a constant on the curve O, then 
fC) = « everywhere in the region A. 


Efrin 
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For the difference quotient 2) has the value 0 and hence 
F' (2) =0 on C. 
Similarly f'@ » f"@ » -=0 on C. 
Thus 1) shows that f(2)=a (4 


in the circle ÑQ, and the remainder of the reasoning in 1 shows 
that 4) holds for any z in Y. 


114. Application of Analytic Continuation. 1. For the reader to © 


realize the immense power of this process let us show how most 
of the analytic relations of plane trigonometry and the calculus 
are valid when the variable is complex. For example, suppose we 
wish to show that sind slat METIE a 
holds for any complex z. This we have already proved in 58,5 by 
the lengthy method of series. To this end we consider 


F (2) = sin?z + cos?z. 


As sin 2, cos 2 are one-valued analytic functions in the whole plane, 

so are their squares and therefore f(z) is analytic. For the real 

axis f(z)=1. Hence f(z)=1 for all values of z by 113, 4. This 

reasoning is so simple that with a little experience the reader may 

do it in an instant. The same is true in the following examples. 
2. Let us show by this method that 


d. tanz 


ar sec? z (2 


ms a oe 


na OT GEE 0 


holds for all values of z for which tan z, sec z are defined, that is, — 


for the region % formed of the whole z-plane after deleting the 
points 
2=+ (2n+ 1: 


Since FYE thre 


is analytic in A, its first derivative, call it g(z), is analytic by | 


1 
107, Thus h(z) = g(2) —sectz 


is an analytic function in Y%. For real s in M, A=0. Thus 
h(z) = 0 everywhere in X. Thus 2) holds in X. 
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3. In the calculus it is shown that 


[siw xdr = — 4 cos z (sin? x + 2). (3 


From this we can show at once that 


[sv zdz = — ł cos z (sin? z + 2) (4 


for every z. For let us set 
F (2)y= ain* 2, 
F (2)=— 4 cos z (sin? z + 2). 


Then the relation 4) means that 
F'(z)=f (2): (5 
Let us set G(z) = F'(z)— f(z). 


As F(z) is analytic, its derivative F” is also. Hence @ is ana- 
lytic. As G=0 for real values of z by 3), it is 0 for all z. Thus 
5) holds for all z, and hence 4). 

Of course the relation 5) is easy in this case to verify by direct 
‘differentiation. But for a more ‘complicated formula this labor 
_of differentiation might be considerable. The method of analytic 

continuation enables us to avoid this operation. 


4. In 61 we saw how relations in circular trigonometry go over 
into relations in hyperbolic trigonometry by using 


sin iz = i sinhz , cosiz=coshz , ete. (6 


Let us show that relations between circular functions in the 
calculus give us corresponding relations between hyperbolic 
functions. 


For example, from 4 
— sec v= tan z sec z (T 
Z 


we infer by the method of analytic continuation that 
; d 


— sec 2 = tan 2 sec z. 
dz 


4 


yg 
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Setting now z = iz, this gives 


ld sec iz = tan iz sec 72, 
i dx 
or, using the relations 6), 
ld sech z= îi tanh z sech z, 
idr 
or e sech z = — tanh z sech z, (8 
‘x 


which is the formula in hyperbolic trigonometry corresponding 
to T). 


5. To illustrate integration let us start with 3). We have seen 
that the method of analytic continuation shows that we may 
replace v in 3) by zz. It becomes then 


ə 
i J sin? inde = — 4 cos iz (sin? iz + 2). 


Using the relations 6) this gives 
fso xdr = 4 cosh z (sinh? z — 2), (9 
which is the formula corresponding to 3). 
6. Let us show by the method of analytic continuation tha‘ the 


addition theorem 
sin (u + v) = sin u cos v + cos u Sin v (10 
holds for any complex w, v. This we established in 58, 1 by 
infinite series. We may now do it without putting pen to paper 
by the following simple reasoning. 
Let us give to v a real value as y= a; we consider 
f(u) = sin (u + a) — sin u cos a — cos u sin a. C 
This is an analytic function of u which = 0 for real u. Hence 
gao all w. 
Let us now give tou an arbitrary but fixed, real, or complex 
value, and consider 
gv) = sin (u + v) — sin u cos v — cos u sin v. (12 


As g = 0 for any real v, it = 0 for all v and hence 10) holds for 
any u and v. 
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115. Undetermined Coefficients. 1. A very useful method to 
develop a function in a power series is that of undetermined 
coefficients. Before explaining it let us develop a theorem on 
which it rests. 

Tf P Hay) + a2 + a+ + (il 
vanishes for a set of points 

J f p AE © 


which are all different and +0 and which = 0, then all the coefficients 
in 1) are 0; that is, P=0 for every z, or as we say, it vanishes 
identically. 


For P being a continuous function, 
lim P(6,)=P(0) , since d,= 0. 


But each BODEN 
hence Wad (REP (8 
Setting z= 0 in 1), we see that 3) requires 
Ag = 0. 
Thus 2 LS 
P = z(a, + az +a? + + )= 2P, 
S zP, =0 (4 


for the same set of points 2) and as z + 0 for these points the rela- 
tion 4) requires that P,;=0 for the points 2). Thus we can 
reason on P} just as we did on P. This shows that 


a, = 0. 


Continuing in this manner we show that each 


a,=0 , n=0, 1, 2,- 


2. A special case of 1 is this: 

If the series P= ay + a2 + Anz" +e 
vanish for the points of any curve ending at the origin, it vanishes 
identically. 


3. If P =a, t azz +a? + +, and Q= by + bz + bz? + ++ are 
equal for a set of different points cy, Cy Cge: which = 0, then the 
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coeficients of like powers in P and Q are equal ; that is, P and Q 


are the same series. 
For B= P= Q=(a— b)+ (a — bi)z + Ca — ba)? + 
vanishes at the points ¢,. Hence by 1 all the coefficients are 0. 


Thus a=b, , n=0,1,2,-- 


4. From 3 we have the important theorem : f 
If f(z) admits a development 
f=% + 4(Z — 2) + (2 — a)? + + 


the series on the right must be Taylor's series, that is 


a, => f(a). | 
n! 
In other words, Taylor’s development is unique. l 


5. The labor of calculating the coefficients of a development 
may be materially lessened when the following theorem applies : 


Let ALY = + az + doz? pee (5 


be the development of f about the origin. If f is an odd function, the 


coefficients of all the even powers are 0; if f is an even function, all 
the odd power coefficients are 0. 


For suppose that f(z) is odd. Then 
S(-2) =—-f(z) by definition. 
JC- 2) = ay — ayz + aoz? — age’ + ee 
O=f(z) + f(— 2) = 2(ay + age? + azt + e). 


As this series = 0 for all values of z near the origin, all its co- 
efficients are 0, or 


But 


Hence 


0=a=a,=a,= wee 


6. The method of undetermined coefficients will be best under- 
stood if we illustrate it by two or three examples. This we now do. 


116. Example 1. Let us develop tan z in a power series about 
the origin. Such a development we saw is possible and the de- 


NOY 
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velopment is valid for |z| < Z. Moreover, tan z being an odd 


Ád 


function, its development will contain only odd powers. We set 


therefore 
tan z = az + age? + a; + «+ Ki 


-where the coefficients a4, a, +++ are to be determined. ‘To do this 
we use the fact that 
l PB all 3 
A — — — eee 
sin z Sl <6! 
i DE ost bee EE 2 
OLS ose 
2! 4! 


Let us equate 1), 2) and clear of fractions. We get 


et x 
G-5+5- -Caz + ag + A Sorte ae (3 
If we multiply out the two series on the left by 33, 2 we get 


the series A O 
A +(e StS) 


Comparing the coefficients of this series with the series on the 
right side of 3) gives 


a,= 
a a 1 
as aI at a= 3 
a a zee! 2 
eee "=i 
a a a _-1 AL. 
a— oi tah GI TT ay 815 


3 15 | 815 
valid for |2| < 5: 
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Example 2. Let us develop 


cosec 2 = —— 

sin Z 
about the origin. At first sight it would seem that our method 
would not apply. For the very first thing to do is to assure our- 
selves that the development is possible. The conditions of Tay- 
lor’s theorem, 109, are not fulfilled here, since cosec z is not even 
defined at z = 0, and for the theorem to hold it should be analytic 
in some circle about this point. However, a slight considera- 

tion enables us to proceed. We have 

+. oe 


z ( zł z 
sin g= zil- Anh P=¢.-Qg. 
ae See g 


Now since P converges for all values of z, so does 
2 An 
RE 
Cae eee ok E 
As P =sin 2 = 0, for z= +r, 
2Q0=0 , fore=+7. 


Hence Q=0 for z=+-7. On the other hand, Q= 0, within the 
circle © about the origin of radius m. For Q@+0 for z = 0 as 5) 
shows. If now Q = 0 for some z 0 within ©, P=2zQ would =0 
also. But P=sinz does not vanish at this point. Thus by 


oe A ! Hot 
104, 4, a is an analytic function within ©. It may therefore be 
developed in a power series by Taylor’s theorem, about z= 0. 


Moreover Q being an even function, this development will contain 
only even powers of z. We may therefore set 


1 
1 2 gt 


= h H2 + ayzt + «+ 
ee Slee, 


or clearing of fractions, 


2 Tai 
il = —- Ta a =) dg? + azt + e). 
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The multiplication of the two series on the right by 33, 2 gives 


Sle tbl 
a a 
eee 


Here the left side is to be regarded as a series cy + 642 + 632? + ++ 
all of whose coefficients =0 except the first. Thus equating 
coefficients of like powers on both sides of 6) gives 


ay = = 
a 1 
fa ay ag 
a Ge a ri 
Ste oe 4 360 
= Si Pe eG — 2! 
= oI] E 3.71 
Thus 
Lyf 241) aaa a Lie , 
sing 1624 3607 13 J1 T C 


valid for 0 < |2| <7. 


Example 3. Division by Power Series. In the two foregoing 
examples we have divided by a power series. As this operation is 
not infrequent, let us state the following theorem: 


Let P=a;+az + az tee , aye 


converge within a circle R about the origin and be #0 within 8. 
Then the reciprocal of P can be developed in a power series 


55 Co + C42 + 02? + «+ 


valid within R and the first coefficient 


1 i 
AERE (8 
0 
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For P being #0 within & is analytic within & and can be 
developed in a power series valid within &. The coefficients ag 
a,--- are found by the method of undetermined coefficients, and 
this shows that ¢, has the value given in TY 

Suppose the first coefficient a= 0. In general let us suppose 

P = an2" + Agi t + + Om 0. (9 
We write P= 2a + Geyge + +) = 270. 


Suppose now that P does not = 0 within & except at the origin. 
Then Q + 0 within &. Therefore by what we have just seen 


37 = +ez + ez + + z within &. 
Hence 1 1 P m 
= Hoea he ich te 


for any z+ 0 within &. 
This gives the theorem: 


Let the series P in 8) converge within the circle R about the origin. 
If P does not vanish within & except at z = 0, the reciprocal of P 
can be developed in a series of the form given in 10). 


117. Laurent’s Development. 1. When f(z) is one-valued and 
analytic within some circle ¢ about z= a, Taylor’s theorem asserts 
that f can be developed in a power series about this point. 


JC) = u + aCe — a) + a(z — a)? + + a 


We call the point a a regular or ordinary point and we say f (2) is 
regular ata. If f(z) cannot be developed in a series of the form 
1) about the point z = a, we call it a singular point. 

Let us consider for example 


Lh +log z. (2 
Here z=0, g=1, z=— 1 are singular points. For suppose 2) 


could be developed in a power series P(z) about one of these 
points. Now P being a power series is defined at every point 
within its circle of convergence Ñ, is one-valued, and has a contin- 


nae tena 
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uous derivative. But the function 2) is two-valued about the 
point z =— 1, and is not defined at the points z= 0 and z=1. 


Thus 2) certainly cannot be developed in a power series about 


these points; they are therefore singular points. 
When Taylor’s development is not applicable at a point z=a, we 


_ may often use another development due to Laurent, as we now show. 


_ Hence 


2. Let f(z) be one-valued and analytic in the ring R determined 
by the circles E, F, whose centers are z= a. Then f can be developed 
in an ascending and descending integral power series 


f) = t + a(2— a) + a(z — a)? + 
i + ba + +s a 


ER (z— a)? 


valid within R. 


For let z be any point within È as in the 
figure. Then by Cauchy’s integral theo- 


rem, 106, TTSA TOLA 
AE 27iJco u—z 


But by 105, 4, [=f + f- 
VE C F 


fwdu_ 1 (*f(w)du e 


1 1 
Tijg U—-2@ 2Z2nilp u—zZ 


{O=5 


in a power series as in 109, 3). We have 


We now develop 


uUu—z 

for uon F peat PE 
z2—a 

u on E eA a 


Thus by 39, 10) we have for any u on Æ 


tah 2 
1 = 1 Ee, 
Ue U—a 


1 1 
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If we multiply these relations by f (Çu), the series so obtained are 
steadily convergent with reference to their respective circles EF, F. 
Thus we may integrate termwise and get 


[@e- fu) Tea aif sete 
E 


u—z gu—a u— a) 


EO 


‘fCw)du _ marl unas - hit —a)f(u)du+- 


ruz z—a 


Putting these values in 2), we get 1) where 


wa f Cu)du 
sA AF —a)™*1 6 
a 55 fb (u — a)" f (u)du. (4 


3. By 105, 4 we note that the circles Æ, F in 3), 4) may be re- 
placed by any circle & in the ring R. 

For the integrand of 3) is analytic in the ring Æ -— &, and that 
of 4) is analytic in & — F. 


4. Let us now prove the important theorem : 


If f(z) can be developed in a two-way power series 


f@) =$ a — a)", 6 


this series must be the series of Laurent. 


For the function defined by the series 5) satisfies the conditions 
of Laurent’s theorem in 2. Thus f admits the development 


IO =È pne- a)" (6 


where the coefficients 7, are the coefficients of Laurent given in 
3), 4). Subtracting 5) and 6) we get 


0 = $b, (2 — a)” E E EA (7 
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Let us multiply 7) by (2 — a)~“*» and integrate around a circle 
Œ lying within the ring of convergence of 7). Then by 101, 11) 


0 = 2 wib,,. .6,=0 ».m=0, +1, +2... 
Thus 
TEU a 
and the coefficients in 5) are the coefficients of Laurent. 
118. Zeros and Poles. 1. Let f(z) be a one-valued and analytic 
function within a circle R about z= a. Then Taylor’s develop- 
ment is valid within & and we have 


f{MH=H4+4,(2-—a)+a,(2—a)?+-- Gl 

For z = a, this gives f(a)=a, If a= 0, f vanishes at z = a. 
We say z = a is a root or a zero of f(z). Suppose 
E EEE EN O % EN 


Then 1) becomes 
f@=C — a)”(am + Am4 (2 — 4) + amg (2 — a)? + +e) 
=(z — a)”"g Œ). 
Here g(z) is analytic within ® and does not vanish at z = a. We 


say z= 4 is a root or zero of order m. 
Since g does not vanish at a it cannot = 0 in some circle about 


this point. We have thus the theorem : 
Let f(z) be one valued and analytic about the point z = a, and 
vanish at this point, but not identically. Then there exists a positive 


integer m such that f@=C@—-a)"9(2) @ 


where g(2) is analytic about z = a and does not vanish in some do- 
main about a. 

2. Suppose now that f(z) is one-valued and analytic within a 
-circle about z = a except at the center itself. Such functions 
ales tan 2. 
gat Y 


In the first a = + 1, in the second a =(2n + 1=. If we describe 


a little circle © of radius r about a, we get a ring  — © and for 
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all points within this ring Laurent’s development will hold. Thus 


f@ =a +a, (2 — a)+ (2 — a)? ++ 


ea tea € 
z—a (2-4) 
=P+ Q. 
We call (eat eee (4 


z—a (2—48) 
the characteristic of f(z) at z = a and write 


= Char f(e). 


The coefficient 0, is of great importance in some investigations. 
It is called the residue of f(z) at z =a and we write 


b, = Res f(z). 


Since r may be taken just as small as we choose, the develop- 
ment 3) holds for all points within & except its center. 

Looking at the characteristic 4) all its coefficients may be zero 
after the mth. In this case, which is very important, we have 


b b 
= _~ wee Saas Ab 
fre ei 
bmn tbm- a) +» +Hoe- am 
z Fè 5 
(z — a)” C 
om ime . 
CER 
| 


where p is a polynomial of degree < m —1. Thus Q is a rational 
Function of z. 
From 3), we have 


f= nt balea) -o + ble a + afe — a)" + ~ 
G-a)" 


gun g(a)+# 0, (6 


G-a" ’ 


y ANALYTIC FUNCTIONS 239 


= where g(z) is an analytic function in ® which does not vanish at 
mea. Since _ ' 
ž lim (z—a)”=0 , limg(z)=},,+0, 


the expression 6) shows that 
a lim | f(2) | =+ %, (T 


= 


that is, as 2 approaches a, f recedes indefinitely from the origin. 
_ This we will indicate by the symbolic equation 


lim f(z) =o, (8 


so that 8) is only another way of writing 7). 
On the other hand, the reciprocal of f is 


1 (z— a)” 
LS Y (9 
f{@ I) 
4 As g does not vanish at a, its reciprocal is an analytie function, 


call it A(z), about this point, and h does not vanish at a, as shown 
fin Ex. 3,116. Thus, we may write 9) 
1 

; ÍC) 
| This shows that the reciprocal of f has a zero of order m at 
_z2=a. The function f(z) and its reciprocal behave thus in oppo- 
_ site manners like the poles of a magnet. As z=a, f=o while 
its reciprocal =0. For this reason we say, that when the charac- 


_ teristic of a function has the form 5), that z = a is a pole of f(z), 
` and in fact a pole of order m. We thus have this result : 


=(2—a)"h(z), h(ay# 0. (10 


If f(2) has a pole of order m atz =a, it has the form 
SF) (z Ss a)” ( 
where g is analytic about z =a and does not vanish at this point. 


= The reciprocal of f(z) has a zero of order m. Conversely, of f 
_ has the form 11), z = ts a pole of order m. 


- 


= 8. Let f(z) be one-valued about z=a and analytic except at 
_z=a. If the reciprocal of f has a zero of order m at a, this point 
ts a pole of order m for f (2). 
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For by hypothesis, 4 
IO 


and g(z) does not vanish about z =a. Hence, | 
l 
i 


=(2 —4)"g@), l 


TED bi(2— a) + 6,(2 — a)?+ 
and thus 
b,(2— a)+- | 
Z 
(es = 
(z— a) z—a | 


Thus the characteristic of f has the form 5). 


4. If z=a is a pole of order m of f(z), it is a pole of order 
m+1 of f'(z). 


| 


For about z = a we wy 


b 
= peters Be, : 
@= Get +h +9) 
here g is analytic about z = a, and 6,,+0. 
Hence ah b ; 
Masog fane ee eS ae 


As bm + 0, z = a is a pole of order m + 1 for fife). 


2 
Example 1. f(2)= aeae 
About any point z = & for which the denominator does not = 0, 
f(z) is analytic. 
For z = 1 we have 
f=— Sieg OF 
z+1 2-1 2-1 


Now g is analytic about z=1. Hence z=1 isa pole of the first 

order. 
Similarly fasiu 1 
ee eres | 


and this shows that z = — 1 is a pole of order 1 also. 
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_ Example 2. OAT 
cos 


This is analytic except at the points 
CLERET 
Let us call one of these a. We have forz=a+u 
cos Z = COS 4 COS U — Sn 4 sin u 
=(— 1)” sinu 


=(- DM fu- B+} 


=(— De-a) {1 — Goer tnt. 


3! 
Thus 1-1 (—1)*11 
cosz z—a_ (z—a)y? 
1— 7 aay 
_ 9(2) 
gine: 


where g is analytic about z= a and + 0. 


Thus sinz-g(z)_ A(z). 


e— 4 Z2—a 


tan 2 = 


But sin z does not vanish at a. Hence h(z) is analytic about 
z=a and does not vanish at this point. 
Hence j= 


is a pole of order 1, for tanz. 


5. Let us note that no point z= a which is a pole can belong 
to the domain of definition of an analytic function. For by defi- 
nition f'(a) must exist, and this requires that f (z) is continuous 
ata, by 84,3. Thus by 83, 6 


| f(z) |< some @ (12 


in Ds(a), ò sufficiently small. On the other hand, if a is a pole of 
Fe), lim | f(@)| = +, 


as we saw in 2. ‘This contradicts 12). 


$ 
“— 


—. 
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6. If z=aisa zero or pole of order m of f(z), itis of order 


mn for the function =f @)}" , nan integer>0. 


For about z = a we have 
{®= G= a)"$(Z), 
where m>0 for a zero and <0 fora pole, and where ¢(a)+0. 
Thus $*(z) = W(z) is an analytic function which does not vanish 
atz=a. Hence =(z—a)™™4(2), 
which proves the theorem. 


J 
7. If f(z) is a one-valued analytic function in the connected region 
A, the poles of its derivative are also poles of f(z) and the residues 


of f! (2) are all 0 in A. | 
For at a pole l 
f@= ae Hist Fgh as 


where g is regular at a. If now we integrate, we get 
1 Qn 
IO: n : TEA r a ae i ai al 


where 3 fo (2) de | 


is regular at a. As f(z) is one-valued in Y the logarithmic term 
G q 
cannot appear so that a, = Res f'(s)=0. | 
2a 


8. As an example let us find the singular points and the resi- 

dues of the function 
h@=g@lQ, (15 
JC) 

which we shall employ later. Here g (z) is regular in the connex 
© and has no zero in common with f (z), which latter has certain 
poles z= a, b, --- in Ç but is otherwise regular. 

Let z = ¢ be a regular point of f and not one of its zeros. Ob- 
viously ¢ is a regular point of h. 

Let z = ¢ be a zero or a pole of order m of f (2). Then 


f=@— e)"$@), 
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where m is a positive integer if e is a zero, and negative if c is a 
pole. (2) is regular at c and +0. Then 


fi =m(@—c)™ A O 


Hence f'@ __m 1S 
; f@ z—e © 
m 
= PET +Y), 


where ẹ is regular at c. 
On the other hand, by Taylor’s theorem 


JESIH G- e) + (2 — 2)? + + 
SS he) = 7L + Kz), (16 
where £ is regular at z= c. 
From 16) we see that z = ¢ is a pole of order 1 and that 


Res A(z) = mg(c). (Gly 
At a zero m is a positive integer, at a pole it is negative. 


9. Before leaving this topic let us show that the relation 89, 1 
or dw _ dw de 
dt dz dt 
holds even when £ = 0, provided z is an analytic function of t. 


As we observed in 89, 5 we have only to show that Az + 0 as 
h=At=0. But z= ¢(t) being an analytic function of t, 


Az= $¢(t+ h)— $(t) 
considered as a function of Å is regular at the point h=0. It 
therefore does not vanish for 
é 0 < |A| < some 6 
by 1. 
10. Let u = aq + a2 +a? + +, ao#0. Then w= logu con- 


sidered as a function of z is regular at z = 0 and 


dw_1 du_aq+t2azt:. (18 


dz u dg “atat 


244 FUNCTIONS OF A COMPLEX VARIABLE 


For we may take 6 so small that u remains in D,(a)) if z re 
mains in D3(0). If now 7 < |a |, the origin w= 0 will not lie i 
D, Thus w considered as a function of z is one-valued in D; E l 


thus by 9, dw _ dw. du 


dz du dz 
which gives 18). 
Since w is regular at z= 0, we have, by Taylor’s theorem, 
ad 
(20 


w= w(0)+ zw'(0) +- 


Her a 
5 w(0)=loga, , w (= 
Hence a “o 
w= log a+ at FAA a 
0 


Th. det u = Ay + ay2 + ag2? + -+ a, + 0. 
Then w= Vu 
is regular at z = 0, and i 
1 n 
yee a 
w =a" +2 . Azp en 
ay n 
For l logu 
ET gas 


As log wis regular at g= 0 by 10, so is w. Hence by Taylor 


theorem wna E 


Sai 


t LAE i 
w(i0)=a,." , w(ze)=-u" = ` w= Las ‘dy vee 
n dz aR 
etc., which gives 20). 


119. Essentially Singular Points. 1. Let z=a be a singal 
point of f(z). If f is one-valued about this point which is not 
a pole, we say z = a is an essentially singular point. 

It is easy to construct functions having such singular points. 
For example, let the infinite series, 


Ay + a2 + aaz? + ++ € 


converge for all values of z. Such series we considered in 39, 4. 
From 1), we can form the series 


f@=a+ SS le (2 
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which converges obviously for allz#0. Thus, the function f(z) 
defined by 2) is an analytic function of z for all z +0, by 104, 5. 

If we develop f about the point z=0 in Laurent’s series, we 
get the series 2) again by 117,4. Thus, by 118, 2, 


Char f(2)=94+%4 ... (8 
2=0 a. 3 


As the a, are not all 0 after some m, the point z= 0 is not a pole. 
It is, therefore, an essentially singular point. 

From this function f (z) we can form an infinity of other func- 
tions having z = 0 as an essentially singular point. For let g(z) 
be regular aboutz=0. Then 

$@)=f@+I@) 


has z = 0 as an essentially singular point. 
2. That z=a is an essentially singular point may often be 


seen by the aid of the following theorems. We exclude, of 
course, the trivial case that the functions considered are constants. 


If f (2) is regular at z= a, f(z) cannot have the same value c at 
a set of distinct points ay, dy, 4z =- which =a. 

For then g@=f Ze 
is regular at z = a and vanishes at each a,. 

As g is continuous at 4, 


lim g(a,)= g(a). 


As each g(a,) = 0, we see g(z)= 0 at a. 
But then, by 118, 1, Aa E, 


where h does not vanish in some domain about z=a. As 
g(a,) =, it follows that h(a,)=0. Thus, A(z) vanishes in any 
circle about z = a, however small. 

3. If f(z) is regular at each point of a circle 8 about z= a, the 


center a excepted, and if f has the value c at a set of distinct points, 
Ay, py +++ which =a, then z = a is an essentially singular point. 


For we saw in 2 that ais not a regular point. If it is not an 
essentially singular point, it must be a pole. Then its reciprocal 


246 FUNCTIONS OF A COMPLEX VARIABLE 


1 À 
g(2) is regular at z = a, and takes on the value — at the points 
c 


a,- This contradicts 2. Thus, z = a is not a pole of f(z). 


Example. Pie. 
zZ 


This function is regular at each point except z= 0. Noww=0 
for 1 
e=— , n=1,2,3--. 
nT 
and these values =0. Thus by 3, the origin is an essentially 
singular point. 


4. Let f(z) be regular about z =a except at a and at a set of 
points a, a,++- which =a. Jf each a, is a pole, the point z = a is an 
essentially singular point. 


The point z = a cannot be regular, for f(z) is infinite in any 
domain D(a). It cannot be a pole, for the reciprocal of f (2) 


would be regular at z=a and vanish at the points a,, which is 
impossible by 2. 


Example. 1 
P HOE ia 
sin = 
z 
Let us set g(2) =sin 1 
Then if we set ani 
<_< 
seit 
dg_dg du z 
dz du de # 


1 
about the point a aah Thus g'(z) is continuous about z = a 


and hence g(z) is regular at a. Hence by Taylor’s theorem 


g() = g(a) + (2 — a)g'(a) ai CZD g(a) T 
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Here Ga )=O7 7, g' (a) = & — rm. 
Thus 92) = (2 — a) (= 1) ma - }. 
Hence 
Be | 1) 1 
FO) u tie eer 30) 8 


where we do not care to know the values of the coefficients ec. 
This shows that the points are poles of order 1. Hence 
mT 


z = 0 is an essentially singular point. 


120. Point at Infinity. 1. In seeking to characterize an analytic 
function of z, it has been found extremely important to study its 
behavior for large values of z. 

Let us change the variable by setting 


1 


i 


h el 
u 
14 2? 


Then a function as f@= t 


(2 
goes over into a function of u, 
gu)=u + uè. (3 
To learn how f behaves for large values of z, we need only to see 
how g behaves about the point u=0. We see it has a zero of 
order 1. 
Let us look at the geometrical side of the transformation -1). 
If we set z = re‘, we have 
1 s-i 
Uu =—e ”. 
r 
This shows that as z describes a unit circle U in the positive sense, 
u describes the unit circle U in the w-plane in the negative sense. 


To a point a= pe”? within U corresponds the point «= 1 -u with- 


out U. As z=0 along a radius as Oa, u =œ along the corre- 
sponding radius Ow. To each point in the z-plane except z =0 
corresponds a single point in the u-plane, and conversely to each 
point except w=0 in the w-plane corresponds one point in the 
z-plane. 
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To complete the correspondence, mathematicians adjoin to the 
plane an ideal point called the point at infinity and denoted by 
the symbol œ. They u plane 
say that to z = 0 shall 


correspond u =œ, and ÑX a \ 
to a 0 shall corre- ANN 
spond z = œ. N bait? W 

Instead then of ask- x a 
ing how a function f(z) WC ` 
behaves for large values koa D 
of z, they ask how it behaves about the ideal point z = œ. By 
such a question one means nothing more than this: 

Change the variable from z to was in 1). Then if f consid- 
ered as a function of wis regular at u= 0, we say f is regular at 
_~@=0. If f considered as a function of u has a pole of order m or 
an essentially singular point or a branch point at u= 0, we say f 
has this same property at z = œ. 


2. We must caution the reader to note that we do not introduce 
the symbol œ% as a number; we do not define any arithmetical 
operations on this symbol. 

Also when we say f(z) has a certain property for every z we al- 
ways mean for finite z unless the contrary is stated. 


3. Let us note that the theorems in 119 may at once be ex- 
tended to the point z= œ. 


For all we have to do is to replace g by h and reason on the be- 
u 


havior of f considered as a function of u, about u=0. We may 
thus state : 


If f(e) is one-valued about z = © and analytic for large values of 
z except at a set of points ay, a, +» which =% ; or if f is analytic 
also at the points a, and has the same value at these points, then 
z = 0 is an essentially singular point of f(z). 


4. It is sometimes convenient to speak of the domain of the 
point z= ©, By this we mean all the points in the z-plane with- 
out some circle © about the point z= 0. We may denote it by 


D(2). 


. 
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If we apply the substitution 1), this domain goes over into the 
points within some circle about the point u = 0 in the u- plane. 


121. Integral Rational Functions. 1. Let us show how the ra- 
tional and integral rational functions can be characterized from 
the standpoint of the function theory. We begin by proving a 
theorem of great value. 


Let f (2) be regular for every finite z. If 
| f(z) |< some G, qd 


however large z is taken, f is a constant. 


For let us develop f (z) about the origin, we have 
2 
F@={O +A O+S f'O) + @ 


Now by Cauchy’s inequalities, 107, 2, 
eoj 


<£. 


This relation holds however large R is taken. As the right side 
= 0 as R = œ we see that each coefficient in 2) is 0. Thus 


f@=f() , a constant. 


2. If f (2) is regular for every z including z = œ, it is a constant. 
For let us describe a circle € about z=0. Then, f being continu- 


. h . 
ous in &, we have | f(z) |< some G, in C. 


Let us now set u= 1, this converts € into some circle Ñ about 
z 


u= 0. But by hypothesis f considered as a function of u is reg- 
ular at u =0. Thus f is a continuous function of u in R, and 


Pa |f |< some G, in &. 


Thus if Gis > both G,, Ca 
If@|< 4 


for every finite z. Hence f(z) is a constant by 1. 
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3. Let f(z) be regular for every z. If it has a pole of order m 
OS f) =a t ee H e H Aan o, Om #0, (3 
and conversely. 


1 
To see how f behaves for z = æ we set z= >} and get 


p= On F oag + +o PF au™. 
apm 
Thus f has a pole of order m. 
To prove the other part of the theorem: Since f has a pole of 
order m, f considered as a function of u has a pole of order m at 
u=0. Hence by 118, 


fott Sy. + tg) oe (4 


where g is regular at u = 0. 

We show g is a constant. For f has no singular points except 
at u=0. Hence g has no singular point «#0. But by hypo- 
thesis u = 0 is not a singular point. Hence g(u), having no sin- 
gular point, is a constant e) by 2. Thus 4) becomes 


C e 
=0 + 2+ e 
u u 


m 
or going back to z, f has the form 3). 


4. We now establish the fundamental theorem of algebra : 


Every polynomial of degree m has m roots a, az +- m, some of 
which may be equal. 


In other words: 
ay f= tH H e +a,2"™ , a, +0, (5 
there exists m numbers aj, «++ &m such that 
f = m2 — 0) +++ (2 — Om). (6 


= ‘ 
For since lim f (2) =œ 
zł=0 


there exists a circle C about z = 0 such that 


lf@|>@ 


for every z outside C. 
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Hence f#0 outside ©. Thus if f has any roots at all, they lie 
in C, that is on or within it. Suppose f were #0 in ©. Then 
|f (2)| >some 7 > 0 in 0, 


since f is continuous in 0, by 83, 7. 


Let gI@) = 5 

Then lg! <4 for z outside G, 
< for 2 in C. 

Thus |g | < some M 


for every z. Hence g is a constant by 1, which is absurd. Thus 
f= 0 for some z in C, say forz=8,. Then by 118, 1, 


f{@Q=@-BY"f,@- 
By 3, fı must be a polynomial. The method of GE 


coefficients, 115, shows that it is of degree m — my. 
We may now reason on f,(z) as we did on f(z). We thus get 


f= Am (2 7 Ppa (z z> jer pkk eee (z == EPDE (T 
where m = My + Mm + ++ Me 


The factor a, on the right of 7) is due to the fact that the 


-coefficients of like powers on both sides of T) must be equal. 


122. Rational Functions. 1. These have the form 


we Mo PA a Ae rbi Saata e PEN 1 
f@ b, + bye + F, + b,2" Amy On F C 
Inla) e (2—0), 2 


G bn (2 Fz By)” S (z a JEP 
We will suppose that numerator and denominator do not have a 


zero in common. 
Each zero of the denominator is a pole of f. For example, 


pa 1 a m( 2 — Oy )™ oes 
~ (@—By)™~ b,(@ — Bg)" + 
ee 5 (3 
(2—B,)™ 
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“where g is regular at 8, and does not vanish. Thus z=, is a 
pole of f(z) of order n. 
Similarly at a zero of the numerator as a, we have 
f=(@—a)™h(z), 
where h#0 at « Thus z=a, is a zero of order m}. 
At any point z=e not a zero of the denominator, f is regular. 


: 1 
2. Let us now see how f behavesatz=oo. Setting z= m we have 


f= au” + os + Om 
byu” + eee +6, 


a u™ h(a). (4 


As 6,#0, his regular at u=0 by 1. From 4) we have: 


The rational function 1) is regular at z=œ if n>m. It hasa 
zero of ordern—mifn>m. It hasa pole of order m—n if m>n. 


If we count the zeros or poles at z=0o with their proper order, 
we have : 


The rational function 1) has p zeros and p poles, where p is the 
degree of 1), that is, p is the greater of the two integers m, n. 


3. Let us now establish the converse theorem : 


If a one-valued analytic function has only a finite number of poles, 
taking into account z = œ, tt is a rational function of z. 


For let z = q, b, --- be these poles. About z =a we have 
An a 
[@®™= @—a)™ T rai sor Hae) =ke) fie), 


where f, is regular at 2 = a. 


As f has a pole at z =b and as k‚(2) is regular at this point, hi 
must have a pole at 6. Thus 


b 
Onr ytt GthO-hO+h- 


Here f, is regular at z =a, and at z=. Thus we may continue 
for all the poles of f in the finite part of the plane, getting, say, 


f= hy (2) + hg(2) + +h(2) + f.(2), 6 
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where the last term has no pole at z = a, b, -»- that is, has no pole 
in the finite part of the plane. 

We now consider the point z=. Let us first suppose this is 
not a pole of the original function f(z). Then 5) shows it is not 
a pole of f(z). Thus f,, having no pole even at infinity, is a con- 
stant by 121, 2. 

Suppose now z = is a pole of f(z), then 5) shows it is a pole of 
f. Thus f, is an analytic function whose only pole is z = œ; hence 
by 121, 3 it is a polynomial: 


fe=Pot Piet + +p. (6 
4. The foregoing section shows that we can write the fraction 
r 2) as foll : 
1) or 2) as follows Iar Galas ae 
b b 


= =e A Ss 
z—Py, (E 
b b 
+ a} be +e- ey (7 
Ae fa G =Æ a 
b b 
+ est e Harsa CEIR 
oe B, KE ir B,)™ 


< where l=m—n. When f is written as in 8), we say it is decom- 


posed into partial fractions. Knowing that f can be written as in 
8), the coefficients which enter in this expression can be deter- 
mined by the method of undetermined coefficients. 


123. Transcendental Functions. 1. The foregoing articles show 
us how the rational and integral rational functions are completely 
characterized by the nature of their singular points. 

All one-valued analytic functions which are not rational func- 
tions are called transcendental. Every transcendental function 
must have one essentially singular point by definition. The sim- 


_ plest transcendental functions are those which have only one singu- 


al 


lar point, and that an essentially singular point at o. Such one- 
valued functions are called integral transcendental functions. 


2. It is easy to show that 
b), osin 2 | 5.0082 5 Velhhe .,. coshe 
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are integral transcendental functions. For being defined by power 
series which converge for every z, they have no singular points in 
the finite part of the plane. l 

On the other hand, if sin z = ¢ for z = a, it =e for 


AFT = a+t4if7 ` a+67 


But these values = œ. Thus z=» is an essentially singular point 
by 120, 3. 


3. The same reasoning shows that any one-valued periodic 
analytic function which has no poles in the finite part of the plane — 
must be an integral transcendental function. 

For if such a function has the period a, it takes on the same 
PEOL: » 2Z+to , Z+ 20 , `= which = œ. 

4. A one-valued transcendental function which has only poles 
in the finite part of the plane is called a rational transcendental 
function. 

Such functions are 

tang , 


sin z 
5. As an example of rational transcendental functions let us 
consider the following, which occur in the elliptic functions. 


Let @,, , be any two numbers which are not collinear with the 
origin z = 0. With these we form the series 


ww 1 
oe Te — myo, — mw)” E 


where m,, M, = 0, + 1, + 2... and p is a fixed integer > 2. We 
show now that the function defined by 1) is a one-valued analytic 
function for every z except at the points 


o= Om m, = M,@, + MgWg (2 
which are poles of order p. 


To show that F is regular at a point z = a not included in 2) we 
describe a circle & about the origin exterior to a. We now break 
the series 1) into two parts 


=D. 4k (3 
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where F, contains all the terms of 1) corresponding to values of 
®mm, which lie exterior to Q, and F, contains the other terms. 

In 99,5 we saw that F, converges steadily in R. Hence by 
108, 1, F, is an analytic function of z in &. On the other hand, 
F, consists of a finite number of terms of the type 


1 
rae (4 


But each such term is regular except at z = œ. Hence F, is regular 
except at points included in 2). Thus 3) shows that F is regular 
atz=a. 

To show that F has a pole of order p at the point z= b 
= roj + sa, we take & so large that the point 6 lies within it. 
Then as before F, is regular at z = b, while 

yee ae el A PE 
' (2-6) 

Now @G is the sum of a finite number of terms of the type 4), each 
of which is regular at 6. Thus F; has a pole of order p at z = b, 
‘and hence F has also by 3). Thus the points 2) are poles; as 
these points = œ the point z= © is an essentially singular point 
by 120, 3. 


6. Let us show that œ; is a period of the function defined by 1). 
The same reasoning will then show that œ, is also a period and 
hence the numbers 2) are also periods. We have from 1) 


1 
F(2+o0,)= Deas + @, — m,0, — m0,) 


5 
F ( 


s pie —(m, — 1)o, — Mow )” 


As mMm run over all integral values 0, + 1, + 2,--- we see that 
m, — 1, m, run over the same values. Thus the terms in 5) are 
identical with those in 1). As the series 1) is convergent, its 
sum is independent of the order of its terms and hence 5) has the 
same sum as 1). The points 2) are the vertices of a set of 
parallelograms as in the figure. Any one of them as P is called a 


aor 
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parallelogram of periods. In P, the 
function F(z) takes on every value 
it can take on anywhere. 

For any point z lies in one of these 
parallelograms as Q. Let z, be the 
point in P which is situated in P as 
zisin Q. Obviously, 


Zy = 2 + MQ, + Mowy (6 


But then 


CAN = F(z). 


Two points z, z} which are related as in 6) are said to be con- 


gruent; we write d 
Z,=2 mod wj @, Ci 


which we read z, is congruent to z with respect to the periods 
@,,@,. When no ambiguity can result, we do not need to mention 
the periods and we write simply 


2 =%. 


7. The series 1) define therefore an infinity of periodic functions 
corresponding to p = 3, 4, --- 

The reader will note that they differ from the periodic functions 
heretofore considered as e*, sin z in this important particular. 
Their periods do not all lie on one line, but are spread out over 
the whole plane, as in the figure. 


124. Residues. 1. We saw in 117 that if f is one-valued and 
regular about z= a, but not regular at a, it can be developed in 
Laurent’s series : 


f@) = a) + a (2 — a) + a(z — a)? ++ 


es WO ype Tandy aa 
tal aNg a 


The coefficient œ} we said, in 118, 2, is the residue of f at the 
point a. These residues are of great importance in certain inves- 
tigations, for example in the elliptic functions. A fundamental 
theorem is the following : 


ea 
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Let f(z) be regular in the simple connex © except at the points 
Z= Qj, Az: A, Which we suppose do not lie on the edge © of ©. Then 


> Res f(z) = A {Ow (2 


For simplicity suppose there are only 
twe singular points a and b in ©. Then by 


FE 105,7) 
fie = f faz + f fae (3 


Let 1) be the development of f about z= a. Then 


fie = 2 me by 101, 11) 
A 
= 2 mt Res f(z). 


gafi = Res f(z). 
2 7iJ z=b 


These values in 3) give 2). 


Similarly 


2. From 1 we may deduce the following general theorem from 
which we shall draw important conclusions, especially in the elliptic 
| functions. 
Let f(z) be regular in the simple connex € except for certain poles. 
On the edge Œ of © let f be regular and #0. Let g(z) be regular in 
€ and have no zero in common with f. Then 


f AF (z)d log f (2) = Èm,g (a, ) — En, g (a) (4 
k 2 mije 


where a,, «, are the zeros and poles of f(z) of orders m,, n, respec- 
tively. 


The integrand in 4) is m 
ME 
AOE E 


Its singular points, as we saw in 118, 8, are the zeros and poles of 
f(@). The formula 118, 17) shows that at a zero 


2=4, Res h = m,g (a,), (5 


‘waa 
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and at a pole , _ z Res h = cuga: (6 
If we now put 5), 6) in 2), we get 4). 


8. If we agree to count a zero or pole of order m, as m simple 
zeros or poles, we can write 4) thus: 


mf 9 ost= Èg (an) — Èg (@,)- E 


2 ri Tie 


4. From 4) or T) we have as corollary : 


Let f(z) be regular in the simple connex © except for certain poles. 
On the edge Œ of © let f be regular and +0. Then 


T =% 8 
gafas f()= M-—N, C 


where M, N are the number of zeros and poles of f in © each counted 
as often as its order. 


This follows from 7) on setting g(2)= 1. 
5. As a corollary of 8) we may prove the fundamental theorem 
of algebra, viz. : 
fe) = ag” + azt Ham , E 
has just m roots, a multiple root of order s being counted as s 


simple roots. 
For as 


lim {[@=n 


we can take a circle O about the the origin of radius R so large 
that no root of f lies on C or without it. As f has no poles in O, 


Nin 8) is 0. Thus 1 
= J og f= a. 


- 


But ae f _ maz" + (m— San Ph eee 


a2" + a wn ab 5 


Lata 2 pet. wes 
2 2 
14At + Ha + eka, 

2 


=>] 1+ ¢(z2)}, 


“ls 


Y 


es 
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where | ¢| < eon Cif only R is taken > some p- Thus 


aria 1 mde m ode 4K (9 


amdu 2 Mey EE 
Now by 94, 4) J= m, while 
Ab eee 
| ae p wth , by 92,2 


< me. 
But this says that lim K= 0. 
R= 


Hence passing to the limit R = œ in 9), we get 


. . . M= M, 
that is, f vanishes m times. 


125. Inversion of a Power Series. 1. If 
w=w(z) rn 


is regular at z =a, it can be developed in a power series: 
wW=da,+a,(2—a)+4,(2—a)*+-- (2 


It is sometimes convenient to develop the inverse function z in a 
series whose terms depend on w. ‘This is called inversion of the 
series 2). 

If we replace z—a by z and w—a, by w, the series 2) may 
be written BEEP pe. git Ae 3 
and without loss of generality we may suppose this is the develop- 
ment of 1) instead of 2). 

In inverting the series 3) there are two cases which must be 
distinguished. 

Case 1. a, #0. This condition expresses the fact that w'(z)+#0 
forz=0. Letz range over some circle Œ about z=0; then w 
as given by 3) ranges over some connex § whose edge does not 
pass through w=0 if € is sufficiently small by 118, 1. Also, 
if € is sufficiently small, w will not take on the same value twice 
in Ç by 119, 2. 
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Thus it follows by 88, 2 that the inverse function z is regular 


at w = 0 and hence can be developed in the power series i 
z = byw + byw? + bzw? + + (4 
valid in some D about w = 0. 
As de 1 
dw dw’ 

dz 
we have for gant 

1 


b=. (G 


2. Case 2. a,;=0. In the series 3) suppose that am is the first 
coefficient #0. Then 
W= aa + AmiyZt-+) 5 an XO. (6 


w= 4": (7 


| 
| 
f 
u= eC + amë + =)” 


Let us set 
Then 


ain 


=2( + C2 + C227 + +) 5 Co= A, 
by 118, 11. We are thus led back to case 1. 
Inverting, we get 
1 
=, a + du? +- 
Am” 
Putting in the value of u in 7), we get finally 


1 
2=w™ 


L 
ts + dw" + ++ 


a. 


e 


3. Let us show how to get the coefficients of the inverse series 
using the method of undetermined coefficients. Let us suppose 
that the original series is 

v=b +b- b) btb bO. (9 


Let us set 
w=v— by z =b (t— b). 


Then 9) takes the form 


W = 2 — Q2? — Ag — oee ao 


A 
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where we have introduced the minus signs for convenience later. 
Then the inverse series has the form 


z= w+ ew + egw? + «.. (il 
Raising 11) to successive powers gives 
= w+ 2 cw? + (3+ 2c.) wt+(2e,+2 C36 UW? + + 


2? = we + 3 ewt + (3 e3 + 3 c,)we+ «.. (12 
a=ut+4ew + -.. 


All these series may be denoted by 

ZT = CW + Cm? + «++ (13 
Putting these series for z, 2%, 23... in 10) gives rise to a double 
; ib ES w+ ewt+ eyw? ++» 


2 
— Agly{W — AglygW* — Anglos — «+ (14 


EN n = eis. NA 
Aglg1W — AgCzg W? — AgCgg 


If we sum this series by rows, we fall back on 10). The sum of 
D by rowsis thus w. If the series 14) be summed by columns, we 
get a power series in w, and this is what we want. Now by 42, 2 
if 14) is convergent, its sum is the same whether summet by rows 
or by columns. To show that 14) is convergent we shall show 
that its adjoint is convergent. Let us denote this adjoint series by 
W+ NVW F ygWe + o 

+ aaya W + agya W + aaya W? + ++ a5 
+ «+ eee ee 
Now 11) is valid in some circle f, it thus converges absolutely 
for all W < some W,. Then 

Bim W + %q W244 W? te ane 

converges for W< W,. 
The series 10) converges absolutely for all Z < some Z. Thus 
the adjoint of 10) Fs Tid A E (16 


converges for all Z < Z. 


Cai 
- 
me N 


L 
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Returning to the adjoint series 15), we see that if we sum this 
by rows we get 16). As this converges, D is convergent for all 
|w| < W, by 42,3. We may thus sum D by columns, getting a 
power series. As the sum of D by rows is w as we saw, the sum 
of this power series is also w by 42, 2. 

Thus we get, replacing the cmn by their values in 12), the identity 


w= W +(e, — d,)w? + (cz — 2 age, — ag)u8 + ++ 


Hence all the coefficients on the right are 0, except the first. The 
resulting equations give 
Cs = Ag, 


Ed 
Cg = 4 lglg + Ag, 


Cy = 4, (C3 + 2 c3) + 3 Agcy + Ay, eu 
C5 = 2 dg(eg + C23) + 3 age + Cg) + 4 acy + Gs, 
ete, 


4. Example. We saw that 


a ot A 

m= log CLES ih eS ere e< (18 
Here 

w M%=} » G=—Jf , a=} 
These values in 17) give 
C= > G= > Yea 
Hence, inverting the series 18), we get 
w? ‘w3 wt 
Ptn ay, ie (19 


Now from 18) we have 


L+eseralpwe yy ob 


2! 3! 
which agrees with 19). 
126. Fourier’s Development. 1. When the real function f@ 


has the period 2 m, Fourier showed that in many cases it can be 
developed in a trigonometric series 


fC) = a + a, cos x + a, cos 2a -o 


+ 6, sine +, sin2a+4 +. a 
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his development is of extraordinary importance in mathemati- 
al physics and in some branches of pure mathematics. Let us 
how how this development appears in the function theory. 

We begin by proving the theorem : 


Let f(z) be a one-valued function having the period œ. Tf it is 
malytic in a band B whose sides are parallel to Ow, we have 


2 miz 
TOS 2 Ame x (2 
pere by ie 2 mw 
Oey == zal f@e™— dv (3 
@ 

nd b is any point in B. j 

p 2 riz 
For let us set ie ae (4 


hen u has w as period. 

To find the image of the band B in Fig. 1, let us begin by find- 
ng the image of a line Z, parallel to Ow and cutting the real axis 
t2= «a. When z lies on such a line, we have 


Z2=a+7TO, 


vhere r ranges over all real values. 
Let us set 


ia ; 
=a + ial. 
@ 
Then 4) gives A 
m 
Ha Ot e = e n (a Ha''i) 52 mir = e? ma! o2 wi(r+al") 


uw plane 


zZz plane 


Fia. 1. Fia. 2. 


Thus when z ranges over la, ù moves over the circle C, in Fig. 2 
of radius e2™". When r increases from r=0 to r=1, u „has 
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moved once around this circle. Hence when z moves on l, over 
a segment of length = | œ |, u has moved once around C.. Sim- 
ilarly when z ranges over l, in Fig. 1, u moves over the circle Cs 
in Fig. 2. Thus the image of a line L going from b to b+ œ I 
circle lying between C, and C3. 

The image of the parallelogram $ = (ABA'B') is the ring R. 
To a point within Ẹ corresponds a single point within R, and 
conversely. As f(z) has the period w, f takes on every value in 
P that it can take on anywhere in B. Since f(z) is a one- 
valued analytic function in , it is considered as a function of t 
a one-valued analytic function of w in R. Hence, by Laurent’s 
theorem, 117 


i 


f= Sanu” 6 


where 1 F fdu (6 
c u™+l 


A 
J] 


2 Wi, 


and Cis any circle in R whose center is u = 0. 
Now from +) 


9 y 
2 at 
du = — udz. 
@ 


Hence ‘ 
du Qaridz Zari -m 
= = e = “de. 


ymtl w u” w 


Thus 5) goes over into 2), and 6) into 3). To avoid confusion 
we have changed the variable of integration from z to v. 


2. The development 2), which is known as Fourier’s develop- 
ment, may also be written as follows : 


TO OLEE OREST Q 


For we may write 2) 


2 wiz 2riz 2miz 2miz 


S@)=% + (ae ° +F ae ” )+(age ego äle- "A )+ C 
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2riz 2 miv 2 wiz 
m: =—— — m 


ue oe =I [Foe Se * dv 
JL 


Qari a 
=i O ‘dv. 
@O/L 


2riiz—v -mm z—v 
* fF fer Asie s ‘| av 
OJLL 


or using Euler’s formula, 55, 11) 


== {7 cos m + 27 (gv) dv. 
w w 
This in 8) gives 7). i 


CHAPTER VIII 
INFINITE PRODUCTS 


127. Introduction. In the theory of the gamma function and espe- 
cially in the theory of the elliptic functions, both of which will be 
treated later, infinite products play an important part. They are 
also useful in other parts of analysis. We therefore propose to 
give a brief account of them here. 

It is easy to see how mathematicians were led to consider them. 
Every polynomial, 


Ay + az + = +a,2"= Žane", d 
can be written in the form 
£ n 
alz — a) (2 — ag) she (2—4@,) =a, 11 (2 — an), (2 


where a, a +- &, are the zeros of 1). 
Since a power series, 


is the limit of a polynomial of the type 1), it is natural to expect 


that the function f(z) defined by the series 3) can be expressed as 
the limit of the product of type 2), that is, as an infinite product 


C(z— a) (2 — a) + = CHE — Gy) 


where the a, «++. are the zeros of f(z). 
As an illustration let us take 


: 3 
f(2)=sinz = 


z z 
ie sls 


whose zeros are 0, +m, +2, +». We shall show directly that 


i 2 2 o 2 
=e( tie. tutet oe nee 
sin Z e( 5)(1 z a) = ell (1 5 (4 
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We notice that each factor 
22 


1 
1 — saa = ae — Met nT), 


anishes at two of the zeros of sinz, viz. at +nm. If we set 


=3 in 4) we get 


ee ee 
Ded «Be BASAT © 
one of the earliest infinite products considered, due to Wallis. 
As examples of other infinite products we notice 
Q=11(1+ ¢"), n= 192.3% s. (6 
Pa Cz 
ee (7 
ail (1 + A e* 
n 
1 ` 
OCz) = 2 q1 Q sin mzII (1 — 2 q’" cos 2 mz+ qt”). (8 


Here Q is an elliptic modular function, T is the celebrated gamma 
function, and @ one of the theta functions which are so fundamental 
in the elliptic functions. All these we shall consider in the course 
of this book. 


128. Definitions. 1. Let us now define infinite products more 
precisely. Let aj, a, a3 =- be a sequence of complex numbers. 
‘The symbol . F 
; A= a: dg agr =a, qd 


is called an infinite product. As in infinite series we set 


A, = 4+ a Ae Ae ne Aj, = Ong. * Unge *** (2 
is finite or definitely infinite, we call it the value of the product 1). 
As no ambiguity need be feared, we denote an infinite product 
and its value, when it has one, by the same letter. When 3) is 
finite and «0, or when one of its factors a, = 0, we say A is con- 
vergent, otherwise divergent. 


< 


oe 
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Let us consider 11% 8% 
ee Ge ie eee E 4 
= 1 & 2 2 55 G 
Here A, = 1 
and hence lim Aven th, 


Thus according to our definition the value of 4) is 0, although 
no factor of this product is 0. For this reason we do not care in 
this book to consider infinite products which =0 although no 
factor is 0. We have therefore put them in the class of divergent 
products. 

The infinite product A, in 2) is called the co-product. Obviously 
if A, is convergent, so is A, and conversely, when zero factors 
are not present. 

In a similar manner we define infinite products whose factors are 
functions of z. Thus if f,(z), fo(z) «++ are functions of z defined 
over some point set Y, 


F= AORE = =I f,.@ 6 


is such a product. Giving za value in Ñ as z = a reduces 5) toa 
product of the type 1), the factors being now constants. If 5) 
- converges for this value of z, we say it converges for z=a, ete. — 


2. Just as we have double series 


Lanny a 
so we can have double products 

Tl ann: (2 
With 2) we associate a simple product 

Ia, (3 


where each factor a,,, of 2) is some factor a, of 3), and conversely. 

Analogous to double series we will say 2) is convergent when 
3) converges absolutely, otherwise 2) is divergent. When 2) is 
convergent, its value shall be that of 3). From these definitions 
we may build up a theory of double products in much the same 


way as we have developed the theory of double series in 
Chapter III. 
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129. Fundamental Theorem. In the infinite product 
A= ay e , a,%0 (d 


let us set a, pete (2 


where we will agree to choose @,, so that 
-m Lnr. (3 


We now introduce the real series 
© = 6, + 0, + 0,4 ++ (4 
and the real product 
Pp R= py P pe (5 


and prove a theorem on which our treatment of infinite products 
will rest: 


For A to converge it is necessary and sufficient that © and R are 
convergent. When A is convergent, — 


Az et, ` (6 
ey As = Aa, e.. An 
d Py eee pe os +6n) 
i Ay = Reer. (7 


If now R and O are convergent, 
lim A, = lim Æ,- lim e» 
or Az hes 
Hence A is convergent and its value is given by 6). 
Conversely, if A converges, 
Ry and en 
must obviously converge to finite values #0. Thus in the first 


place R is a convergent product. 
As en converges to some number # 0, we can denote it by 


we have therefore lim ei@wae'et? (8 


T. 
gea 


Now from this we cannot say at once that 
lim 0, = 7 


since elu tan = eM, 
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The relation 8) however shows that 

| e'” — efn| <e for all n > some m, 
or that a1 = eae 
This requires that aside from multiples of 27, ©, shall = fT. 
ats lim (@, — 2 krr) = T k„ an integer. 
cue O, = T+ 2 kar + tw @ 


and however small 7 > 0 is taken, 


lnal<n for all n > some m. (10 


From 9) we have ant tay 
a n n—-l 
= 2 m (kn — ka-1) + COn — -1)- çil 
Now b= ken = kasi 


is some integer or 0, while 


N = ha ~ al 


is as small as we choose. Thus 11) shows that 


6, = k2 m +7). 


Hence the value of |@,| is not far from |k|-2a. But from 8) 
|6.| <7. 


To reconcile these two facts we must take k = 0, since |k| is 0 or 
a positive integer. From this it follows that all the &, in 9) after 
some ķ, are equal. Hence denoting the constant k, by « we have 


@,= T+ 2«r+7, n>s. 


AS ma = 0 by 10) we have, passing to the limit n = œ in 9), 
lim ©, = 7+ 2 «r. 


n=% 


This shows that @ is convergent. We have thus shown that when 
A is convergent, so are R and @. 


em 


INFINITE PRODUCTS 271 

130. The Associate Logarithmic Series. To study the conver- 
gence of the infinite product 

A=, -G-d,+-- ,. a,+0 Al 


we introduce the series Kogt sr iog akiok e 


where using the notation of 129 we take 
log a, = log pn + 76, (3 


that is, the principal branch of log a, We call L the associate 
logarithmic series. Let us prove the theorem: 


For A to converge it is necessary and sufficient that L converges. 


When A is convergent, A a (4 
In fact L,, =log pi + +++ + log py, +4(0,+ E 
= log R, + i0, 6 
=log A, + 2 8,7i À (6 
where s, is some undetermined integer. 
From 6) we haye A, =e, 


Thus, when L is convergent, A is convergent and its value is 
given by 4). 

Conversely, suppose that A converges. Then by 129 we know 
that R and ® converge. Hence passing to the limit in 5) we 
Pye L=log R + i0 (7 
and L is convergent. 


131. Absolute and Steady Convergence. 1. In analogy to series 
one would be tempted to say that A is absolutely convergent, if 


the product eet aai 


formed of the absolute values of the factors of 
A= adag 5 a, +0 el 


is convergent. This is not admissible, as the following example 


shows. Let w 
A=TI(-1)". (2 
1 
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The product formed of the absolute values of the factors is 
Rei 1. Toe 


As R,,=1, we see that R converges and has the value 1. On the 
other hand, the product of the first n factors of 2) is 


A,=(—1)" 
which has no limit asn+oo. Thus 2) is divergent. We could 
thus have divergent products which converge absolutely. Such a 
definition is therefore useless. 


We shall therefore say : 
The product 1) converges absolutely when the associate loga- 


rithmic series L=*loga, G 


is absolutely convergent. Hence if L converges absolutely, L is 
a fortiori convergent and thus A converges by 130. 

From this it follows that when an infinite product converges 
absolutely, its convergence may be determined by considering the 
convergence of a positive term series, viz. the adjoint series 
of 3). 

For L to converge, it is necessary that 


log a, = 0. 
As Gy = ppe” 
this requires that ned re 
We have already seen in 129 that 
6,=0. (5 


2. If the factors of an infinite product 
F=f,@)-f,@ = (6 


are functions of z defined over a point set Y, we shall say that F 
converges steadily in A when the associate logarithmic series 


converges steadily in Y. iS ee 

Thus when L converges steadily, the factors f,(z2) all differ from 
1 by an amount < e form > some m. Thus if each f,(z) is one- 
valued and analytic in some circle & about the point z, Z,,(z) will 


l 
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be one-valued and analytic when L converges steadily in &. 
_ Hence: 


P2)=2O = AERE) ++ (8 

is aone-valued analytic function in Q, whose logarithmic derivative is 
F' F (2) z) L 

F@ = L{(2). (9 


132. 1. Example 1. Let us consider the analytic character of 


2 
Fa ali(1 be £} a 
We shall prove in 136 that F= sin z. 

Let & be a cirele of radius R described about z=0. We take 


the integer m so la that 
g rge mennat g 


Then for any z in & : 
aap if n>m. (2 


We consider now the co-product 


= o 2 
Fe aa =) 3 
s EAA nêr? ( 
where m is now fixed. Obviously if F, converges absolutely in $Ñ, 


so does F. 
The associate logarithmic series of 3) is 


a z z2 
= ee ae E 4 
Lm > los (1 =.) A ( 
As 
OT a a(S) a 
we have ml< gh +++ hat 
pgp d 


sh E Qn 


274 FUNCTIONS OF A COMPLEX VARIABLE } 
Now Qa < Qm Since n>m. Hence 
TA < Le 
1 — dm 
or as m is fixed 1 
— I a ni 
is a constant, and thus 
R? mi 1 
ZES MB Sg 
[ia| < ega = mT e n? 


Thus each term of the adjoint of 4) is < the corresponding 
term of the convergent series 


1 
CÈ f 
> n? | 
Thus Z,, is absolutely and steadily convergent in &. Hence by 
131, 2 the product 1) defines a one-valued analytic function of z for 
any 2. 
This function vanishes for 
z=0, +T, 2m, = (5 
and for no other z. For being convergent, the product 1) cannot 


vanish unless one of its factors vanishes. 
Each of the zeros 5) are simple. For we have 


F=(2z—mr)&, 
i 
2a? + mr )I'(1 — =) 


where the dash indicates that the index n does not take on the 
valuen=m. Now G, being a convergent product, does not vanish 
for z= mm, since none of its factors vanishes at this point. 


where fe al 


2. Let us note that the foregoing reasoning establishes the 
theorem : 


The series æ 22 
L=™Mog| 1— 
2 og ( =e 


converges absolutely for all values of zn. It converges p 
in any connex not containing any of the points nr. 
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133. Example 2. The T function is defined, as we shall see, by 


where c=$;{1—1og(1+1)} = 517215 se 
4 1 2 4 


is the Eulerian constant considered in 20, Ex. 4. 


We show that the infinite product in the denominator 


F= n(1 ih 2) 
n 


A. $ ' 
is an analytic function of z which has 
ve 


7= Soe tA 


as zeros of order 1. s 
To this end we describe a circle & of radius R about z = 0. 


take the integer m so great that m > R. Then 


a eI 1 
=|" |< n>m 
for any zin &. We now consider 


L,,= >, {log (1+2)-2}= 27, 


m+1 


qd 


(2 


(3 


(4 
We 


(5 


_ which is the associated logarithmic series of the co-product F, of 


3). 
Now T tA ies 
ot Ba 
Hence ETATER 
ef eat: * 
l—q, 1— qn 
Hence iz per] 
n n2” 
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This shows, as in Ex. 1, that the series 5) converges steadily in §. 
Hence, as before, F is an analytic function which has 4) as simple 
zeros. Thus the function T defined by 1) is a one-valued analytic 
function having z= 0, — 1, — 2,--- as simple poles. By 120, 3 
z = œ is an essentially singular point. 


134. Normal Form. 1. We have seen that if the infinite product 


A= 4, -a,+43+* 

is convergent, then i, basal 
It is natural, therefore, that many infinite products present them- 
selves in the form 

A=(14+6)0+4,) + =I + 4,). ad 
We call this the normal form of an infinite product. Since we can 
always set d= 1-5 Gel eae te 
we can always reduce an infinite product to the normal form. 

We prove now : 

For the product 1) to converge absolutely, it is necessary and sufi- 
cient that the series Bw be tthe ee 2 
is absolutely convergent. 

Suppose that A is absolutely convergent. Then the associate 
logarithmic series of 1) is absolutely convergent, that is, 
is convergent. Thus A, = 0 and hence b, = 0. Thus i 

i 
afi |6,| <1 for n > some m. ! 
us Ase 
log (1 + b) = b, — ŽŽ a ca, at Chip! 
gk CR CAB E we 
bn “hd | 3 
Thus 
lim An = lim aC +f) = 1. 3 
Hence by 20, 2 s j 
4 By + Bat € 


is convergent, that is, 2) is absolutely convergent. 


: 
, 
tr 
E 
£ 
$ 
j 

¢ 
$ 

= 
Š 
E 
p-s 
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Conversely, suppose B converges absolutely ; then 4) is con- 
vergent. Then 3) holds once more and hence by 20, 2, & is con- 
vergent. But then by definition the product 1) is absolutely 
convergent. 


Definition. The series 2) is called the normal series of the 
product 1). 


2. From 1 we conclude that ¿f 1) is absolutely convergent, the 


series 
= log (1+ £n) oy B= 5, | (5 
is also absolutely convergent, and conversely. 


For when the product A converges absolutely, the series 58, 
converges. But this series and 5) converge simultaneously as 


lio log + Enh i 


3. In 131, 2 we have seen how the analytic nature of 
A SATZ) 
may be determined from that of the associate logarithmic series. 


Let us now show how it may be inferred from the analyticity of 
the normal series. We prove in fact : 


The product P= +f,(2)) (6 


is a one-valued analytic function of z within a circle R about z = a, 
if the corresponding normal series 
F =x Drizz) Ct 


is steadily convergent in R and each f ,(z) is one-valued and analytic 
in Q. 

For 7) being steadily convergent in Q, each term f, is numeri- 
cally < some e, for any 2 in &, and the series Łe, is convergent. 
Thus e, = 0, or e,<¢ for m>some m. Hence 

x | faGed. [ee n>m 
for any z2 in &. 
We show now that the logarithmic series 
oO 
L= 2 log 1+ f,€2)) = 21, (8 
1 


m+ 
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converges steadily in R. For 


aS ath i ee 
eg oe 


sage in| < [fal + [Fa]? + [Fa l2+ 


Kf, | tet e+ t 


Thus each term of 8) is numerically < the corresponding term of 
the convergent series Bec 
Example 1. The product 
A=}-8-%-§-8.-=aya,a,-- (9 
is convergent. For consider the product 


P= n(1-4,)==+ eo AN ata 


n 22 42 62 
=G@:°DG- OGD 
The normal series belonging to P is 
Se 
n? 
As this converges, P is convergent. 
Now Are Rath 
2m4 1 ; 
Amii = Vm +1 à Pr= 2m+2 3 Pa=P. 
Thus lim A, = P, 
and A is convergent. 
E. ; 
xample 2 Q(z) <T el re 22”) (10 


converges steadily in any circle ® about z= 0 of radius R <1. 
For the normal series corresponding to 10) is 


Izd, (11 
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But each term of 11) is < the corresponding term of 

> RR, 
which converges since R<1. Thus Q converges steadily in &. 
The proof also shows that 10) converges absolutely for any 
kaha Ll. 

The product 10) is the product 6) in 127, g being replaced by 
z. The function Q(z) is thus an elliptic modular function. It is 
a most extraordinary function, since every point on a unit circle € 
about z = 0 is an essentially singular point. It admits therefore 
no analytic continuation outside ©. Here then is an analytic 
function whose domain of definition, instead of being the whole 
z-plane, certain isolated points excepted, as is the case with all the 
elementary functions, is the interior of C. 


135. Arithmetic Operations. 1. Let us now see whether the 
usual transformations of finite products hold for infinite products. 
We have in the first place: 


Let Anta , Tiii 
be convergent. Then the products 


C=Ila,b, , D=0" (no b = 0 in D) 


are convergent and Hes R ee A 

' B 

Moreover if A, B converge absolutely, so do Cand D. 
mor C, = A,B,. 


Hence letting n =% we have 


lim 0, = lim A, - lim B, = AB, etc. 


To show that O is absolutely convergent when A and B are, we 


E E nd, ence, alrae| SBP 5 <| oh [a Be. 


Since A and B converge absolutely, 


Slog (1+e,) , Zlog(1+8,) 
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converge absolutely by 134, 2. Hence 
flog (1+ a) +log (1+8,)} == log A + @,)(1 + Bn) 


is convergent. Hence C is absolutely convergent. 
In the same way we may reason on D. 


2. An absolutely convergent product is commutative. 
For let F img DT 


be absolutely convergent. Then 
L= log a, 
is absolutely convergent. As by 130, 
AT en 
and as we may permute the terms of L without changing its value, 


we may do the same with the factors of A. 


3. A convergent infinite product is associative, that is, we may 
insert parentheses at pleasure. 


For let nET Ayllgdty +: 


be convergent. Let us consider 


B= (a, ee Om.) (O41 eae An, ) ay 


= bi - by oe 
Now B, = b+ b, = My + Ay +++ Am, = A,, - 
As hu 6 w A. et ey 
hence lim By, A. 
n=00 


Example. The following infinite products occur in the elliptic 

functions 

@, = 10 + e) 

® = 1d.+4¢"7 % =) 1, 2, >» 

Q = 111 — gq). 
They are obviously absolutely convergent for |g|<1. As an 
exercise, let us prove an important relation which we shall need 
later, VlZ.: Pe QQQ skif qa 
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P= ld ais ega af (1 em gA) 
= + ¢@)d — ¢**) , bys. 


Now all integers of the type 2n are of the form 4n — 2 or 4n. 
Hence 


MA = e) = IA — 9) g) = A gC — ge), 


or Mii HSTY 
AECL 'g**) 
Thus d+ g)d— ge Mee 
Pe TN 97 Jn Ty =e 
1- g" 1— g” 1 


Circular Functions 


136. The Sine and Cosine Products. 1. Let us show how sin z 
may be developed in an infinite product. This product is useful 
in various transformations and gives rise to many useful relations. 
We wish to show that 


2 
sinz = (1-2) Sy Lra a 
N 


We begin by showing that 1) holds for real z lying in the interval 
A= (a,b) , 0<a<b<5i 


it will then be easy to show that it holds for complex z. 
In 6 we saw that sin mz is a polynomial of degree n in sin v 
when n is odd, or 
sin nx = da) sin" x + a, sin” Tar + ++ + Ap Sin x. 
If we set t= sinz, (2 


this gives ` ain nr = PG Sae + ET a ant (8 


There is no constant term here, since when t= 0, F = 0 also. 
Now F, considered as a function of t, has n roots. On the other 
hand, considered as a function of v, it vanishes when 


sin ng = 0, 
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that is, when 


T 
z=0 , PRLI » £2-— 5 a£ 
nN n 


Putting these values in 2), we see that F = 0 when 


=. TE . p 3 — rT 
t=0 , Æsin= , +8in2-— , -- +sin = S 
n n 2 n 
mT T 
e LOS a(t — sin z) (e + sin z) 
n n 
n—1 r 
=d (e — sin? =) (e — sin? : =) (4 
> 
n os n 
Dividing through by 
E A E T -onr—1l r 
sin* —*. sin? 2n = iw gmt Se 
n n n n 
and denoting the new constant by C, we get 
a, A in? 
; ; sin? z s 
sunas Cisin sy 1 te Pelee 6 
ToT -or—1l r ai 
sın sin? ye 
n 2 n 
To find C we have from 5) 
sin na sin? a 
———=C7/1— P 
sin x nar: 
sin? — 
n 


Let now x = 0, the last relation gives n = O which in 5) gives, on 


replacing x by Ž, 


sing = nsin Č P 
i= sins (a, n) (6 
where oe 
sin? = 
P(@,n)=M/1-—") , rang 


- 9 fT 
sin? — “ 
n 
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As n = oo we have 


Also 


It seems likely, therefore, that on letting n = œ in 6) and T) we 
shall get 1) for values of z lying in Y%. To prove this let us set 


2 T 

re =i 2) : 

z | sin?” i 
La, n) = log P(a, n) = £ log | 1 — i ey Toms E 

ie sin? “7 2 
n 
G 2 

L(x) = log P(x) = 2log (a = 5) (10 


We then have |. ‘ 
lim P(a, n) = lim etw = e4@ = P, 
n=% n= 


provided lim La, 2) = L(2). (11 


Thus we need only to prove 11), which we easily do as follows. 
Let us denote the sum of the first m terms of 9) by Z,,(a, n) and 
the rest of the sum by L,,(z,). Then from 


L(x, 2) = Lg (@, 2) + Lil, n), 


L (2) = Ln CE) + Ln(2), 
we have 


| L(a, n)—L(2)| < | L(x, 2) — Ly ()|+| Inla, 2)|+| Inl. (12 


Now for ea z, 
we have 7 y . 
5 <sinz <2 
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Thus for all r > some m, and for any v in M, 


Also for (i<eh Act 


we have, by the law of the mean, 


0<—log(1—«)< —log (1—8)<8+ GA, GŒ some constant. 


Thus 13), 14) give for any value of n 


sil 
ser 


m+1 


== = 1 
0<|L,,.(a, n)| -+G 
< | Ln( )| < È at 
if m is taken sufficiently large. 
Also by 182 on taking m still larger if necessary, 


| Ln @)| < > 
Finally if n is > some v 
| L,, (2, n)— L,,(x)| < = 
Thus 12) gives 
| L(a, n)— L(2)| <9 tatan" > n>y, 
which establishes 11). 


(13 


(14 


Thus 1) holds for z in Y. To extend it to all values of z we 
need only to observe that the right side of 1) is an analytic fune- 
tion of z, as we saw in 132. Thus by the principle of analytic 


continuation 1) holds for any complex z. 


2. Let us show that sin z has the period 27 by using the prod- 


uct 1). From 1) we have 


sing = lim Q,(2) 
where A 
Q,(2)=2 I LMT 


m=-n MT 


, m= Q excluded. 


Thus Qer) _2+@+]r. 4 


as 2 = 00. 
Q, (2) 2— nT i 


(15 
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_ Hence 


lim Q,(2+ 7)=-— lim Q,(z). 
Thus 15) gives 


sin (2 + T)= — sin Zz. 


Thus 27 is a period of sinz. 


3. From the product expression 1) we may derive 


bosinė fi(1- ane) (16 
i 3 (2 yess Te 
For from sin 2z = 2 sin z cos z 
we have 


“ty Mtge ia) 


which gives 16) at once. 


137. Infinite Series for tan z, cosec Z, etc. 1. From 136, 1), 16) 
we have 


2 2 
log sin z= log z+ alog (1 — a) ad 
= 4 2 9 
Differentiating these, we get 
1 Zz 
cot z= — +2) a (3 
os 1 


Z 
tan 2= HESE (4 
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valid for all z for which tan z, cot 2 are defined, that is for all z 
which do not cause a denominator to vanish. 

The relations 3), 4) exhibit cotz, tan z as a series of rational 
functions whose poles are precisely the poles of the given func- 
tions. They are analogous to the representation of a rational 
function as the sum of partial fractions as shown in 122, 4. 

2. As an exercise let us show the periodicity of cot z from 3). 
We have 3 


i : 1 
cot z= lim F,(z)= lim ji 3s mr. 
n= C ) n= > Z + nT 


das ir m Ee 
z+ (n+1)r z—nr 


AN F (2 +r)= F,(2)+ 


Letting n = œ we get 

lim F,(z+77)= lim F,(2), 
as cot (z+ 7)= cot 2, 
and thus cot z admits the period 7. 


138. Infinite Series for sec z, cosec z. 1. From the relation 


cosec z= tan 4 2+ cotz 


we have, using 3), 4) of 137 


1 42 z 
jæ ey” a 
+ 2 Gn Deow 22 2772 — g2 


N 


» ZENT. d 


2. To get sec z we use the relation 


cosec (Z Ei ) = Sec Z. 


From 1) we have 


cose B= 1+3- Dm 2 _ 1 )- 
g 1 nT—2 nr+2 
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(5-#)= fend testers sch asta karda ae 
2 dd ng i s 


2 nm — 5 +2 nT h oT 


1 1 
ELE L da 
(2 2 2 2 
fa 
Š L- T= 1 = 0 as n= o; 
n—1 
| F T+2 
we see that T is convergent and = S. Thus 
= (2n—1)7r 
a 2 n+l —_ 
sec z= X (—1)** Ena (2 
1 fe gt pe a 


valid for all z for which sec z is defined. 


; 139. Development of log sinz, tan z, etc., in Power Series. 
1. From 137, 1) we have 


logt = 5 -2 
g= > log 1 ià a! 


Sin? its limiting value 1 as z= 0, the rela- 


If we agree to give 


tion 1) holds for |z| <m. For such z 


—tog(1- 5 5)= 5 TE 
Hence — log Si? Atit ót 
A p rey: 2 
pay Ltl ite 


a 
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provided we sum this double series by rows. As this series has 
all its terms positive for a real positive value of z < 7, say for z= 7, 
and as this series summed by rows is convergent, since the relation 
2) holds for this r, we may sum 2) by columns for all |z|< 7, by 
42, 2, 3. 

Doing this, we get 


= 


1 Apu” 
Matoha Weer @ 


g 2 

sin Z Z 
ll remy a y | 
z 2,2 2 4 4 


h sual 
where as usua H,=ttate 


piz rape (4 


2. In a similar manner we find 


222 1, ŽA 


ot 
— log cos z= G5 +3% E +a Fes + lel <3 (5 

where 1 1 1 

e See Bed ee 

A TATA e 
We observe that 
a oe 
G, =" —"H.. 


This in 5) gives 
et. a I fi 
— log cos 2 = (22 — = = ‘ 
log cos 2 = (2 TrA 5+ 5 DA pt 3-1) A + 


valid for |z| <5- 

If we differentiate 3) and 6), we get 

fot = ‘ zè z5 

tan z = 2(22 — 1) H, 73 + 2(2*- DH a + 2(28— DH E Ge 

' 7 
valid for |z| < 2 

AU prad g x 
cots = 2H. i aS (8 


valid for 0 < |z| < m. 
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3. Comparing 7) with the development of tan z given in 116, 
4), we get 


SUR TE PI Ww Oe 
{eae vAr 


D: mi 1 Qn? 2 m2 
H,=1 = — = — e = . 
co bi i ae te ol 
5 ae a rey Re ost 
: Pats Tethers Tai as eg te ly A TAS 
el On 1 Dr m Prs 
Hy=1+ s+ 3+ Semm el I 


=l =g — = — 
T,=%§ ’ Ts = 35 ’ T,=% , T,= 35 ’ T= 


Then 7) gives 

22(22 — Dp 24(24 
2! 4! 

valid for |z| eo 


tan z= 


From 8) and 10) we get 
92n a 
cote= 2 — a eri Dono, (12 
The numbers 7}, T,- are called the Bernoullian numbers. 


140. Weierstrass’ Factor Theorem. 1. We have seen in 136 
how the integral transcendental functions sinz, cosz may be 
developed as infinite products whose factors vanish at the zeros of 
these functions. Weierstrass by generalizing these developments 
arrived at the following theorem of great theoretical value : 


Let the one-valued integral transcendental function F(z) have ay, 


E - as zeros which we suppose arranged so that |a,.;| Z | an| = œ 
= œ, an m-tuple zero being repeated m times, and the a's 


4 tte +0. Then 


Hs) = ert (1— 2) em HG a” . & 
1 


an, 


where T is an undetermined integral function. 
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Before proving this theorem we wish to make a few explana- 
tory remarks. We note that corresponding to each zero a, there 
is a factor 1 —— in 1) which vanishes at this point. Since the 


exponential function never vanishes, the right side of 1) will not 
vanish except one of the factors vanishes, provided the product 
on the right of 1) is convergent. 
The infinite product 
n(1—=) (2 


a, 
will not converge in general. For example, the zeros of = 5 as 
z 
we saw in 133, are 0, — 1, — 2,---. The product corresponding 


to 2) is here 
zIl é + a), 
n 


This does not converge, since 


Slog (a + z) 
n 
is divergent. 


To make the product 2) converge, Weierstrass has added the 
factor 
wat +5)" 


This introduces no zero into the product, but does make it con- 
verge, as we shall see. 

Finally the factor ere) 
has to be added, since, however the integral function T is chosen, 
the resulting function 1) has the assigned zeros a,. 


2. To prove 1) we begin by showing that 


G (2) =1i(1 E =) a iS" y 


is an integral transcendental function which vanishes only at the a,. 
For take z large at pleasure and fix it. About the origin we 


describe a circle & of radius R including z. We next take m so 
large that 
Cm = | Am | > R. 
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| Let H(z) denote the product 3) after deleting the first m factors, 
that is, the product 3) when n takes on the values 


n=m+1, m+2,-- 


We now show that the corresponding logarithmic series 


L@= > {log(1- =) +2 +4 ser +y) =, (4 


n=m-+1 n 


converges steadily in &. For 


Pag ly ar ll Ae 
(a) AAE} 
og( an PEEN a, 3 a, J 


£ If we set lzj=o, |l—=r > F=p<l, 
we have nti / #\n42 
| nxt (Ey 4 E 
n+1 ae n+2 a, 
n+l 2 
<(2y" (14 24(4) -) 
Am L hm hn 
<pr(1 +p ++ +++) 
or oe Al 


Thus each term of the adjoint of 4) is < the corresponding 
term of the geometric series 


ae 
ipa 


— P m+} 


 forany zin &. Thus H converges steadily in & and is, by 131, 2, 
an analytic function of z which vanishes only when one of its 
- factors vanishes. 

Returning now to 3), we see this differs from H only by m 
factors which are analytic and vanish only at a,, ag +++ a, respec- 
tively. 

3. The function G(z) defined by 3) is an integral function 
which has the same zeros as F(z). Let us find the most general 


fo 
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integral function ¢(z) which has these zeros; we shall see that it 
will have the form given in 1). For the quotient 


$) _ 5 
Gz) Q ( 


has no singular points in the finite part of the plane and does not 
vanish for any z. Thus by 118, 10, log Q is one-valued and has no 
singular points in the finite part of the plane. Hence 


T(z) = log Q 


is an integral function of z. This with 5) gives 
$(z) = e7 GK), 


which is therefore the most general expression of a one-valued in- 
tegral function having the assigned zeros a,. 


4, The exponent in the nth factor in 1) is a polynomial of degree 
n, and this n increases indefinitely. Weierstrass has shown that : 


When the zeros a, are such that 
> L = 6 
a? » an= |an] C 


converges, we may replace the exponential factor in 1) by 


AR LAE i zy" 
Poa A ee 
where the polynomial is of fixed degree p— 1. 


To establish this we need only to show that the corresponding 
logarithmic series 


L-5 {les(1-2)+ 2 ry }=2% qi 


n=m+1 bi 


converges steadily in §. 
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This is indeed so, for here 


aA am 
"~p\a, p+i\a, 


TAAA 


Ñ 
? 
5 
$ 
f 
K 


a? a, 
Hence 1 Re o 
| ee 
=; 1 R an 
Am 


Each term of the adjoint of T) is thus < the corresponding term 
of the convergent series 
Oh 

Uh 


for any zin &. Thus 7) converges steadily in &. 


5. Let us apply Weierstrass’ theorem to the sine function. Here 


we set 
LT 5 =—T, » 220 ,,.0=3—27 


_ The series 6) becomes here 9 


which converges for p > 1. Thus 


sin z= eron(1 — =e n=+1, +2,-. (8 
nT 
z2 
= zeron(1 a a) (9 


Thus Weierstrass’ theorem enables us to write down the product 
expression at once aside from the unknown exponential 7. The 
determination of 7 is attended with graye difficulties. To avoid 
this, we have developed sin z in 186 by another method. 


6. From Weierstrass’ theorem 1 we may write down the most 
general rational transcendental function with assigned zeros 


ay ’ ay ’ wid (10 
and assigned poles aA ene (11 


where a zero (pole) of order m is repeated m times. 
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Let us suppose that the points 10), 11) are arranged as the a, 
it 1. «Thien s 44 
F@= n(1 1 2 Nee + aCe) a2 


and 


G(z)= u(i z zaart a3 


will vanish at the points 10), 11), respectively, and nowhere else. 
Their quotient 
5 f neem FO) 
GG) 


will thus have the assigned zeros and poles. Let A(z) be the 
most general one-valued analytic function having these zeros and 
poles. Then 


behaves as the quotient in 5). We have therefore as before 
Qer 
Hence the most general function of the kind sought is 
T2) F(z ) 14 
G(z) ag 


where T'is an integral function. 


T. Let us note that the zeros 10) and the poles 11) of a rational 
transcendental function considered in 6 must both + oo, on being 
properly arranged. 


For if in 10), for example, we could pick out a sequence 
a a as +++ which = some point a! 
gai. a ae ee = point a’, 


this point would be an essentially singular point of our function K. 
Thus Æ having an essentially singular point in the finite part of 


the plane is not a rational transcendental function by the defini- 
tion in 128, 4. 


CHAPTER IX 


THE B AND T FUNCTIONS. ASYMPTOTIC EXPANSIONS 


_ 141. Introduction. 1. In advanced integral calculus one treats 
of two functions called the Beta and Gamma functions which are 


B(z, y) TOCE je ew gu eiye Oel 
0 Jo (+4)? 


rry=— |e udu, 2. (2 
0 j 


These functions enter many parts of mathematics and on account 
| of their great importance we shall devote a short chapter to their 
| more important properties. The B and T functions are not 
| independent functions; in fact, as is shown in the calculus, and 
Jas we shall see in the next $, 


TEAL) 


Bea n= T 


T AA (3 
_ Thus of the two functions we shall devote most of our attention 
~ to the T function, which is a function of a single variable, whereas 
B is a function of two variables. 

Instead of employing the definition of the B and T function as 
a definite integral, we can define the I’ function as aa infinite 
product ton 


Migs Opi n= 1, 2y se (4 
"nfi + Nei 

n 
where C = .5772157 --- is Euler’s constant. We shall see directly 
that the integral 2) and the product 4) have the same values for 


z>0. For the function theory, however, the product definition 
295 


Ta) = 
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4) is vastly to be preferred. In fact, if we allow the variable z to 
take on complex values, the right side of 4) defines, as we saw in 
133, an analytic function of z for the whole z-plane except at the 
points z=0, —1, —2--- where it has poles of the first order. 
We may thus regard this function as giving the analytic continu- 
ation of an analytic function which for real z > 0 has values given 
by the integral 2). 

Instead of the integral definition 1) of the B function we may 
now take 8) as a definition where T is now defined by 4), the 
variables v, y being now of course complex. 

From these product definitions of the B and I functions many 
of their properties follow very simply, as we shall show. If we 
prefer, however, to start with the definitions 1), 2) it is merely to 
preserve the continuity of the reader’s knowledge. The justifica- 
tion of the steps we shall take in dealing with the integrals 1), 2) 
in the next two articles we must leave to the reader for lack of 
space. 


2. The integrals 1), 2) may be given other forms on changing 
the variable. Thus in 1) let us set 


v 


MAP n= 
We get 1 
Ba, y) = K v1 — v) dv. (5 
0 
If we set here ee eee 
we get B(2, y) = ih 'w1(1 — w) idw, 6 
0 
In 5) let us set h 
we get z 
Bls, y) = 2f sin?! @ cos%-1 ĝdð. (7 
e/ 0 
Finally, if we set 1 
u= log - 


v 
in 2), we get 1 
Trey ab log=a( =a. (8 
0 


Pg 
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142. B(x, y) expressed in I Functions. We wish to establish the 
relation 3) of the last §, the variables being real. If in 141, 2 we 
replace u by au, we get 


1 —_ 1 me, —au,,2—1 
a sal! e "ut idu , -z>0. ad 
From this follows that 


1 -e 1 ii —(1+0) uy -2+y—1 
G+) T@+ ai ile spree 
Hence by 141, 1 


v% ldv 


BQ, y) S bai E. ph, Wf aa 


Jo Ct vty Dez 


j 


or inverting the order of integration, 


a i O uz*vle“du v= le—“dy. 2 
T@t+y 1 0 € 


In the v integral let us set wv = w ; it becomes 


i u* T weddw =u T (2). 

Z k 

¢ Thus 2) becomes 

4 I(r) ig ner ple 
B(2, = M w le“du 

$ Uy) Pa@t+y/o 

3 TERI E” 


which establishes 141, 3. 


= 143. T(x) expressed as a Product. From the calculus we know 
that 4 
7 e*m (1 — ”) s 
n= N 
Putting this in 141, 2) gives 
F(z) =lim “we -= w)" du. 
n 


n=O 0) 


a aiia i 
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Setting u = nv, this gives 


a1 
T(z) = lim ve | (1 — v) idv. a 
n= 0 


Integrating by parts, we get 
1 : 1 
Leo idean f 1 — v)”-y7-1d 
if, C z) z r+nJo C ”) 3 


n w al 
= = ie = , n—2y2-1q 
sn xr+n—1,/; C ” 


= 1 
= A a = E ees 1 [oa 
sn xzt+n—1 2£+41,Jo 
resend. Whig Se 1 ih 
z+n r+1 v 


We may thus write 1) 
1 1-2- (n— 1) 


r(x) =lim=—. - n*. 
Ga) n=» © (+1) +2) (&+n-—1) E € 
Now E T 1\=/ 
ok §, e ee ee n a i" ly l j 
” G ess =) ERITA -0+ 
Also 


Peed) (aA ayr EF (1 +) +3) fe: (1+ z ). 


n—1 
Putting these in 2) gives 


142) 
its) =o 8 
vil Ka 
ps 
Ta 
sieti 
21 ey 
13> 
N 


zlog (1+1) -E 
e 


ii: 
To 
N 
Eia E 

L. 


Ul (a 4 a: 


n 


£ 
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Thus 


{T —Cr 
2 lee) ra x : K © 
: ll (a + Ze 
u3 
À where c=} {7 —10g (1 +5) 5 
Z Tn 2 n C 


is Euler’s constant. 


_ 144. Properties of T(z). In the foregoing articles we have 

seen that the B and T functions may be expressed as infinite 
Py Bo roduets, the variables being real and positive. We propose now 
to start afresh and define these functions for complex values by 
_ these same products. Thus we say 


e 


t r2) = ——_—____|}y n=1, 2, +. ad 
i que va =e 

: n 

_ where C is Euler’s constant 

$ 0oy ae log(1 r 3) = 5172157 (2 
7 l Ln n 

” 

aod B(u, v) = Sed, (3 
: T(u+v) 


Then the foregoing shows that these functions reduce to the B 
F and T functions of the calculus when the variables are real 
and > 0. 

_ From the definition 1) we may obtain two other expressions on 
_ using the transformations employed in 143, viz. : 


A R is Lae et nmal) ght 4 
po- ii Ap FDG ADe GEARI ie ` 
due to Gauss, and 1\ 
$ 1 (1 +2) 
3 AOLA ity tee etn? a 
ee ee 
N 


g 

7 j al Ne 
_ in 4), 5) we take that determination of n? and € ++) 
which is real and positive for z = 1. 
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The expression 1) shows, as already seen in 133, that: 


1° T(z) is a one-valued analytic function of z whose domain of 
definition is the whole z-plane except the points z= 0, — 1, — 2, + 
which are poles of the first order. The point z= x is an essentially 
singular point. 

Since the factors in 4) are positive for z real and positive, we 
have : 


2° T(z) ts real and positive for z real and positive. 


A very characteristic property of T is: 


3° T(24+1)= 2I(2). (6 
For using the product G,(2) in 4) we have 
2G,(2) 
G z 1)= NSA ES). 
C+D- ZAC a 
As li 
im = 
n== n 2 


we get 6) on letting n = œ. 
By repeated applications of 6) we get 
rl +n)=z( +1) +r- Dre). (8 


From 5) we have 


rq1)=1. (9 
Let us set z = 1 in 8), we get 
Tim+1)=1.2-3.-n=n! (10 


This relation gave rise to the T function. In fact Euler proposed 
to himself the problem : 


Determine a continuous function which when æ is an integer 
x= n shall have the value 1.2.3 ...n=n! The relation 141, 2) 
shows that such a function is 


I(x) = f e"w'du =T (1+1). a 
e/ I 


The relation between T and I may be extended to complex values 
by defining II(z) by W(z)=T'@+1) a2 
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_ The functions II and T are of course essentially the same function. 
The II notation was used by Gauss, the T notation by Legendre. 
Both notations are currently used to-day. The fact that 
II(n) =n! instead of [(1+n) will often make it convenient to 
| use II instead of T. 

Another important relation is : 


$ REFA es) (13 
sin 72 
For 
1 1 n 
Aa S PLETE 
-ara eeta 
r 2? (n—1)? 
ie lim =1, 
n== Nn — 3 
we have, letting n=, 
Mocs) aa ee 


by 136, 1). 
In the calculus the relation 13) is established by using the 


formula 
ve u” ldu pec. ai (14 
o 1+u sin m£ 


whose proof is not simple. 
If we set z=} in 13), we get 


PH=r 


or r4) = +Vr. (15 


The + sign of the radical must be taken by 2°. 
From 8) and 15) we get 


a T(n+ piso Can) va. (16 


Since the exponential function vanishes for no value of z, the 
expression 1) enables us to state: 


6° The T function vanishes for no value of z. 
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145. Expression for log T(z) and its Derivatives. From 144, 1) 
we have . 


Lz) = log T@) = — Cz ¢—loge + $ (2 —tog(1 + servis i 
Differentiating, we get 


Ti (a) warped gory ee Pee 2 
L'@) = T(z) pie ae =) ( 
1 


In general we find 
Le (2)= (— 1 ya — fy: a a 
Thus Wd) Se oss C. (5 


EMA) =(-1I)"@a—-1) > 4 = (~1)*(m-1)! Ae (6 
n” 


», E (4 


146. Development of log T(z) in a Power Series. We saw in 
144, 6° that T(z) has no zeros, thus log T(z) is a one-valued 
analytic function about z=1, whose nearest singular point is z=0. 
Thus Taylor’s development is valid, and we have 


log T (s) = La) = L(1) + z=) Daye S-Di nate 


Replacing z—1 by z and using 145, this gives 


log PA +2) =— Ce+ 5 C 1)” ALB i tad ol a 


n=2 


Legendre has shown how we can make the series 1) converge 
more rapidly. We have 


log (Leke m S egi _, 1. 
g Cake) a2 CE (b+ leas 
This when added to and subtracted from 1) gives 


log PL +2)=—log (1+2)+(1 — 24+ $ (— DH nË. 
2 
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_ Changing here z into — z gives 


log TC —z)=— log(i1—z)—-A— CaS UL he. 
a n 


ARN NN 


Subtracting this from the foregoing gives 
4 log P(A + 2) — log P(A — 2) = — log 47 4.201 — 0): 
f ; —z 


g2n+1 


S w Liy, 
Z anyi En 1) 


From 144, 13) we have 
log Td + 2) +log Td —z)= log — 


sin wz 
This in the preceding relation gives 
log +2) =(1 -0)z— 3log] ak EL 


Ik P sin 7z 


g 2 (Honi aa 1) 


g2n+1 


-Li 2 
2n- 1 ( 


to compute log ['(z) in the interval 1 < z < 3. 


147. Graph of (I')x for Real x. By virtue of 144, 8) the value of 
T(x) for any positive v is known when its value is known for 
values of z in the interval (0,1). By virtue of 144, 13) the value 
of T is known for v < 0 when it is known for «>0. This rela- 
tion also shows that the value of I is known in (0, 1) if it is 
known either in (0, 3) or indeed in any interval of length 4. 
Gauss has given a table of log I(x) for 0 <x <1 calculated to 
20 decimals. This gives us the value of log T(x) for 1<2<2, 
A four-place table is given in the Tables of B. O. Peirce * for 
<< m2. 

Since [(1) = T (2), the curve has a minimum between z= 1 and 
z=2. This point is found to be 


x = 1.46163 -- 


i valid for |z| < 1 

This series converges rapidly for 0<x <4 and thus enables us 
: 

a 

; 

é 


* See reference, p. 91. 


3 
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From 145, 4) we see that 
P (æ) 0- , fora 0. 


Hence the graph of T(r) is concave for > 0. 


=5 o 


ime 


The adjoining figure will give the reader an idea of the graph 
for real v. The vertical lines x =n, n= 0, — 1, — 2 --- are asymp- 
totes to the curve, and the maxima and minima of the curve lie 
on opposite sides of the z-axis. The distance of the elbows from 
the z-axis increases as we go to the left. 


148. The T Integral for Complex z. 1. For real z>0, we have 
[(2)= | Etu idu ce 
o 
as stated in 141, 2). Let us consider the integral 


G(2) = f e "u du, (2 


where z=r E , #>0. 


We have wo = ur lui — yu” leii ogu 


=u" {cos (y log u) + č sin (y log u) t. 


oe 
ZRIN 


=A te 


a icih i 
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Thus 
=f e“u* cos (y log u)du tif e e“u*1sin (y log u)du 
=H +iK. 


Now H and K are convergent since v >0, hence the integral 2) is 
convergent for all z for which z>0. 

2. Let us show that G(z) is an analytic function of z. To this 
end we use 86, 1). Now 


OH _ 


Ox J0 


Ok 


out log u cos (y log u)du = in 
y 


eet e-“u*1 sin (y log uw) - foe d 

Ox 
As these derivatives are also continuous functions of 2, y for 
x>0, we see that G is an analytic function of z for all z lying to 
the right of the imaginary axis. 

Sines G(z) as defined by the integral 2) and T(z) as defined 
by an infinite product 144, 1), are analytic functions which have 
the same values along the positive half of the real axis, they also 
have the same values for any z = z + ty for which v > 0. 


149. T(z) expressed as a Loop Integral. 1. In the foregoing 
article we have expressed the I function as an integral which 
converges for all z =v + iy for which z>0. Let us now show 
that it may be defined as a loop integral which is valid for all 
values of z for which T(z) is defined, that is, for all z#0, — 1, 
ee 

To this end let us consider the integral 


Ge) A udu, (1 
L 
the path of integration being the ee L 
loop Z extending to œ as in Fig. 1. S” co 
an u=re? , 0<PE2rm. Fic. 1. 


As value of u*—1, we take 
yet =s e7») log ú = eDi logr +i}, 
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The integral 1) is thus defined for all values of 2 and is a one- 
valued analytic function of z by 104, since its derivative 


——= | e “*u* log udu 
L 
is a continuous function of z. 


2. We now show that 


G(2) = (a — 1)T (2). @ 
To this end we need only = 
prove 2) for z=z>0, by vir- £ = = 2 o 
s 


tue of the principle of analytic 
continuation, 113. Let us re- 
place the loop Z by the loop £ as in Fig. 2. The radius r of the 
circle «By converges to 0. Thus 


a= fim | f afa E 


Now on the segment (%0, œ), ġ = 0, hence 


Fie, 2. 


i “eu idu= — T(z) as r= 0. 


On the segment (y, œ), ¢6=27. For when u passes over the 
circle «Sy, $ increases from 0 to 27. Thus u* has on the seg- 
ment (y, œ) the value 


et -Dilog r+2rR — utl. emie, 


Thus n £ 
if eu idu =e * ijs bma adu STEN) 
‘ z Y 
as r= 0. 
Finally 
== ere tior Ji e “ed. 
e” aBy apy 
Hence 


=r 


A 


Q7 
ya e “edd | 
0 


Sarr |e | 


=0,asr=0. 


i> 


E SE T tte LN SLE oe 
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Thus passing to the limit r= 0 in 3) we get 2) for real z > 0. 


_ But as the two sides of 2) are analytic functions of z and as the 


relation 2) holds for real v > 0, it holds for every z. 
3. Let us show that 


9 zoriz 
G@)= f. iduci a 
For 2) may be written fi rt 
=< me 2 ieri”. T(z) 
But by 144, 13) = 2 ie"? sin mz - T(z), by 58, 8). 6 
sin mz- I (2)= a 


This in 5) gives 4). 

Since e”* is an integral transcendental function having no zeros, 
and since T(1 — z) has poles of the first order at z = 1, 2, 3, -- 
and no other singular points, we see that the function G (z) defined 
by 2) is an integral transcendental function whose zeros are z = 1, 
2, 8, -- each of order 1. From the standpoint of the function 
theory, the @ function is simpler than the I function. 


150. The B Function as a Double Loop Integral. 1. In a similar 
manner we can show that 


fea — z) ldz =— (1 — e") — &") Bu, o), CA 
L 


TD) (2 


where 
BURP) r(u +v) i 


u, v being any complex numbers for which the quotient on the 
right of 2) is defined. The path of integration L is so chosen 
that the many-valued integrand in 1) 
returns at the end of the circuit to its 
original value. Such a path is 


L= this 
where J,, J, are loops about z = 0,z=1 


. š z 
in the positive direction as in Fig. 1. tee 
It is easy to see that L may be replaced 
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by the loop £ in Fig. 2, without 


? eee 
changing the value of the inte- AWN 
gral 1). The loop £ is a double JAA (2 opt 
Finally we must specify which 
Fic. 2. 
of the many values of 


ge = et Dogz | (J — z)” = e(e—D log —2), 


we start with at the pointz=c. We take 

loge =logr+ ia , log(l—e)=logs + iĝ, 
as indicated in Fig. 1. The values of 

log z = logp + ¿i0 , log(l — z)= log o + iĝ, 


at any point of L depend only on @ and 4, since log p, logo are 
the arithmetical logarithms of the positive real numbers p, ¢ 

To prove 1) we shall first show that 1) is true when u = z, 
v= y are real and positive. Then reasoning as in 114, 6 we see 
that 1) holds for complex values of u and v. 


2. Let now z run over the loop lp When z first reaches a, 
0 = «; on reaching a after the circuit about z = 0, the value of 8 
is «+2. Thus when z returns to z=e, the value of @ is 
œ+ 2m. On the other hand, the value of $ is unchanged. 

Similarly when z passes over the NF l» the value of @ is un- 
changed, while ¢ goes over into 8 + 2 7, ete. 

We may thus write 


f = fe B) + (a+? m, B)+ | (a+2m7, 8+27) 
Viz) 
it 
where the numbers in the parentheses indicate the values of 0, 


at the beginning of the corresponding circuit. 


As 


we see that 


e(z- flog p+iat+2ni} — e(z—lflog ptia} g 2rix, 


fes 2m, B) = or fC B). 
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Similarly 
(a+ 2, B+ 27) = ergy fe 8), 
it oJ I 


(e 8+27)=e" | (a, 6). 


e ae e ‘og 


fe B)= f+ are f= (ome Ebdef r 
lo Ji 0 0 


since the integral over the little circle about z = 0 is 0. 


Similarly, 
f@a=a— ern ™ 
h «70 


(e B) = e71) f 


Now 


əl 
(a, B) = (1 — ei) j 
fk c 
Putting these values in 3) we get 1) for real positive u, v. 


Asymptotic Expansions 


151. Introduction. In various parts of mathematics it is impor- 
tant to have the approximate value of a function for large values 
of the argument. For example, when v is a large positive integer 
n, we shall see in 157, 9 that T(1 + 7v) or n! is nearly equal to 


V2 nen", (1 


a result of great value in the theory of probabilities and the 
kinetic theory of gases. 

Another approximate expression of this type is the following. 
Letting J,(a) denote the Bessel function of order n, its value 
for large positive values of x is approximately, as we shall see in 


2 
ae ka Me, 4. 157 
=F cos(x— C2 +5), E 


T yx 
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This asymptotic expression shows at once that J,(x) has an infinity 
of real roots, a result of utmost importance in the mathematical 
theory of heat, etc. 

Connected with these approximate values of a function for 
large values of the argument is a class of divergent series 


U = uy + Ug + Ug t (3 


which have this remarkable property: — 

The sum of the first n terms U, gives the value of f(z) with 
great accuracy for values of n not too large, although the series UV 
itself is divergent. 

For example, we shall see in 156, 6) that Euler’s constant 


} POR 1 
=lim{1+=+=+4+--+-—-—-1 = .5772 oe 
C lim Í batite og n } 7721566 

is given rapidly and with great accuracy by using the divergent 
series 

1 1 1 1 

in Mat ag Gg t a 
where 

n=} Naw hawk 


are the Bernoullian numbers introduced in 139, 3. 

Divergent expansions of this type have long been used with 
utmost advantage in astronomy. On account of their growing 
importance even in pure mathematics we shall give a brief sketch 
of them as far as they relate to the T and Bessel functions. 

We begin by developing a few properties of the Bernoullian 
numbers and a class of polynomials also named after Bernoulli. 


152. Bernoullian Numbers. 1. In 139, 12) we saw that 
is = 
cotz= > — “Gal jE ewig 
where 
Ti =§% ’ T; = 35 ’ T=] 


are the Bernoullian numbers. Now 
GOS 2 bat +e* 


cot z= — : a 
sin 2 e E e7 


and ; i 
coth z = 27 cot zz. 
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Thus 
eoth = =~ > (= Ori al (Oe ala 
Ae yee 2 : 
py: E sone fe 
If we set 2z = u, this gives for |u| < 2r 
u 
a = 1+ But BS + B+ (2 
h 
where B =-} z B, = B, p Den =0 G 
and B= DanS n> 0. (4 
Thus 
2(2 n)! 
BSS (al ep ase é 
2n ( ) (2 ym im (5 
where as usual 1 1 D 
H,,=14+—4+ =—+—+- (6 


O2n 32" gm t 


Instead of 7T, we may with Tucas regard the B, as Bernoullian 
numbers. They may be defined therefore as the successive deriv- 
atives of 


e“— 1 
at u = 0. 
2. Let us introduce with de la Vallée-Poussin the symbol 
fe} 2" by the relation 


aay pa ae a . (7 


i+ Bas sat e—1 


je} a 1+ B 29] 


TY 1! ! 
We observe that the series in the middle is obtained from 


eMml+ BO st BS, + BO + o 


by replacing in it, B” T Bas 
This new symbol has an addition theorem analogous to the 


exponential function. It is expressed by the relation 
elt feg?” =fe e} (B+0)u 


HUE BHO R BER: rT (8 
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From 7) we have 
u = (e — 1) fe} = et$e}™— fej™, 


or using 8) u = fep B+Du — fe} Bu, (9 


Expanding and equating coefficients of the different powers of u 
on both sides, we get the symbolic relations : 


(B+1)-B=1 
(B+ 1)?- B=0 (10 
(B+ DE B= 0, ete; 
where (B+1)” stands for the expression obtained by replacing 


B” by Bn in the development of (B +1)” by the Binomial for- 


mula. Thus: 
1=1 


3 B,+3 B,+1=0, ete. 
From these recursion relations we find readily the values of the 


Tn given in 189. 


The relations 11) show that: The Bernoullian numbers are all 
rational. 


153. Polynomials of Bernoulli. 1. Instead of the function on 
the left of 152, 2) let us develop 


Palle == (e — 1)fe}™ d 


ew —1 


in a power series about w= 0. Since 


m uz , (uz)? 
elt + Seo. 
we have 
il u? uz uz? uzg 
A ee Tfi, ene of {ee Br =} 


=z + 8) m + B2) "+ s (2 


Veta tt KP 
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On the other hand 1) gives 
= fet rae HS fet Bu 
u 
ry he (B+ 2)?- B 4 B+28- 
=(B+2) a eae ete ey U2 + + 
Comparing this with 2) gives the symbolic equation 
yt B n+l __ Bui 
Be) = Ct 2 


n+1 


313 


(3 


These 8, which enter as coefficients in power series 2) are the 


polynomials of Bernouilli. 
From 3) we find 
Ay(2)= F2@—1]), 
B,(2)=42@— })@—1), 
B3(2) = 4 z(z—1)?, 
B =$2@-)E-1)@-2z-}), 
B) = § P C-IP- 2-9), 


etc. 


2. Let us set z= m a positive integer in 1). We get on per- 


forming the division indicated in the middle member 


Falter tem} e Hetu 


=14+(1+u+ + + .) 


Qu)? Quy? el 
+(142u4% a1 para or oe ) 
a as Buy? f 
+(14+8u4+ 7 =) 
+ = . . . . . . . . . . 
BEES Eii 
+(1 + (m — w+ PE MD g e): 


Comparing the coefficients of u” in this expansion and 2) gives 


12 +3 + ee + (m = 1)*= B,(m), 


(4 
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which connects 8, with the sum of the nth powers of the integers 
g lp mgs Ea 


3. The polynomials 8,(2) have z = 0 and z= 1 as roots. 


That @,(0)=0 follows at once from 3). To show that 8,(1)=0 
we set z= 1 in 3) and get 


(n sh 1) B, ()= (B + iet T Bras 
=0 by 152, 10). 


4. If we differentiate 3), we get the derivative of Ba: 
Bn (2) = (B + 2)" = 08,12) + Ba (5 
We recall that B,,,,;=0 when n > 0. 


5. We now show that: 


1 2 1 
oa) oA Bae É 


For TRY š 
fe ai Heile T 
1 z 
= = = 2fe}?” 
oe | 


Now the coefficient of 2"*' in the development of the first member 
is in symbolic notation 


B+ prt + BY =@+1) 8.) +2 Baan, C 
using 3), while that in the development of the last member is 
4 B n+l : te 
(3) abati S 


Equating 7), 8) gives 6). 
Since Bomy = 0 for m >0, we have from 6) that 
Bon(4) = Q. (9 


6. The polynomial B.,,,, does not take on the same value at more 
than two different points in A = (0, 1). 


For then its derivative would vanish at least at two different 
points within Ñ. But by 5) 


B'a) = (2 8 + 1)B2(@). 


ASYMPTOTIC EXPANSIONS 315 


Thus 8,,(x) vanishes at least at two points within Y; hence by 3, 
Êz vanishes at least at three points within Y. But by 5) 


B2,(2) me SBs CT) + Ba. (10 


Hence Sı takes on the same value at least three times in Y; 


hence 
Bos ’ Bog ghee B; ’ By 
each take on some value at least three times in Y. But 


By(2)= AEA — v) 


is of the second degree, and can take on the same value but twice. 


T. No Bernoullian number with even index B,, can equal 0. 

For by 6) n(x) would vanish at x=}. This is impossible 
by 6. 

8. The polynomial Bz,,ı(x) does not change its sign in A = (0, 1). 


For then it would = 0, at three different points in %, which 
contradicts 6. 


9. The polynomial f(x) vanishes at x=, 4, 1 and at no 
other point in A = (0, 1). 

For suppose x = 0 at two points within A. Then Bẹ (x)= 0 
at least at three points within Y. Then 10) shows that £,,_, takes 
on the same value at least three times in Y and this is impossible 
by 6. 

154. Development of B,(x) in Fourier Series. 1. Let us develop 
the polynomials 8,(”) in a Fourier series, valid in the interval 
X= (0,1). We begin by showing that 


x 1 <1 
B,\@)=5@-1 =~ Fahy gal cos 2 nme) 
1 cos 2 nara 
=-5{%-% nA | $ 
where H,=1+5+ 5+ a: 


as usual. 
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Let us denote the right side of 1) by F(z). Since 8,(0)=F(9), 
we need only show that 8, and F have the same derivative in Y. 
The left side of 1) gives at once 


B(x) =z — h. 
On the other hand, from 110, 8) we have 


if saps dal aa Q 


Wy n 


But differentiating the series F, that is the last member of 1), we 
get precisely the series on the right of 2). This establishes 1). 


2. From 1) we can express all the other §’s as Fourier series 
by using the relations 153, 5). Thus for n = 2, we have 


By (x) = 2 B(x) + By 


Integrating, we get, using 1), 


H, 1 Ssin 2 nex 
Maes Ie Pa Rag = 


The constant of integration is 0 as 8,(0)=0. Using 152, 5), the 
last relation becomes 


1 sin 2 nrx 

B= 5 <>) . (3 
wr n 

3. Let us now set 
kee] 
cos n 2 mgr i 
EAEN > Talo s an even integer, 
n=l 
Asin n 2? mre 
= p3 s an odd integer. (4 
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Then, by using 153, 5) and reasoning from n to n + 1, we have for 
any integer s > 0 


2 s)! 
TOR O] 
(5 
2s—1)! 
Buv(2)=(-1) GSS O) Hn) 
valid for 0<a< 1. 
We notice that for m an integer or 0, 
92s—1,7-28 
G,,(m) = H, = (> LÜ 4 (2 HI B,, = 1, 2, ae (6 
d 
de G(x) = {= Lys 20 ai) (7 


and a F 
ill G,(2)dz = ci G411(2) + const. 
0 T 


4. From 5) we see that in the interval 2% =(0, 1) the signs of 
Binas ar habs 


are 
respectively. 


5. Also we see from 5) that at any point v in Y, the sign of B,, 
is the opposite of that of Bzz. 


6. In passing let us prove a formula we shall need later. Let 
m<vn be positive integers. Then by partial integration we have, 
E using), 

P "G(z)dz_ 1 E rapt "G(a)dx | 
; m l+2 2m7L_L1+z2j, 2%rJ, A+z2) 


2 
W G,(m) = F,(n) =H, =T 


by 6) and 139, 9). Thus 
a Gader 


me 4 
a ioe e 8 
Pes ges cee m C 


p 


As this = 0 as m = æ we see that 


pg G (x)dz (9 
3 o L.t+2 
_ 1s convergent. 
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155. Euler’s Summation Formula. 1. To derive this important 
formula we employ an elegant method due to Wirtinger.* Let 
f(a) be a real or a complex function of the real variable z, having 
a continuous derivative in the interval Y = (a, a + nb), where 6>0 
and n is a positive integer. Let m be a positive integer <n. 
Then as in 93, 1 we have 


f(a +nb)—f(a) =t [ "f(a + bz)de 
f(a4nd)—s(@e B= f iat br)dz 
e/1 


f(atnb)—f(a+2b)= BAe 


f(at+nb)—f(a+ nb)= s fT a+ bey 


where the last equation is added for symmetry. Adding thesen+1 
equations gives 


(n+ 1)f (a+ nb) — Èf (a+ sb) =b >> "f'(at+bx)dx. (1 


s=Oe/s 


Now n stl s+2 n 
E Sr 
s s s+] e/n—] 


If this is put in 1), we see that every integral of the type 


ft 
$ 


occurs just s + 1 times. Thus the sum on the right of 1) may be 
written Toa 
>, T (8+ I) f' (a +br)dz (2. 
s=0* $ 


Now within the interval (s, s + 1) 
s+l=El)+1 


* Acta Matematica, vol. 26, p. 255. 
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= where E(x) is the greatest integer contained in æ. Thus the sum 
2) equals 


n=l @s+1 an 
E Tid bx)dz = E ER pu bejde. (8 
D | IEOH fat boar JEO f Catbejde. ( 


E = 
Nor E@)=G()+2—}, 
where 


ice) = 9 Ji 
TOE a R HO 


n=1 
G, being given in 154, 4). Thus the right side of 3) equals 
J 1+2 sat bade 
0 
= f OOS artoyde+ "zf atboyde+3 ffa + bx)dz, (4 
0 0 0 ` 
But by partial integration 


b [zp Ca + bade —nf(atnb)— fS Cabide, 


gb Pas brydz = pif (aF bn)— f. 
0 


Thus 1) and 4) give 
(n+1)f(a+nb)— È F(a + sb)= of” G(x) f'(a + br)dx 
= 0 


+nf(atnb)— ["f(a+beyde+4ifCa+in)—J(a)t. 
70 
Hence 


Ep(ateby=HifCar int sit [F(a + bde- R (5 
s=0 


where 


RHG [ " (a) f!(a + bx) de. (6 
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2. The remainder R may be transformed by partial integration. 
Thus 


[eres Paes FOUC 4 b2)de 
0 T Jo 
b 


2T? 


=- Fal REOS atte) | traf OS" atbadz. 


Now = 1 
4,0) = &,@ij=> -a= H, = 7B, 
m=1 

ay 

a R=—°B,Sf'(atbn)—f'(a)} + Ry 7 
where 32 n 

Ra af G (£) f'"(a + bx) dz. (8 
4 0 


3. Thus by repeated partial integration we get Euler's formula 
of Summation : 


FHF (A+B) + fa +28) +f (a+ nb) 


a [Fatte)aa+} { f(a bn) + f(a)} + oo .f!(at+bn)—f"(a)} 


HEA Sat bn) — f'a) + 


+ b2s+ a PERUCA + bn) — fF Y(ay} 4 Kla (9 
where 


2s+2 n 
ieee a li 1 as f Gua) F(a bryde. (10 
F 0 


If we integrate partially in 10) we get, since 
Gats l) = 0, for s= 0, £ = n, 


RUE CNE (2+3) 
+] = tate | Gan T (a + bx)dz. dl 


4. In 10) and 11) we have expressed the remainder R, in 
terms of the functions Ga, and @,,,,; let us now express it in 
terms of the 8 polynomials. 
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From 11) we have, setting for simplicity b = 1, 


R= re [7+ ai +e + N a2 


ax par, Go i(a)§ fF" a+r) fata +1)+ +} dz. 


= Now 

(= L) È (2s—1) 

2s—2,2s—1 Goa) S (a+2+m)dx 
QA ar 0 


=C D a, @ feat at my} 


ae 
-S fa) E pide A, Bee a 

But by 154, 5) 
GO" 6,@)= Si GDS a 


Q2s—l 2s (28— 1 AY 281,728 28° 


Thus E Ep {fe 1) (a +m+ 1)— Dag + m)t, 


ee. 


Ba ea a pi POS at e+ mae 


+GP Hf (a +x2+m)dz. 
0 


22s—l apes 
Here the last ees is A, Thus 12), 13) give 


Babee ae mei Busse) {f(a +2) 


tepid | oe +f Cata+n—l)jdr (C4 
= $. Let us return to Euler’s formula 9). We may write it, 
setting bel, 
Fa f(at flat it f@t2)t = +f@tn) 
=4{ f(a + nf S fat ade + D, + Rn (15 
e. 0 
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where D, is the sum of the first s terms of the series 
= Ba (f'(a + n) — fii + Fifa + n fO + 
=d +d +d; +- 


(16 


As the Bernoullian numbers B,, increase very rapidly as n = œ, 
the series 16) is in general divergent. Suppose, however, that 
f(x), fC) have the same sign in (a, a+n). As 
Baa), Bax) have opposite signs in (0, 1), the relation 14) 
shows that R, and R,,, have opposite signs. Thus 


|B, | < | R, = Ral =|d.a\- 
We have therefore in this case the remarkable result: 


Although the series 16) is divergent, the sum of its first s terms, D,, 
enables us to calculate the sum F in 15) with an error numerically 
less than the (s + 1)st term in 16). 


156. Asymptotic Expansion of 1 + 5 += 1 Fee L, In 155, 15) 


let us set 3 


I@=} , a=1 , n=m—1. 
Then 1 TE +i a +l+logm+D,-R, a 
E 
R= Cst D) SBO mt ee 
1 lar. (8 


@ +m—1)** 
Now the Eulerian constant @ +m — 1) ) 


= m 


m=æ 


Let us therefore keep s fixed and let m = œ in 1); we get 


1 Be and B 
C= = ae | zai Se) ES 
st {S24 Bee... (i) es } T., Gd 
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Banal) 4 
= (2s + Aj ipa (5 


where 


Returning to 1) we have, using 4), 


$ 1 il B 1 B 
ae ace A E gE etn sf [2 SE ET 
Faf pn 1 Owe: is) 2 pal igi 
By 1. 
ia 28 aa} To (e 
where U, = (2s fi 2) ji RED (7 


0 p=m+1 (z Ae A 


Since the derivatives f+? (r), f™+® (x) have the same sign, we 
are in the case considered in 155, 5. The formula 6) is thus an 
asymptotic development of 1 +) +e + L, 


From 7) we see that U, has the form 


TF; PD, (8 
m°? 


where e =0 as m=o. For in the interval (0, 1) 


(28+2) Lanle) <= G some constant. 


(x c+ pya pars 


Hence = 
riage 


p=m+1 p 


< eal -JZ r by 22,1) 


28+3 


TEN 
A 
a 


t mate 


Thus 8) holds since 


em) <5 J 


e+ 2 nv? 


(9 
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157. Stirling's Formula for n!. In 155, 5), 6) let us set 


a=b=1 , f(a+r)=log (1+7) , n=m-—l1. 
Then 


"Slog (1i+s) =}logm +f" "log +r)dr— D G (£) nina a 
s=0 0 0 1 +z 
By partial integration 
[ee (1+2)dr= mlogm — m + a! 
0 


Thus 1) gives 
log (1 - 2 - 3 --- m) =4(2 m+Ijlogm-m+1— f" G(x >= -Q 


We now transform 2) by using Wallis’ formula, 127, 5) 


ar OOS. s 
oh a i a (3 
From 2) we have 


2 log (2-4-+-- 2m) = log( 2? - 42 . 67... (2 m)?) 


= m+ 1) log m +2 mlog2—2m4+2—2(" Ga) 7 (4 
0 ‘1+¢ 
Also if we replace m by 2m + 1 in 2) we get 
log (1-2-3--2m+1)= (Qm4+14+4) logQ@m+l) 
—2m (6 


From 4), 5) we get, on subtracting, 
9.4.6...2m 1 2.9.4°4...9 

log ie oe ite 1 2m-2m 

2) thw Gut nals ey 1-8. 8.6. Gan Sen A 


a 1 


=—(2m+ 1) log 


z 108 (2m+1) 


rhai 
0 


1 
=- (2m+1)log(1 +} )=Flog(2m-+1)+2— log 2— = ae + p 


m—1 
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Thus 


oi D ceed 42. Dan < Don 1 
we |] = — 
et oS. Bee TSE E (2m +1) log (1+ +) 


— log 2+2— (ie soy i - (6 
e/0 m—] 


lim (2m + 1) log (a + oa)= 1; 
m=o 2m 


i m—1 
lim f =|" ; lim (7 =0. 
m=co m=0,) m—] 


Thus letting m = œ in 6) and using 8) we get 


Now 


—_ Gade 
log V2 7 =1 — Ntra” 7 
This i in 2) gives 
G i 
log m! = §(2m + 1) log m — m + log vIn + f ndr, 
_If we use this relation in 154, 8) we get Stirling's Formula: 
A 9 
4 log m ! =} (2 m + 1) log m— m + logv2r+ 7777” (8 
; where 68 SF, 
This may also be written A 
a VEan(%)" eB (9 
e 


158. Asymptotic Development of T(x). 1. In Euler’s summa- 
; tion formula, 155, 5), 6) let us set 


b=1 , a=z , f(a+nz)=log(ut+z), 


then we get, as in 156, 1), taking the principal branch of the 
logarithm, 


Slog (z +8)=(£+m+ 4) log (a+ m)— (e — }) log x 
s=0 


SPAT pfe a Zaydu a 


-yalid for any complex «#0, — 1, — 2.. 


ics 
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From 157, 2), we have 


log 1-2-3-- -m+1=(m+5)log (m+ 1)—m ™G(u)du 


o li« &@ 


Subtracting 1) from 2) and then adding 


(a — 1)log (m+ 1) 
to both sides, we get 


1.2-3---m+1 < ( 5) m+1 
ee a Da = — — lo — 
i. AEREE PER s a E ere 


1 m Gdu m Gdu 
AA . 8 
+(2 5) S J0 Ituh r+u ( 


Now 


; 1 
l = Tio =i — 2, 
lim (m +245) S mz 7 


Thus letting m= œ in 3) and using 144, 4) and 157, T), we get 


log (a) = — z +(#—)) logz + log V27 + (2), (4 
where © 
rom face ‘ 


In this relation let us set 


r=ytn u=v—n. 
Then since G(u) admits the period 1, 
vy +n= f FO) de dan, cay (6 
wc +0 


We may thus write 


y2) =f” t. +[o+- F: Gudu, (7 
> sa T+U 
In these integrals let us change the variable setting 
w=v+(s—l1) , s=1,2,-.. 


Then the limits of integration become 0, 1. But in this interval 


Gw)=}—v. 
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-. 
F 
a 


RAVI 


Thus 
(jos Gudu _ (7) Gadw _ [1 G-v)dv 
J) EE puta pe Shs 9 V+-z+s—1 
1 1 
a(t DN Ea 


|  Thisi in 7) gives a development of y(x) due to Gudermann. 


2. In 5) let us integrate by parts. We get, using the functions 
Gp, G- of 154, 4) and the relations 6), 7) of that article, 


(2) ad 1, pa ele ah ees Sai -hf Bow G u)du, 
is TJ) vtu ctu ao 2° Cz + u)? 
E G, (0) = H, = 72B, 
F we have 1 (°° G,(w)du_ 9 


Pe: a 
a are 90 (+u) 


Integrating again by parts, we have 
° G Cu)du x =l Gu) ij 1 (7 G,(u)du 
0 @+u)? arle +u) ho Th Gu)? 


* G (udu 
(a +u)?’ 


j 
Integrating again by parts, 


Od ET -3 (7 adu, 10 
F u=) 


(z+ u)? (z + uy? 2arJo (atu) 
3 
As G,(0) = H,=— =" B, 
9) and 10) become j notes 4 
Bes E 3 (*” G,(u)du 
paige). eae BASEN, 11 
i LOTS SR. AA], Ce Hu) C 


3. If we continue integrating by parts we get Stirling's 
Neries: — 


log T(z) = logV2ma — 2+ (a—dAloge 


pet Bate Bel 4 H,, , (12 


1.22 3-40 .5-6 2 


a 

r 
aie 
Ai 
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where (—1)*@n—1)! Gon (udu. 13 
Ron = 92n-17,2n a (s +u)” ( 


Since here f(a + u), f+? (x+ u) have the same sign, we are 
under the case considered in 155, 5, and the series 12) is in fact 
an asymptotic development of T(z). 

From 18) we see Ram has the form 


pg acn, a4 


where e = 0 ass=. For if we integrate by parts we have 


Gondu _ Fons) ahs =i le Gon (udu 
ji (s+ u)” Qo Sha tire +)" (2+ uy? 


=+"J. 


du LY Hai 
| J| sal Nie: z= p pantl (x +u)” PERAL T ray n zp 


G ; 
< -> where G is a constant. 
= 


Hence 


€, (2 , Ma constant. (45 


159. Asymptotic Series. 1. In the foregoing articles we have 
been led to divergent series 


D@)=a+9+ 9+ pa a 
such that the sum of the first n terms D,(2) gives a very good 
approximation of some function f(z) for large values of z, pro- 


vided v is not taken too large. More specifically we may say that 
the series 1) is so related to the function f (2) that 


tos Daa 2) MER @ 


as z =œ along the positive real axis. 
Such a series is called an asymptotic series, and we write 


f@~m+4+ St (8 
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Hereby we will not restrict z to move along the z real axis, but 
permit it to = o along any radius vector so that 

z2=re® , r=o , = constant. (4 
This we call the asymptotic vector. 

Asymptotic series figure quite prominently in astronomy and 
= also in some parts of the theory of linear differential equations. 
_ We shall meet them in this latter connection when we come to 
study the Bessel functions. 

We wish now to see how the ordinary operations on conver- 
| gent series may be extended to these divergent series. We shall 
suppose that z = æ% along the same asymptotic vector unless the 
= contrary is stated. 

Let us first show that: 


= f2) does not admit two different asymptotic developments aie 
_ the same vector. 


For from f= a+ S++ 4% i 6,=0 


gn 


=o hh parr ’ n= 9, 
z A 


E. h a 
we ave ya (hbt i .. + as te 
Letting z=oo we geta,=). Thus 

a, —b, + B= + P aee a 0. 
From this we get as before a, = b4, etc. 


| 2, Addition and Subtraction. Suppose 


f@)~ at A+ 
Z (5 


g@)~by ++ 2 


Then f£g~ Catb) ate (6 
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For 5) stand for 
a A el po 
‘ Fak rE Ee ae fut 
b, bn Ta £ Nn 
pars eN je aS Z= o0 
WE b E E 
ee TIETE E aa +2 tga 
where P= EnEn = 0 as Z = o0. 


Hence 6) holds. 


3. Multiplication. The functions f(2), g(2) admitting 
asymptotic developments 7), let us show that 


e VE 
f = Co + = + 2 a5 
where 
Co= dbo s Cy = Ady + a,b) > Cg = dob + a,b, + aQdy = 
as in the multiplication of series. 
For 7) gives i TI 
SI = fagn + za Enga + Mnfn) + c 


os 


But nbs ĉi 
Snrgu= Cy e + + +e +, 


where ð, is a polynomial of order <n — 1. Thus 8) is valid. 


4. Division. Since 


f 
price 


(7 


the 


C8 
€ 


the problem of dividing one asymptotic development by anothe 
may be reduced to finding the reciprocal of an asymptotic devel 


opment. 
Let us suppose in 5) that a0. We will write 
1 Anai € 
eS LL yp Sere yaa 
fat Raa(l+Ss E 


a ay C1 Eg DA 


a rs el 
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ieee. <<, 1 
i Pe in 3” 77, 
2 Sear Pee ee Ce r 
Fatt AHS tetigi ; om (10 
e=0 as 2= 0 


5. Integration. We show that: 


An asymptotic development of f(z) may be integrated termwise 
along the asymptotic vector when the function f(z) is integrable along 
| this vector as indicated in 12). 


- For from T) we have 


2 æ © n+ 
ji f(s)d2 = 4b T ET f T d. a1 


Now along the asymptotic vector 


n+ 
| 4 Hoe n+l dz 


Thus 11) may be written 


<n 


p” 


A T R= 00 


£ * a TTS ap a JA Sati dg Ae Ai 


f)~ a+ “149 2+. 


we can infer that 


5 ay “dy eas A 12 
ap G-man fo TEF 3 da + ( 
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6. Differentiation. Suppose that we know that f(z) has an asymp- 
totic development 
f@)~D4+ Bt ons (13 

Z2 8 
also that f' (2) has an asymptotic development of the form 


by 6 
f'@~gtat- ag 


Then the asymptotic development of f'(2) may be obtained from that 
of f(z) by termwise differentiation. 


For from 14) we have, using 5, 


rý: KOLTA ETEN 8 dz -+ d5 


f(~)= lim f@=9, by 13), 


Since 


we have, from 15), 


by 3 
mA e Foot sae (16 


Since by 1, a function admits but one asymptotic development 
along the same vector, the comparison of 13), 16) gives 
b=- A ; b,=— 2 a 


These in 14) establish the theorem. 


CHAPTER X 
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160. Limiting Points. 1. At this point it is convenient to in- 
troduce a notion which is fundamental in many parts of mathe- 
matics, that of a limiting point. 

Let A be a point set. If in any domain D(d) of the point b, 
there lie an infinite number of points of Y, we say b is a limiting 
point of A. The point b may or may not lie in Y. 


Example 1. Let &=1,4,4,---. Then the origin 0 is a limit- 
ing point of Y. It does not lie in Y. . 
-~ Example 2. Let% denote all the points within a circle R. Then 

any point of Y is a limiting point of Y. Also any point & of the 
circumference & is a limiting point of Y, although & does not lie 
in N. 

2. A set of points Y which lie in some square © is called limited, 
otherwise wnlimited. 

A set of points which embraces an infinity of points is called an 
infinite point set, otherwise a finite set. 

Thus the point set formed of the points corresponding to the 
positive integers of Le ae 


is an infinite unlimited set. For obviously no square contains 
them all. 

The set of points on an ellipse form a limited point set. 

We now prove the fundamental theorem : 


Every infinite limited point set A has at least one limiting point. 


For & being limited lies in some square ©. Let us divide © 

into 4 equal squares. Since A contains an infinite number of 

points, at least one of these squares contains an infinite number 

of points belonging to Y. Call this square G,. This we divide 
333 
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into 4 equal squares. At least one of these must contain an infinite 
number of points of A. Call this G,. Continuing in this way we 
get a sequence of squares 

GS » GQ + &. — d 
each contained in the foregoing. As the sides of these squares 
= 0, the squares 1) shut down to a point œ which lies in all of 
them. Since each square contains an infinite number of points 
of A, any circle about «, however small, will contain an infinity 
of points of X. Thus a is a limiting point of Y. 

3. Suppose the point set Y is not limited. Then there are an 
infinite number of points of Y without any circle R about z = 0; 
that is, there are an infinity of points of Y in any domain of the 
point z = œ. It is convenient to say that z = œ is a limiting 
point of Y. 

We may thus say that: 


Every unlimited point set admits z = æ as a limiting point. 
Putting this in connection with the theorem in 2 gives: 
Every infinite point set has at least one limiting point. This may 


be the ideal point z = œ. 


4. Let the one-valued analytic function f(2) take on the value e for 
the points of some set A. Any limiting point of A is any essentially 
singular point of f(2), provided f is not a constant. 


161. Periodicity. 1. Let the one-valued analytic function f(z) 
satisfy the relation 
f@+o)=f(@) , œ constant+0, qd 


for every z for which f is defined. We call œ a period of f and | 
say f admits œw as a period. We shall of course exclude the case | 
that f(z) is a constant. Thus 


é \. Bins = tense (2 | 


admit respectively 2 ari Oar G 
2 ’ > 7 


as periods. 
Obviously if œ is a period of f(z) so are 


=, —80, —20, — o, w, 2w, 3a, + (4 
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Thus if f admits one period, it admits an infinite number of 
periods. Sometimes these lie on a right line as in the case of the 
functions 2); sometimes they are spread over the plane as we saw 
in the case of the functions 


1 
>; TIMORE TE aa ee p=3, 4, -- (5 
considered in 123, 6. 


It will be convenient to say that two points a, b are congruent 
when their difference a — b is any period of f(z). This we write 


a=b 
and read a is congruent b. If we write more specifically, 
a=b , moda, 
read a is congruent b with respect to the modulus œw, we mean that 
a—b=mo , m some integer or 0. 


If ri 
we write a=b , mod @,, @, 


we mean 
a — b= mw +M, , My Mm, integers or 0. 


If œ, œ, are any two periods of f(z), so are obviously w; + œz, 
and w; —@, periods and still more generally mjw; + Mw, are 
periods, m,, m, being integers or 0. 

If a, b are not congruent we say a is incongruent b and write 


aÆb. 


2. Let P denote the totality of all the periods of f(z). The 
point set P must have z = œ as a limiting point as it always con- 
tains a set of points as 4), and ne =œ asn=oo. On the other 
hand, we now prove the important theorem : 


The point set P has no limiting point in the finite part of the plane. 


For suppose ņ were a limiting point. Then within D;(n) there 
are an infinity of points of P, however small ô is taken. If œ, 8 
are two of these, y = «æ — £ is a period and |y| <28. As dis small 
at pleasure, this shows that f(z) has periods which are numerically 
< any givene>0. But f(z) is an analytic function and cannot 
have such periods. For if z=a is a regular point and f(a) =e, 
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we know that f(z) cannot = ¢ in some D,*(a). But f(z) having 
periods 7 numerically < ø, we have 
fat =f4@™=e 
and a + lies in D,*(a), which is a contradiction. This shows that 
every point 2 is a singular point of f(z), and f(z) is not analytic. 
3. Let œ be any period of f(z). On the line / passing through 
the origin and œ will lie an infinity of periods, for at least the 


periods 4) will lie on 7. Since the origin is not a limiting point, 
there are two periods + à on J nearer z = 0 than the others. 


All periods on l can be expressed as multiples of À. 
For let œ be any period of f(z) lying onl. We can write 
@=nrt+n 


and take the integer n so large that |»|<|A|. If now 7 +0, itis 
a period on 7 which is nearer 0 than A, which is contrary to hy- 
pothesis. We call à a primitive period. 

Thus the periods 3) are primitive periods of their respective 
functions 2). 


162. Jacobi’s Theorem. 1. Jf the one-valued analytie function 
JS (2) has more than one primitive period œ, there exists a primitive 
period w, such that every period of f has the form 

M101 + Myo, a 
where my, M, are integers or 0. 

For let be any primitive period other than @,. In the 
parallelogram @ whose sides are Ow, and QO there are but a 
finite number of periods. None of these can fall on the edge 
of Q. For if » were such a period », = would fall in (0, œ) and 
as nı is a period, œ; cannot be a n 
primitive period. 

Let now wœ, be that period in Q 
for which the angle œ,0w; is 
least. Then every period of f 
has the form 1). 

For let P be the parallelogram 
whose sides are 0w, Ow,. If ¢ 
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there is a period w of f not included in 1), let o be that point of 
P which is =. Then a! is a period and 


Angle o! Ow, < Angle w 0o,, 


_ which is contrary to hypothesis. 

4 2. An analytic function f(z) which has more than one primi- 
tive period is called a double periodie function. 
_ Two primitive periods @,, @, such that all other periods of the 
double periodic function f(z) can be expressed linearly in terms 
of them, as in 1), form a primitive pair of periods. 

The functions e*, sin z, ete., are simply periodic. All their 
periods are multiples of a primitive period. 

As examples of double periodic functions we may take the 
functions 1 


oS a aA 2 
a > (2 + mw, + mq)?” : 
p an integer > 2 considered in 123, 6. 
These functions have 
MW, + Mwz (3 


as poles of order p. All other points in the finite part of the 
= plane are regular. The point z=% is of course an essentially 
singular point. 

3. Let f(z) be a double periodic function having œ œ, as a 
pair of primitive periods. Leta be another point. The parallelo- 
gram P whose four vertices are 


a, tHo , @+M, , AF wot 


is called a primitive parallelogram of periods. By drawing par- 
allels to the sides of P through the points 
a + M101 + Mow 

we may divide the whole plane into a set of parallelograms 
- similar to P. 

Any parallelogram ęQ built up on two periods 7, 7, not neces- 
sarily a pair of primitive periods will be called a parallelogram of 
_ periods. We shall often have occasion to integrate over the 
edge of such parallelograms, and in such cases we shall suppose 
_ the point a chosen so that the edge of the parallelogram does not 
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pass through a singular point of the integrand. To indicate 
what periods 7,, 7, are used we may denote Q by QC 72)- 

The fact that f(z) admits w; @, as a primitive pair of periods 
we may indicate by the notation 


FG @y )- 
4, From one primitive pair of periods œ}, œ it is possible to 
form an infinity of other pairs. 
For let 
N1 = M10; + Mp, 4 
Na = NW; + Ng, 
where the m, n are integers. Obviously 7,, m, are also periods. 
For them to form a primitive pair it is necessary that the deter- 
minant D = mn, — mn 
is +1. In fact, solving, we get 


Nany — M. 
o= 271 22 


w= a it BR backa ld 


Hence when D= +1, @,, œ, are linear functions of »,, n, with 
integral coefficients. 
Let us call the set of points 


lw + ho lp a= 0, +1, +2- (5 
a network. We may denote it by (@,, œ). 
We now see that the Cn, 7.) network is the same as (@,, @) 
when and only when D= +1. 


5. Let P be a parallelogram formed by the points 


O 3 @, 5 w3 5 @ı + Wg. 
If 


w = a, + ib; @, = A + ibz, 


we know from analytic geometry that 


Area P(@,, ,) = (6 


a, by 7 
a, b 
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Thus the area of P(, ng) is 
Ma; + Moa, Mibi + Maba) _ |mym,| Jab], 
Nil Ngado Nb, + Ngba Ny Nol) |dzbz 
ienee Area PCr m) =A- Area P(@,, œ), C7 


where A= | D|. 


163. Various Periodic Functions. 1. From a periodic function 
f(z) admitting œ as period we can form an infinity of others ad- 
mitting this period. For example 


g@) =f") m an integer, @! 
admits the period œ. For 


JE + o)= f" + o)= f=). 

If @ is a primitive period of f, it does not need to be a primitive 
period of 1). For example 277 is a primitive period of sin z, but 
it is not a primitive period of sin?z, whose primitive period is r. 

2. If f(z), g(2) admit the period a, their sum, difference, product 
and quotient will also admit this period. 

For example let 


A(z) =f). 
Then h(z + o) = f(z + 0)g(z + 0) = f (Jg) = h(2). 


We must, however, guard against the case that h reduces to a 
constant. Thus f= sin? z, g=cos?z admit the period m. Their 
om h = sin? z + cos?z= 1 
is not properly periodic at all. 

From the above it follows that any rational function h of the 
periodic function f(z) is also periodic, guarding against the case 
of course that h is a constant. 

3. Let fi), f2) = fa) be one-valued analytic functions ad- 
mitting œ as a period. Then the analytic function w satisfying the 


equation 
wor + f,(2)w? + fol2) wrt +o + Fy(2)= 0 @ 


will admit w as period. 
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For let w(z) be a value of w corresponding to a value of w at z. 
The value of w at the point z+ will be w(z+@). As the co- 
efficients of 2) have the same value at z+ as at z, we see 

w(z+o)=w(z). 

4. If the one-valued analytic function f(z) admits w as a period, 


so does its derivative f' (z). 
For f'(2) is the limit of 


gt ate 2, —f@), 
But eee =f tet a fGs g). (8 


Passing to the limit A = 0 in 3) gives 


f'G +o)=f' (e). 
5. If f(z) admits the period œ, we cannot say that the primitive 
function F(z) admits this period, as the following example shows. 
Let 


Then 


f(z)= cos 2 + 2. 
F@)= { (ose+ 2)dz=sinz+22+C 
is not periodic although f(z) admits the period 2 7. 


There is, however, an important case when the primitive func- 
tion F(z) does admit the period œ, viz.: 


Let the derivative f(z) of the one-valued function F(z) admit the 
period œ.. If F is an even function, F admits the period a. 


For from f(a+o)= f(z) 


we have, on integrating, 
F(2+o)=F(2)+ 0. 


In this relation set z = — a, then 


w @ 
¥(5)=#(-§)+¢ 
As ¥(3)\= F(- 2), this gives C= 0; thus 


F@+o)= Ff), 
and F admits the period œw. 
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6. From a one-valued periodic function f(z) having no essen- 
_ tially singular points in the finite part of the plane let us show 
how to construct a periodic function having z= a as an essentially 
_ singular point. 

To fix the ideas let us take 


F (2)= cots. 


This has the period m and the poles 


Pm = Tr m=0, +1, + 2)... 

Let us set 1 

FAE) = ook (z= ITF an), 
n! 


where a,, a,- is a properly chosen sequence which =0. For 
example we may take here 


i 
a, =—: 
n 
Consider now . ; 
g(2)= Sh)= 5 cot (2-2-2), (4 
The poles of f, (z) are 
Inm=a+~+ Pm m=0, +1, te (5 


No two terms f,, f, have a pole in common. Let P be the set of 
points formed of the sets 5) and their limiting points 
Um = + Pw 


If z=% is not in P, we can describe about it a circle ® which 
contains no point of P. Then each and every f, in 4) is nu- 
merically < some fixed & for any z in &. Thus each term of 4) 
is numerically < the corresponding term in the convergent series 


1 
Grae 


Hence the series 4) converges steadily in & and as each term of 
4) is analytic in Q, the function g(2) is regular at z g b. 
On the other hand, each pole g of any term f, of 4) is a pole of g. 


For we have gI@) =f 2) + AC); 
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where A is the series obtained from 4) by omitting the term f, 
From the foregoing reasoning fA is regular at gq. Thus g has a 
pole at g and of the same order as f,- 

The point z = a is an essentially singular point, since it is the 
limiting point of the set of poles 


zt 
=a++. 
fmo n 


Finally g(z) admits the period 7 since each term of 4) does. 
This shows that not only a but also lm =a + mm are essentially 
singular points. This is as it should be, since the lm are limiting 
points of the poles 5), and g(z) has the period r. 

T. Instead of the function cotz we can take a double periodic 
function as 1 


z)= — 

I@ 2; (2+ mo, + m,@,)° 
With this we can construct a series of the type 4) which will de- 
fine a double periodic function having a given point z= a as an 


essentially singular point. Of course all points =a will also be 
essentially singular points. 


164. Elliptic Functions. 1. Having now an idea of some of the 
singularities a double periodic function may possess, let us pick 
out a class of great importance called the elliptic functions. These 
are defined as one-valued analytic double periodic functions which 
have no essentially singular point in the finite part of the plane. 
The reader will recall that, as we saw in 123, every periodic 
function must have z = oo as an essentially singular point. Thus 
the elliptic functions are the simplest double periodic functions, 
in that they are one-valued and the number of their essentially 
singular points is the least possible. 

Such functions are 


1 
=—2 
Pina > (z — 2 mo, — 2 mwg)? $ 
pa) =(- (m+)! : (2 


where 2 @,, 2, are any two complex numbers not collinear with 
the origin and m,, Mm, range over all positive and negative integers © 
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and 0. We notice that p, is the derivative of p,, p, the derivative 
of p,, etc. These functions are essentially the functions con- 
sidered in 123, 6; we have replaced œ; œ by 2@,, 2 w, to avoid 
writing the fraction 4, as we shall see. 


2. From p,(2) we can get by integration another elliptic 
function of fundamental importance. In fact let us write 


r@=-5+9@,, G 


where the first term on the right corresponds to the values m,=0, 
m,=0in 1). 

The function g(z) is regular in any part of the plane which 
does not contain one of the points 


2 mw +2 Mmo, , m,=m,=0 excluded. 


In particular it is regular about z = 0. Thus 


(iD EEr TETT N, 
-5f 1 en Om 


(z — 2 mo, — 2 m,0,)* a (2 mo, + 2 mo)? 
where the dash indicates that in effecting the summation the 
combination m,=m,=0 is excluded. This dash we shall often 
employ in this sense. Let us now set 


P=} HAO). 6 


Then 2 
AO a O O (6 


Thus 5) is the primitive of 6). Let us now show that A(z) is 
even. For to the term indicated in 4) there corresponds another 
term in which m,, m, have the same values but with opposite signs. 
Thus h(—2)= A(z) and A is an even function. Hence by 163, 5 
the function 5) is double periodic admitting the same periods 2 œ}, 


2 w, as p,(2). 


| Then 
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Thus the function 


A ! 1 1 
P@=atd loam, ve 


o — 2 mo) (2 mo + 2 m)? 


is an elliptic function admitting 2,, 2, as periods. It is the 
fundamental elliptic function in Weierstrass’ theory. To denote 
it, he has invented a modified p, viz. the symbol gø, and this 
has been generally adopted. We shall, however, retain the 
ordinary p. 

By virtue of 6) we see that the functions defined in 1), 2) are 
the derivatives of p(w). 


165. General Properties of Elliptic Functions. 


1. Every elliptic function has at least one pole in any parallelogram 
of periods P. 


For having no singular point in P, it has no singular point any- 
where in the infinite plane. It is thus a constant by 121, 2. 


— 


2. Let f (2) be an elliptic function admitting œ; and wœ, as periods. 
| fae = 0, ei 
e/ P 


P being a parallelogram of periods not passing through a pole of f. 


For S z { 
[LLL 
wv P v12 23 e/ 34 e/ 41 
[ faz = fdz 
e/ 43 


since f has the same value at z = s+ @, as it has at z, by virtue 
of its periodicity. Hence 


thee 
Similarly 
Peak 


Thus the right side of 2) vanishes. 


Now 
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3. The sum of the residues of f (2) in any parallelogram of periods 
P, not passing through a pole of f, is 0. 


For this sum is by 124, 1 


a SIO dz, 
2i) p 
which = 0 by 2. 


4. The sum of the orders of the poles of an elliptic function in any 
parallelogram of periods not passing through a pole is at least 2. 


For if the sum is 1, f can have but a single pole z = a in P and 
its development must have the form 


f=- +%+4@—a)+-- (3 
Here e = Res f(z). 


As the sum of all the residues in P is 0 by 3 and as there ‘is but a 
single pole, we must have e = 0. But then 3) shows that f has 
no pole at a, which is contrary to hypothesis. 


5. Definition. The sum of the orders of the poles in a primitive 
parallelogram of periods not passing through a pole is called the 
order of an elliptic function. 

From 4 we have: 

There is no elliptic function of order less than 2. 

By means of this theorem we can often show that a pair of 
periods of an elliptic function form a primitive pair, as the follow- 
ing theorem shows: 

6. Let œ œ be a pair of periods of the elliptic function f(z). 
This is a primitive pair if the sum of the orders of the poles of f in a 
parallelogram P (w), œ) not passing through a pole is 2. 

For if not, let 7,, n, be a primitive pair. Then 

@y = Mm + Ma > #3 = MN + NMa 
aay A = |M — mn; |, 
is >1 by 162, 4. Now by 162, 5 the area of P(@,, œ) is A times 
that of PCn n). From this it follows geometrically that there 
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are » parallelograms which either contain no pole or a pole of 
order 1. As f(z) behaves in all parallelograms of periods just as 
it does in any one parallelogram, we see that f violates the 
theorem 4. Hence œ; œ, must form a primitive pair of periods. 


7. From this we see that 2,, 2@, form a primitive pair of 
periods of the function p(w) defined in 164, 7. 

For as we have seen, its poles are the points of the network 
(2 @,, 2 œ) and each is of order 2. 

From 118, 4 and 163, 4 we also see that 2 œ, 2, form a primi- 
tive pair for the derivatives p'(w), p" (w) -- 


8. On account of periodicity an elliptic function takes on the 
same values at a and b=a+o@ where œ is a period. Thus in 
counting up the points where an elliptic function takes on the 
same value in a primitive parallelogram of periods we agree to 
consider only one of the two opposite sides. Also if f(z) =e at 
z= a the function g(z)=f(z)—e will have a zero at a. If this 
zero is of order s, we will say that f(z) takes on the value c at a, 
s times. 


This being agreed upon we now prove: 


An elliptic function f(2) of order n takes on any given value c just 
n times in a primitive parallelogram P. 


For choosing P so that no zero or pole of f(z) lies on its edge, 
we have, by 124, 4, 
Ll, fee 
Set fay Mo = Me 5 (4 


where m is the sum of the orders of the zeros and me the sum of 
the orders of the poles of f(z) in P. 


Now P being a parallelogram of periods of F(z), it is also for 
the function eo Thus the integral in 4) vanishes by 2. Hence | 
My Mass 
But Mn = 1 by definition. Thus f vanishes n times in P. 
Consider now MAE E 


This vanishes whenf=c. On the other hand, P is a primitive 
parallelogram for g as it is for f. Finally, g having the same poles 
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as f, and to the same orders, the order of g is n. Hence g vanishes 
n times in P. 
9. A theorem of great use in the elliptic functions is the follow- 
ing : ‘ 
Two elliptic functions having the same periods, the same zeros, and 
poles to the same orders, can differ only by a constant factor. 


For let f(z), g(2) be two such functions. In the vicinity of a 
zero or a pole z= a we have 


J=- A") g =(2—4)™H(2) 
where ¢, y are regular at a and do not vanish. Hence in the 
vicinity of a zero or pole 


omens — $(2) 
JIE) ¥@ 
is an analytic function. If we give to qat a the value 
Lene? 
pa)’ 


q is regular at a. Thus g has no singular points in the finite part 
of the plane. It is therefore a constant. Thus 


SR) = E). 
10. A similar theorem but not so often used is the following : 
Tf the elliptic functions f(z) g(z) have the same periods and at 


each pole the same characteristic, they differ only by an additive con- 
stant. 


For at a pole z = a, let 
f@=b@)+FO), 
I@)= C)+ F@), 
where ¢ is the common characteristic at a. The functions F, @ 


are regular at a by 118, 2. 

Thus f(z) — 9(z) =/h is regular at a as it is the difference of two 
regular functions. Thus the function is regular everywhere, and 
is therefore a constant. Hence 


S=) + C. 
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11. Abel’s Relation. Let f(z) be an elliptic function of order n. 
Let P be a primitive ptr pret of periods not passing through a 
zero or pole of f. If a4, ag-+- 4, are the zeros and pj, Pa Pn the 
poles which fall in P, then 

(a, + dg + ++ +4,)—( py + Pot = + Pn) = 4 period. (5 

Before proving this theorem let us see its significance in the 
function theory. It is often convenient to construct functions 
having assigned properties, and it is therefore necessary for us to 
know which such functions are possible. 

For example we know it is possible to construct a one-valued 
analytic function which vanishes at aj, a, --- @m Which has poles at 
Py» Pa't Pn and which has no essential singularity even at oo. 
Such a function is 

(= 4y) +++ (2@= Gm) | 
(2 — P1) ++ @— Pa) 

Now if we were asked to construct an elliptic function having 
these zeros and poles in a primitive parallelogram of periods P we 
would say at once that this is impossible unless in the first place 
m =n by 8. This is the first restriction. Abel’s relation 5) is 
another restriction. It says that having chosen 2m —1 of the 
zeros and poles in P, the last one is no longer free to choose ; it is, 
in fact, completely determined by 5). Are there any other con- 


ditions to inpose? We shall see in 166, 4 that there are not. 
Let us note that we may write 5) 


Lan ==Zpm , “Mod a), 0z: (6 
We turn now to the proof of this relation. 
From 124, 2 we have 


1 
a4 Pa log f(2) = Lan — Epm 7 
Now 
SSL d 
be e e/ 4l 
Also 


f- if c+Hwg CHO: 
ERRET, Foghs 


Let us change the variable setting 


Chu, 
g=u+ Wg 


THE FUNCTIONS OF WEIERSTRASS 349 
c+, ad 
[208 F@ = [ut odlog few) 
43 c 
= fua log flu) + w log. Foe |". (9 
12 c 


Now if the reader will remember that an integral is the limit of a 
sum, he will see that the letter chosen for the variable has no 
influence on its value. Thus 


fa log f(u) = | 24 log f(z) = f. 


Also if log f(u) has the value log f(e) at u =e, its value at e + @, 
_ is one of the many values log f(e + œ) has at this point. But 
Fle + @,) =f (ec); thus the value log f has at e + œ is 


Then 


log f(e) — 2 mmi, M an integer. 


ih + [ =2 mrio,. 
12 J 34 
f + fi = 2 mrio, 
23 «AI 
Thus 7) gives 


Lan — 2pm = ae | = MO, + MW, 


= a period. 


Thus 9) gives 


Similarly 


12. From Abel’s relation we have : 
Let the elliptic function f(z) =e at the points 2i, 2 ++: Z, in P. 
Phen 27, = Ep. (10 


For 

i g(@)=fl2)— 

has the same poles as f(z), and its zeros are %,++-2,. We thus 
need only to apply 6) to the function g. 

Remark. In Abel’s relation 5) the a’s and p’s lie in one and 
the same primitive parallelogram. We can give this relation a 
slightly more general form as follows. Let us say that any set of 
points form an incongruent set when no two of them are congruent. 


Let then a al... al, (di 
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be any incongruent set of zeros, and 


Pi Pa'n Pr a2 
any incongruent set of poles of f(z). Then 5) may be written 
at + +a,=pi t+ +p. (13 


For each a/. must be congruent to some am, and no two of the 
points 11) are congruent to the same am since then they would be 
congruent to each other, in which case 11) would not be an incon- 
gruent set. Thus 


a+ -- +a,=a,+ = +a, +a period. 
imilarl ; 
Similany ph bos + ph= pid = + pa +a period. 
Thus 13) is a consequence of 5). 
A similar remark holds for the relation 10). Here it is not nec- 
essary that the z; --- z, all lie in the same primitive parallelogram ; 
they can be any set of incongruent points for which f(2)= e. 


13. In case of an elliptic function f(z) of order 2 Abel’s relation 
enables us to solve the problem of finding all the values of z for 
which f(z) takes on a given value as follows : 

Let p;, Pa be incongruent poles of an elliptic function f (z, œ, @,) 
of order 2. If f takes on the value c at z = 2, then all the roots of 


f@=e (14 
Zo + My@, + MW, (15 
Py + Pa — Zo + Myo; + Moy, 


are given by 


where 
m m=), +1, +2... 


For if z is the other value of z for which f = ¢ in the primitive 
parallelogram P(@,, œ) in which z, lies, we have, by Abel’s relation, 


Žo + Zi = CPi + Pa) =a period. 
2) = Py + Pg — % 


Thus 
as stated in 15). 


Remark. In case f(z) has a double pole p we replace Pit Ps 
in 15) by 2 p. | 
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14. Between the poles of an elliptic-function of order 2 and the 
zeros of its derivative there exists a remarkable relation which is 
expressed in the following theorem : 


If the elliptic function f(z, œ, œ) of order 2 has p4, p, as incon- 
gruent simple poles, its derivative f' (z) is of order 4 and admits the 
incongruent points 


@ @ + 
2 = 1 2 
pihan Ber sheng 


(16 


as zeros. 


That f’(2) is of order 4 follows from 118, 4. That the points 
16) are incongruent is easily seen. For suppose 


fa O2 
Za = Z = 2, + ee 
Then @, 


ITF: 


is a period, which is not so, since ,, œ form a primitive pair. 
From 13 we have 


fpi + Po -2D=F(2)- 
Hence J' (2%, —2)=—f'(2). (iy 
As 2, is incongruent to p; or Py it is not a pole of f’(z). Let us 
therefore set z = z; in 17). We get 


IG) =—-F'@), 
or, 2 f' (3) = 0. 

This shows that z, is a zero of f’(z). 
Again, set z= ž in 17); we get 


J' (2 & — 23) = —f! (23). (8 
N 
Ow 22-4 =%,— Flat paz 
Thus 18) shows that f’(2,.) = —f' (23) or 
2 f'(.) = 0. 


Hence z, is a zero of f’ (2). Similarly we show the other points 
of 16) are zeros. 


352 FUNCTIONS OF A COMPLEX VARIABLE 


15. Similar reasoning applied to 17) gives: 
Tf the elliptic function f (2, œ, œ) of order 2 has the double pole 


p, tts derivative is of order 3, and it admits the incongruent points 


w @. @ +w 
4=pts > R=ptsz ; z =p + “152, a9 
as Zeros. 


Remark. The reader mayask: Why does not the same reasoning 
prove that p is also a zero of f/(z)? As we know that a pole of f 
is also a pole of f’(z), our reasoning would then be quite fallacious, 
since p cannot be at once a zero and a pole of an analytic function 

The fault in such reasoning on p would lie in setting z = p in 
17). Since we know that z= p is a pole of f'(z), this latter is 
not defined at this point. The relation 17) holds for values of z 
near p but not at p. 


16. An elliptic function of the second order having simple poles 
satisfies a very simple differential equation, as the following theo- 
rem shows: 


If f (2) is as in 14, it satisfies 
d 
( =) = = CCF — e:)(F— ea) F— es) (F— e4)s (20 


where f (Zn) = em m= 1, 2, 3, 4, and z,, are the numbers 16). 


Let us first show that the e’s are all different. For if e = ey 
for example, then 


FR) =f G), 


and either Zy = Zy 
or, Z1 + 2% =pi + Po by 18. 
Neither is true. Let us now set 

Im) =f) —e, 5» m=1, 2, 8, 4, 
and IC) = 192939 


We show that g admits ,, œ as periods and has the same zeros 
and poles, and to the same order as (f’(z))?=h. Thus k and g 
differ only by a constant factor by 9. 
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For in the first place f and g obviously have the same periods. 
Next g being the product of four factors of order 2, is of order 8. 

AS 9m = 0 for 2 = Zm we see that g vanishes at the four points Zm» 
Each of these points is a zero of order 2 for g(z). In fact 

I) = G1 ` 929394 + I ` 19394 + I3 ` 919294 + I4 ` IIs: 
Let us sst z =z; in this relation. The first term on the right 
vanishes, since the factor 
NE) =f'%)=0 byn. 

The other three terms=0, since each contains the factor g,. 
Thus g'(z,)=0 and hence z is a zero of g(z) of order 2 at least. 
Hence g(z) and A(z) have the same zeros to the same order. 

The poles of g(z) are p,, pa each of order 4. The same is true 
of A(z). Hence by 9, h=C-g. 


17. When the elliptic function of order 2 has double poles, we 
have: 


If f (2) is as in 15, it satisfies the differential equation 
(ZY = 0G- DF- a) F— 4) er 
where f(2m) = my» m=1, 2, 3, and z,, are the points 19). 
The proof is entirely analogous to that in 16. 


18, Anplication to the p function. This function is defined by 


1 
= — a 9 
ACS EE aie oa A i 
where @ = 2 mo + 2 mwg. 


Here p=0 is a double pole, and the periods are 2 wj, 2@,. 
_ Thus 19) becomes 


Z =0] > Q= ; 2, = @, + 03 (23 


oh PCO) =e, » PCO) » PCO +o)=es (24 
Hence 21) shows that p(<) satisfies the differential equation 


(BY = 0p- ep -e)p — %)- (25 
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From this follows that 


2 = 
Sr ig e) (p aie e) (P = es) 


Remark. The reader can now see why we have denoted the 
periods of p(z) by 2,, 2, instead of @,, œ. It is the half 
periods which enter in the definition of the e,, e,, €g, and these 
quantities are of fundamental importance. Also in many other 
relations the half period figures. If we call the periods 2@,, 2 @,, 
we avoid the fraction 4 when using the half periods. 

The reader will also note that the period of sinz is denoted 
by 2-7. 


19. It will greatly simplify our equations, as the reader will 
see later, if we introduce a half period œ, by means of the relation 


w + @, + @, = 0. (27 

Then p being an even function we see that 

P(@ + oa) = p(w) = ez- 

Thus the three equations 24) can be written 
p(@,) = 6, s= 1, 2, 3. (28 

Also the zeros of p'(z) are 

=O, , OG , op (29 
166. Elliptic Functions expressed by o(z). 1. Let the elliptic 


function f(z) of order n have P(C æ, 2@,) as a primitive paral- 
lelogram of periods. Let its zeros be 


Oy 5 lg) yn gS a (d 
arranged so that |a,,,| > |a| #0; let its poles be 

a E (2 
arranged so that |b, |> |ba|=0. Then by 140, 4, and 6, 


Ul (1 £ D 
F@)= er a 


oe a ae 3 
I ę i ENA) ( 
y | 
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1 1 
F > af l >p 
-= Converge. 


To determine 7’ let us observe that 


g(a) = TRTO a 


also admits 2@,, 2 œ as periods. Thus 


hd tine * EEA 
MOTTAS > ay)” oa ‘Paar bn)” i) 
is double periodic. 


Now each È here admits 2 œ}, 2, as periods. Hence 


T"(2)=g@)+2—% 


admits 2@,, 2, as periods. As T is an integral function, so is 


T". But then’ 
f radari T"'(@)=2¢, a constant: 


Hence T = a + bz + cz. 


The infinite products entering 3) can be expressed as the 
product of m simpler products as follows: Let 


Lect ee (5 
fo E Bos 
be the zeros and poles which fall in the parallelogram P. Let 
le” meet e (6 
be all points 1) which are =c,. Let 
Pu, Serge). Fis. °° (7 


be all the points 2) which are =p,. If we treat the other points 
in 5) in a similar manner, all the zeros 1) will be thrown into m 
classes, the points in each class being = some zero in 5). A 
‘similar remark applies to the poles 2). 

Let us therefore set 


t(% 6) = niže S (8 
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Then the numerator and denominator in 3) are each the product 
of m factors of the type 8). We have, in fact, 


cry path c,)t(2, Cy) +++ t(%, Cn) 9 
sD aes t(z, p)t(%, Pa) ++ G, Pm) : 


2. The simplest ¢ function is obtained by taking ¢, at the 
origin. It is denoted by o(2) and is called Weierstrass’ sigma 
function. Thus NE r 
o(2) = 2ll(1—2)es at? (10 
where w = 2 mw + 2 mo, mm = 0 excluded. 


By 140, the zeros of e(z) are z = 0 and the points œ. They are 
of order 1. By using the o function the formula 9) can be much 
simplified. To show this we make use of the fact that 


RLO {+--+ = 
Se oe a > Gor 5} = pe) di 
From 10) we have 
Aa nen z z ,1/f/z\3 


The derivative of this function is so important that it has a 
special symbol ; we set with Weierstrass 


d log (2) _ o' (2) 
os dz a (2) Cs 
Thus 
oe 1 IRS 
a e ea ei ag 


Hence finally UO E 


Let us note that o(z) is an odd function. 
For replacing z by — z in the II in 10) it becomes 


n(1+2)e IOM (15 
As œ and —o give the same network of points, we can replace œ 


by —@ in 15); but then 15) goes back to II in 10). Thus this 
product IT is an even function. As o=2zII we see ø is odd. l 
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= As o'(2) is now seen to be even, the definition of &(2) given in 
_ 13) shows that ¢ is also an odd function. 
We have introduced these relations at this point in order to see 
| how a(z) behaves when z is replaced by 


Z24+2@, or 2+ 2 owg 


We start with the relation 

P@t+ 20) =p). 

C+ 20,)= f(z) C. 

i 4 To determine the constant C, we set z= — œ; ; we get 


Elo) = <e w) +C=— Elow) +0, 


since € is an odd function. Hence 


Integrating gives 


C=2 C(a,). 
Let us set for brevity 
Spi (a) we bye Elo). (16 
These two constants are of constant occurrence. Then we have 
f(z +2 w) = Elz) +2 Nis (17 


E+ 2 ay) =C) +2. 

Integrating the first equation of 17), we get 

log a(z + 2 œ) =logo(z)+ 2 nz + C 

or olz + 2 w) = ce o (z). 

To determine ¢ we set z = — @,, and remember that o(z) is an odd 
function ; we get 


a(o) = cem oC — w) = — ce" a(o). 
E Hence o=— em, 
Thus a(z + 20,) = — emg (z), as 
a(z + 2 wg) = — eletoda(z), 


3. Using the relations 18), we can now simplify 9) as follows. 
We saw from Abel’s relation that 


Cy Hea Hee + Cm — (Py + Po + +++ + Pm) =a period. (19 
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Let us therefore pick out a set of incongruent zeros aj, g = Am 
and a set of incongruent poles b}, --- Öm so that 


Oy + dy + e + an= by + by +o + On (20 


From 19) this can be done in an infinite variety of ways. Let us 
now form the function 


a(z — a4) +++ ¢(@—a,,) 
= eL eee = 


We show that g admits 2 œ}, 2 œ as periods. For from 18) 


e2(@-anty) TIo(z — ay) 


g@4+2o,) = enz@—ntey) To(z— b,) n=1, 2---m 
Di es 
na I g@)- 
Thus g@t2 oe 9). 
Similarly g@+ 2.) = 9(2). 


On the other hand, the zeros and poles of 21) are the same as 
those of f(z), and to the same order. Thus by 165, 9 f and g dif- 
fer only by a constant factor. Hence the theorem: 


Let f(z) be an elliptic function of order m having 2 w,,2@, as a 
primitive pair of periods. Let ay, +++ Am3 by, +++ by be a set of incon- 
gruent zeros and poles such that Ea, = Eb. Then 


_ wO — aj) +++ o(8 — am) 
a) hat a(z — b,) + o — bm) So 
4. From this we conclude that elliptic functions exist having 
assigned zeros and poles provided: 
1° the sum of the orders of the zeros in any parallelogram of 
periods equals the sum of the orders of its poles, and 
2° the zeros and poles satisfy Abel’s relation. 
In fact these functions are all given by 22). 


5. The relation 22) shows that every elliptic function can be 


expressed by means of the o function, which thus dominates the 
theory of elliptic functions. 
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It is interesting to note how naturally we have been led to con- 
sider this function. By Weierstrass’ factor theorem, 140, 4, 6, every 
elliptic function must have the form 3). The products in 3) can 
be decomposed into simpler products, each vanishing for one of the 
m classes of zeros or poles of the given function. Of all these 
-simple products 9) the simplest is the product 10). It is an in- 
_ tegral transcendental function like sin z, and as the circular func- 
tions can be built up on sinz as a fundamental function, so the 
elliptic functions can be expressed by means of this new transcend- 


= ent. It is natural to denote it by o(z) where o reminds one of 


the first letter s of sine. 

The first logarithmic derivative of sin z gives cot z which has, as 
poles of order 1, the zeros of sinz. The first logarithmic deriva- 
tive of a(z) gives a function which Weierstrass has denoted by 
&(z). This also has, as poles of order 1, the zeros of e(z). It is 
not periodic since 


Ce+2a)=C@)+2y, i=1,2. 
Its first derivative is periodic, and this leads to the p-function 


p@=-&. 


The minus sign is inserted so that the term in the expression 
z 


164, T) has a positive sign. The letter p reminds one that the 
most essential characteristic of this function is its double periodicity. 


6. If in 10), 11), 14), defining the functions ø, § p, we replace 
zis Peo 
by pz 


we see that 


> HO, , pOg 
o (HZ, MO, WW.) = HO (Z, @1, 02), 
1 
C( uz, H0, pag) = u ‘Cz, ws wz)» (23 


1 
pCHZ, KOy, pO) = — P (Z, Op %2). 
m 


which shows that o, 6 p are homogeneous functions of 2, w, @, of 
degrees 1, — 1, — 2 respectively. This property is useful at times. 
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The relations 16) show that 
1 
Nr (Ho, , poz) = u 7(@4, @,) = E, 2. (24 


Since e, = p(@,) we see that 


€,(UO,, A J (oy @,) $= 1, 2, 3. (25 
be 


167. Elliptic Functions expressed by p(z), p'(z). 1. We sup- 
pose first that the elliptic function f(z) is an even function of 
order 2s. Then if z =a isa zero ora pole of f(z), soisz=—a, 
Let a set of incongruent zeros and poles be 


$ ay ’ a= as ’ te ; E b, ` È b, ’ 
of orders 
so that 2m, + 2m, + =2n + 2+ e = 28. 
We consider first the case that none of these zeros and poles is 


=0. Let p(z) have the same periods as f(z), we consider the 


function P (pz — pa )™ (pz — pag)”: + i 


(pz — pb )™ (pz — pba)": ++ 
It has the same zeros and poles and to the same orders as f(2). 
As g admits the same periods as f, we see that it can differ from 
JC) only by a constant factor. 
Next let us suppose that z = 0 is a zero of f(z). Since f is an 


even function by hypothesis, the order of this zero must be an 
even integer, say 2m. Suppose now 


0, £4 5 ha = 
form a set of incongruent zeros of orders 
Im mie y iy IES 
respectively. Then as before 
2m +2 m + 2m, + oe = Qe. 


Let us now form the same function g as before, where no factor, 
however, corresponds toz=0. The numerator is of degree s — 1 
in p and the denominator of degree s. As z = 0 is a pole of order 


Y 
J 
fd 
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_ 2 for p(z), it follows that z=0 is a zero of order 2m for g(z)- 
_ Thus as before g has the same zeros and poles and to the same 
Biers as f(z). It can differ from f only by a constant factor. 
We get the same result if z= 0 is a pole of f(z). Thus in all 
= cases when f(z) is an even function, 


z m 
a f= ee — pa,)™( pz — pa,)” 1 
— pb)” ( pz — pb, ye 2 $ 


z where we use a set of incongruent zeros and poles, always omit- 
_ ting that one which may be =0. 


Case 2. f(z) is not even. Let us form 

i h(z) = I@y=F( = 2) 
2pl@) 
S=) +A) p’@). 


_ As g and h are even functions, they may be expressed as in 
Case 1. We have thus proved the theorem: 


4 which give 


Any elliptie function is a rational function of p(z), p' (2). 


SVS, 


168. Elliptic Functions expressed by (z). 1. In 166, 167 we 
have learned two ways of expressing an elliptic function. Both 
require a knowledge of the zeros and poles of the function f(z). 
When these are not readily found, it is convenient to have another 
representation. Such is the following, which depends on the 
knowledge of the characteristic at each of the poles. 

We will suppose, therefore, that a, b, --- are the poles of f(z) in 
a primitive parallelogram of periods, and that its characteristics 
at these points are 


f 
d 
' 
Ls 
“ 
5 
A 
n 
¢ 


À 
» 
d 


A, of sae 4 Ar forz=a 
(2—a)a Z—a 


TPS * + for z= a 
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We now construct a ¢ function on the periods 2 œ}, 2 œ, of fŒ) 
and then the function 


g(@)= Ate- a) Ak'a) +E G-a) ~ 


+ OCD 9 a) + BEE- dBi) 


‘Oey 
+ 526" —b)+ BS ee aoe 6° *(2—6)+= (2 


(e — 


E=- pe) . EESE) 
all the terms in the 2d, 3d --- columns on the right of 2) are 
periodic. 

On the other hand, 


EG + 2 @ = E+ 2 n,, ete. 


As 


Th 
oe gz +20.) =2 (A, + B, + +) +9@)- 


But A,, B, =- are the residues of f(z) in a parallelogram of 
periods. Their sum is 0 by 165, 3. Thus 


92+ 20))= 9). 
A similar relation holds for 2 w, Hence g also admits 2 œw; 2 @ 
as periods. 
Let us now show that g has at each pole as z = a the same char- 
acteristic asf. For from 166, 14), we have obviously 


S@—-—a)= <4 AC), 
where h is regular at z = a. Hence 
{'(@@—a)=— Tie tO: 
cue) +S aaa E T A z 1)! = 
(@-—a)= oar + AOD Ca). 


Thus the characteristic of g(z) at z = a is given by the first row in 
2). Thus f and g have the same characteristic at z=a. The 
same is true at the other poles. Thus by 165, 10 


F(®) = 9(2) + constant. (E 
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2. From the foregoing we have : 


Any elliptic function can be expressed in terms of ECZ) and its 
_ derivatives. 


= 169. Development of o, %, p in Power Series. 1. We have now 
| seen that the three functions 


o(2) = a(i = 2) 5+ -On a 
mei mi LEE, 
t= Ah (2 
1 1 1 
; ROR O i < 
bere — 2 mo; +2 mo, m= m = 0 excluded E: 


= may be taken as the basis of a theory of the elliptic functions. 
We propose in the articles which immediately follow to develop 
some of the properties of these three functions. 

We begin by developing them in a power series about z= 0. 
Since 


1 : 
P@)—4= o@) 
5 is regular at z= 0 it can be developed in Taylor’s series 
2 
P= $0) + zp C0) + Fh") + 


which is valid within a circle @ which passes through the nearest 
point øo in 4), 


Now “$9 @=(-Ir@4 1! —— 


ti w)" 


Hence 1 amo) = ane 
e ice 


Let us therefore set ži a = 


(5 


wrt 


We note that when n is odd, s„ = 0. 
For to each 2 mjw; + 2 mw, in 8, there corresponds a 
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When n is odd, the two corresponding terms in s, will have oppo- 
site signs and cancel each other. We thus have 


PO= t3 H5 tT s+ s (6 
Integrating, we have 
f(z) = +2 s — wee (7 
Integrating again gives 
log a(z) = log z — ł 8,2 — ł 8,2°— --. (8 
Hence a(2)=2—}8,2°—1 8,2' — 1 82 — --- (3 


2. Differential Equation satisfied by p(z). Further coefficients 
in the developments 6), T), 9) can be obtained by a recurrent re- 
lation which we deduce from a differential equation. In fact, we 
saw in 165, 25) that p satisfies a very simple differential equation 
which we now proceed to find. 


From 6) we obtain, on differentiation and slightly changing the 
notation, 


2 

pi(2=— 3 + 6 ez + 20 ez 4 «-- 
This squared gives 
4 


v) 2 1 Q 
pa) = — 24 2a = 80 C3 + ae 


2,| 


d 


Also cubing the series 6) gives 


~ 1 1 
p(s) = 3 + 9a + 15¢, + ++ 
Let us now set 
Ja a 1 1 
Io = 10 = tee > gg = 140¢, = 140 yer en 


These are called the invariants. From the foregoing equations 
we get on adding 


p' C)? — 4 p(2)8 + gy p(2) + Gg = B(Qy + ag + +++) 
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It thus admits 2@,, 2, and yet admits no pole ina parallelogram 
of periods. It is therefore a constant. Since it vanishes for 
z = 0, we have the desired differential equation 


P' OP = tp — aPC) — Is a1 
From this we get on differentiating 
pP! =6pP—} 9a (12 


3. We can now get the desired recursion formula. Let us write 
l 
p(2) = a aie aye + a% + a2 +- 


and put this in 12). Equating the coefficients of 2°? on each 
side of the resulting equation gives 


2n(2n — 1) a, = Ô (an + Aya, 9 + ++ + aneli + An). 
Hence 3 


sie CEOS a's a a aa ad 


' This shows that a, a4, a, --- can be expressed as integral rational 
4 . - . 
_ functions of a,, a3, that is of go, gg, since 


; 


A ae! 
: 4=3709%2 » %= 2598 
For n = 3 we get from 13) 
. EE eee 
Ag = § a} = 1200 9 
For n= 4 
i a, = gy (ayaz + 49%) = p160 92I 


In this way we may continue. Thus we find 


M A a ee z ame: > 
POE Zi EE > E 2-84.6-7 C 
4 2 2° g2. zi K 
NS Ae TA ae 1; 
EC) + PEI T E e E E NE 7 Ny 
= Gob 5 Gt ge (16 
= ee 5 | OAD . 
| eae ey ie eee E aT 
P 2 eS ee 
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From the definition of g}, g we see that 
1 
J (po, po) = 492 Co, @2), 
z qs 
Ja (por po) = uo (or 2): 


170. Addition Formula. 1. We have seen how important are 
the addition theorems 
eure = eXe? 
sin (u + v)= sin u cos v + Cos u sin v, ete. 
for the elementary transcendental functions. We wish to estab- 
lish analogous formule for the new functions, viz. 


a(u+tv)ac(u—v) 


ou - ov r p) — plu), a 
; re 1/p'u—p'v 
CEDON Gn 
aheja pe SFSR, 
piha 2 d G 


These relations are fundamental and of constant service. We 
begin by proving 1). 
Regarding u as a constant let us look at the zeros and poles of — 
FO) = Pp) — plu) 
in the parallelogram of periods P(2 @,, 2@,). Obviously, f = 0 
for v=u, and hence for v=u. As p(— u)= p(u), it follows 
that f=0 at v = — u, and hence at v=—wu. As fis of order 2 
it can vanish only twice in P. ‘Thus all the zeros of f(v) are 
=+. The poles of f(v) are v=0, and these are of order 2. 
Thus the two functions of v, on the two sides of 1), have the 
same zeros, poles, and periods. They can only differ by a con- 
stant factor O. 
To determine this we develop both sides about v = 0 and com- 


pare the coefficient of 5 Now by 169, 14), 


o(v)=vt+ar+... 


H 
ence ENT E 2 
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Thus {> tead 1 


uow cu v 
To develop o(u + v), o(u — v) about v = 0, we set 


gv) = o(u+v)=9(0) + v9! (0) 4 --- 
= o(u)+ vol (u)+ + 


a 


l Similarly o(a oE) — vo! (uy ons 


Thus olu +v) olu —v)=u +- 


Thus the left side of 1) has 1 as coefficient of ae The same is 
v 
true of the right side. Hence C= 1 and 1) is established. 
2. To prove 2) we take the logarithmic derivative of 1) with 
respect to v, and get 


F(u+v)—Su—v)—26()= a 
But this relation holds for u as well as for v. Thus interchanging 
u, v gives 


d 
AE CERVERA E] O EN A 
- PEERY 
A Adding and dividing by 2 gives 2). 
5-8. To prove 3) we need only take the derivative of 2) with 
respect to u. 


4. Another form of the addition theorem for the p function is 
the following: 


pu +o) + Cw) + po) =I PREY. a 
To prove this we square 2), getting 
COD OOIE PRED, 6 


Let us denote the left side of this relation by g(u), regarding v 
as a constant. The right side of 5) shows that g(w) is an elliptic 
function. 

We propose now to express g by means of ¢ and its derivatives, 
using 168. To this end we must find the characteristics of g(w) 
about its poles. These are = 0 and — v, each pole being of order 2. 
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Developing about u = 0 we have 
E(w) = + au? +--- 


E(u +o) =) + ull(o) + 
Hence 


Eu + v) — Elu) — S) =—*+ ug'(v) ++ 


and thus 1 
gu) = 5-280) + 
Hence in this case the coefficients A in 168, 1) are 
A,=0 °° 2. 
Let us now develop about the point u = — v. We have 


f(u+v) = + aut v) + + 


Saya Of ok e+ 2) = oC) ne) Cs te 


= — gCo) + (ut v0) += 
Hence 
E(w 0) — Su) — EO) = = (ut 0) 80) + 


Thus 1 


(ut oy 
The coefficients B in 168, 1) are here 
B,=0 5 B=, 
Putting these values of A,, A,, B,, Ba in 168, 2) gives 
glu) = — Fu) — F(ut+v)+ 0, or 
{Cu + v) — E) — E) = plu) + plu +v) + C. 


g(u) = —20 0) + 


(6 


(T 


To determine the constant C, let us equate the absolute terms 
of the developments of both sides about u = 0. From 6) this term 


on the left side of T) is 2 p(v). 


On the right side of 7) it is p(w) + © Equating these, we get 


C= plo). 
This in 7) gives 4). Hate 


THE FUNCTIONS OF WEIERSTRASS 369 
171. The w, n: e; and g} ga 1. We saw in 169, 11) that 


P'CY = 4 pP) — 9PC) — Is- ad 
_ On the other hand we saw in 165, 18, that p'(2) = 0 for z = wy 
@z w. The three roots of the cubic 
4p? — gop —93=9 (2 
are therefore e; = p(@;) a= 1, 2, 3. 


Thus we can write 1) 


p' (2)? = 4( pe — e1) ( pz — ez) (pz — es), GC 
which shows that the constant C=4 in 165, 25). 
Since the coefficient of p? in 2) is 0, we have 


e +e t+e,= 0. (4 
_ The other coefficients of 4) give 


eez + Clg + eeg =—}I2 > 61223 = tI: 65 
To complete the symmetry let us introduce 7, defined by ` 
1 + + 13= 9. (6 


We show that also KE): (7 


Since ¢ is an odd function, 
(ws) = EC — w1 — wg) mn Elor + wg) 
= — Ko) = Elo) by 170, 2) 
=——-—™m=3, » by 6), 
and this establishes 7). 


2. Between the œ; 7; exists a relation due to Legendre. Let 
us suppose that we pass from a+a, to a+, by a positive rota- 
tion of angle < 7 as in the figure. Then Legendre’s relation 
states that ; 

Ti 
nea ETE (8 


j Let us take the parallelogram P so that z= 0 lies within it. 


Then 1 
rif tOr = > Res ¢. 
2 mrt P P 
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But ¢ has only one pole in P, viz. z=0, and by 169, 2) its 
residue is 1. Thus © 


[/fae= 2a 


Now 
IOL =f Elz +2 odz 9% 
43 12 


= KKO 2 Na? tdz x by 166, 17), 


af twit wea 


Similarly 
jE ¢(2)dz = As tds +4 nyo 
23 14 


Hence > a a 
J P e/12 e/ 23 e/ 34 e/41 


= — 4 nw, + 4 nar. 
Putting this in 9) gives 8). 
By using 6) and w; + œ, + @; = 0 we have for any two indices 


at+2w, 


r, s=1, 2, 3, 


mi 
Nr Ds — NW, = E D` (10 


~ 


where e= 1 when we pass from w, to œ, by a positive rotation of 
angle < m; otherwise e= — 1. 


3. The relations 166, 17), 18) may be at once extended to wg 
and give for r= 1, 2, 3, 

o(2+ 20,) = — ertuna (2), ci 

EC + 2 ,) = E) + 2 (12 


172. The Co-sigmas o,(z). 1. We introduce now three new 
sigma functions 
a(z +0,) 
o(@,) 


This we can transform as follows. From 


o(u + 2 @,) = — erutore(w) 


o,(&) = ew 


, r=, 2,3. a 
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we have, setting u = — ž — Opn 

o(—2+0,)= e"ro(z + @,). 

This in 1) gives ere(@, — 2) 


o,(2)= 77 (2 
Replacing z by — z in 1) and using 2), we get 


EDE 0,12). oo, =1. (8 
We find without trouble 

o,(2+ 2 @,) = — ertog (2), (4 
o,(2 + 2 @,) = enste), (2), (5 
a(z + @,) = + e*¥o(w,)0,(2) (6 

A 70%) 
o,(2+ o,) = F e oa (7 
o,(2+0,)=— — ett? —Iresg (Z), (8 


where 7, s, t are the integers 1, 2, 3 in any order. 


For example let us prove 7) for the + sign. From 1) we have 
9 

o,(% + @,) z= eo "r(3+ wr) a(2+ 2o,) ; 
TO, 


or using 171, 11), 


= — gn Irlet wy) g?m, (2+0) a(z) 


TO, 
= — enr(etw,) a(z) 5 
TO, 
which is 7). 
2. In 1) let us set z = @,, then 
TW, 
C.0, = — Eros 9 
T= To, ( 
since o(#,+0,)=o(—,)=— cwo, Here as usual 7, s, t are 


1, 2, 3 in any order. 

Setting z = œ, in 2) gives 

o,(@,) = 0. (10 
Let us put 9) in 8), we get 


o,(2 + @,) = e+"8?o,0,0 2. qd 
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In this formula with the lower sign, set z= w, As o,(0)=1 
by 3), it gives 


eass = 0,@,0 D5: (12 


Let us now make use of this in 7), it gives 


o(2 + @,) = Fem Oraa), a3 
To, r 
From the definition 1) we see 
T,(MZ, HO, pO) = 0,2, Oj, %2). dt 
3. In 170, 1) let us set v= œw,; we get, using 1), 2), 
ore T2) 15 
KOE ( 


This shows that the square root of the left side is a one-valued 
function of z. We set 
Vp@)—e= + 2), 16 
1 ee S C 
which determines the sign of the radical. 
Let us set z = œ, in 16), we get 
Ve e, =a e 
co, 
and the sign of the radical on the left is determined. 
Putting 9) in 17) gives 


oo, 


v e, — e= — E ris 
T®,7, 


Interchanging r and s, we get, dividing, 


MA Ce E 
V es — ê, 


Hence using Legendre’s relation 171, 10) 
Ve-q=tVe—e , V eg =—i Veg — eê 
Veg — eg = i Veg — ey (Ek 
Here we suppose @,, @, Pat that we pass from @, to œ by a posi- 
tive rotation < 7. 


The relations 18) enable us to replace in our formula a radical 


Ve, —e, by Ve, — en a substitution which is often useful to make 
reductions. . 
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4. In 15) let us replace z by z + ar we get 
pe + @,) ic ces AG sate 


oz + o) 
or using 6), 13), 
= en 2070 l 82) 
o*o, enzow, o2(2) 


Using 15), 17) this gives 
= Ces — 2,) (es — er) 
P@t+,) =e + ea (19 
5. To find the development of o,(z) in a power series about the 
origin we have, from 16), 


o(2) = o(2)V p(2) — er 
Now from 169, 16) 


sult 1 
Pj) — = oo T 0 Joe + + 
Thus 1 ; 
o,(2) = a(z) a e, + 509 + + | 
fee ea 2 eo ay (20 
2 aso 4 3 
6. We have obviously 
p'u=—2 aujo ujo). (21 
oĉu 
173. The Inverse p Function. Case 1. 1. We have 
1g 
5 OS aa, sina a1 
p@=-5+ Bet (2 
10 


n=605} n=140>— >» KI, eB Meese o RCE 


The relation 1) defines p as a function of z. We wish now to 
consider the inverse function z of p. 

Case 1. ©, real and positive, ,=%@, œ, >. We note first 
that the invariants g» gg are real. For in œ to each positive ma 
corresponds a negative value — m Then the two values of o, 
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are conjugate imaginary. Thus the terms in g, g enter in pairs 
which are conjugate imaginary numbers. As the sum of two con- 
jugate imaginaries is real, gp gg are real. 

From 1) we see that p is real for real values of z, say for z = z. 
As p has the real period 2 œ, p(x) is periodic. 

The relation 1) shows that the p-axis in Fig. 1 is an asymptote. 

From 2) we see that 
p'(x) is negative for 
small values of z Thus 
p decreases until p/(2x) 
vanishes. The roots of 
p' (2) = 0 are @, @,, @g, of 
which only the first is 
real. 

Thus p decreases from 
z=0 to x=a,, at which 
last point p(@,) = êr 
Since p(x) is an even 
function, p is symmetric with respect to the p-axis. Thus p de- 
creases as x ranges from 0 to—@,. As p has 2 œ; as period, the 
graph of p in the interval (@,, 2 @,) is the same as in (— @,, 0). 


p axis 


2. The graph of p = p(x) shows that the relation 1) defines a 

many-valued inverse function 
t= (Pp), a 

one of whose branches may be characterized by the conditions 

a2 x=Oasp=+o, 5 
2° x is positive for p > e. C 

This branch is shown in Fig. 2. 

We show now how this inverse 
function may be represented by an * 
integral. The derivative of p(x) is 


d OE a 
at VIP IPI 


To determine the sign of the radical 


we observe that for 0< z< oœ; ae 
x 
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is negative, while the polynomial under the radical is large and 
positive. We must therefore take the minus sign in 6). Then 
the derivative of the branch of 4) as determined by 5) is 


ap. Tek s SLET (1 
—V4 p— gp — 95 


dp dp 
dz 


From this follows that the inverse function x defined by 4), 5) is 


g= r een PES 8 
if VAP- 9P — 9s À 
In fact the quantity under the radical is p!(x)?; it is therefore 
positive for p>e,. Also as p++ oo the integral 8) converges 

to 0. Thus the conditions 5) are satisfied. 
From p(@,) = e, follows now that z=, when p=e,. Putting 


this in 8) gives = 4 
o,= =e ] (9 
a +V4p>—gop—Js 


This expresses the period 2 œ as a real integral. 


3. We show now how œ, can be expressed as an integral. To this 
end we note that 1) shows that p(z) is real and negative for small 
values of z of the form z = w. We have in fact 


Er Ae ee a 10 
qg=pv)= Up 20 ( 


By analytic continuation the series 10) will give the values of q 
for all values of z from 0 to œ, that is, for values 0< v< 0z. 
As the terms of 10) are all real, the values of q obtained by 
this process will be real. When 
V=Oy q= plio) = p(y) = ep 


which is therefore real. a 
As p'(z) does not vanish as z moves from 0 to œ, until it reaches 


Ogs H does not vanish as v moves from 0 to @,, until it reaches ©. 
v 


The graph of g considered as a function of v is given in Fig. 8. 
It shows that 10) defines a many-valued inverse function. 


v=¥(q); ql 
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entirely analogous to4). One of its branches is given in Fig. 4 
and is characterized by 


v=0asq=—æ; v>0 forg<e. (12 


v axis 
es wy; 
oO 
q axis 
Fic. 4 


To represent this inverse function by- an integral we observe 
that 


dq_d (2) ds... Ií : 
APO., _ inl) = 4 VI P= Ie 


As the derivative is real and positive for this branch, and as 
p(2)= p(iv) = q, we may write this 

d 1 ! 

dq +V-G P= I29—-Is) 
the radical being real and positive for q < eg. 


Let us now consider 


ERN Riri dg 
ya . (13 
laa P — 929 — 9s) 


We see this is positive for g < — e, and that v = 0 as qg=—œ. It 
is therefore the function defined by 11), 12). 
Setting q = ep we have 


Wy — ou). xe Moabianoa y (14 
oi CEG Petre | 
From this, we have expressed œ, = i@, as an integral. 
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4. We have seen that e}, e, are real. As g, gare real, all the 
roots of ; 
4 p*— IP —9,=9 (15 


are real. Since ese U0; (16 
it follows that at least one root e must be negative. As the first 
root of 15) which we meet as p moves from — œ toward the 
origin is e, this root is certainly negative. 

The sign of the root e, is given by 16). 


174. Case 2. Periods Conjugate Imaginary. 1. Let us suppose 
now that 


@,=a-—to' , m= otk to , o >0. Gi 
Then 

S = = 

2 tw! = wz — 0 =— 03 = Og, (2 


2o=2te' , 204+2t0o' =20,=0. - 
As in Case 1, the invariants g», gg are real. 


BOE 62 m co, + 2 tg ACR, a + Vito! Che hA 
On interchanging m,, M, this period goes over into one which 
is conjugate imaginary. 

From the series 173, 1), 2), we see that p(z), p'(z) are real for 
real z, and that p is real for purely imaginary z. 


Ws 


wi 
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As in Case 1, we see that as z moves from 0 to 2 œ, p(x) de- 
creases. At zw=2o@ 
P(2)= Ps) = êp 
at which point p has a minimum, and p'(w3)= 0. 
Let us note that p/(r) has only one incongruent real root, as @, 
@, are complex. 
The inverse function defined by 


P=P@) 
is many-valued. One of its branches is given by 
25 df as (3 
p tVip?—g.p—9s 


which is positive for p Z e,, and which = 0 as p =o. 
When p= én =20. Thus 
dp 


Perle le 
Jey +V4p*— gap — Is 


2. Let us now express w' as an integral. Knowing a, w', we can 
express the periods 2 œ}, 2 œ as integrals by 1). 
As z= iv moves from 0 to 2%’, p is real and moves from — œ 


(4 


to ‘ 
pC2 to’) = pag) = eg. 
We have : i 
q = p(tv) ae = eee -4 (5 
dq_ 2. 
dv wv 


a ‘ d 
Thus çg is increasing for small values of v. As does not 
dv 


vanish unless p'(z)=0, and as the first root of this on the 
imaginary axis is w;=2tw’, we see that g increases steadily 
from — œ to eg. 

Thus the relation 5) defines an 
inverse function v of g, one of 
whose branches is characterized by 
the condition that 


v=0 as g=—o , and v>0 
for VES (6 
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Thus, as in Case 1, this branch is represented by 


=V—(4¢ — 929-93) 
As v= 2 w' for q = eg, this gives 
20'= f° si (8 


-æ +V — (48? — 909 — 93) 


175. The p Function defined by g,, g,. 1. Up to the present we 
have considered p(w) as defined by means of the periods 2 œ}, 
2 œ, These numbers being taken at pleasure but not collinear 
with the origin, we constructed the sum 

j 1 1 1 
PE Lay 20)=5+ 3 (coop a| q 


as in 169, 3), and showed that 


BO EEr a e ye are 2 
pO rack E ROE ( 
all of whose coefficients are rational integral functions of the 
invariants 
1 1 


We ask now: Can we start with two numbers g» g, taken at 
pleasure, and find the periods 2 œ, 2, with which to construct 
the p function 1)? 
Let us consider the roots e,, e% eg of the cubic 
4 8—g,t —g,=0 or 4 (t— e) Ct — ez) (t — eg) = 0. (4 
We must in the first place suppose that two of them are not equal. 
For we have seen, 169, 11), that p(z) satisfies the equation 


P VIP gap — Iu = VEP 4) P— CP — 4): (5 
If now e; = ep this gives 
IPI (p— e) VP: (6 
dz 
Hence res a 


4 d 
z= ——. 
Ahem a e1) Vp — êg 
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Thus z can be expressed by means of the elementary functions, 
and p cannot be a double periodic function. 


2. The roots e, being unequal, let us suppose they are real. 
We define 2 œ}, 2 œ by the equations 


20,= 2 ibe beets d (8 
e ê V4 tÈ — gt — J3 
2a,= 2i f” m : (9 
—» V — (4 8 — got — 93) 


where we suppose the e’s so numbered that 
Ce a se eae (10 


Then 2, is real and 2, is purely imaginary, since the radicals 
in both 8) and 9) are positive. As 2@,, 2, are not collinear 
with the origin, the series 1) constructed with these two numbers 
defines an elliptic function p(z, 2 œ} 2@,) which we have seen 
satisfies 5). The reasoning of 169, 2, 3 shows that this function p 
will have the development 2) about z=0 and that g» g% will 
satisfy 3). 


3. Let us next suppose one root e, of the cubic 4) is real, while 
the other two are conjugate imaginary. We define 2, 2’ by 


the equations b, 
Je VË — gt— Ig 


TU i = (12 
V-o V—(4 8 — gat — gs) 


These are real and positive, since the radicals in 11), 12) are 
both positive. 
We now set 


20 =20— 2i , 2@,=20+2 iow. (13 


Since these are not collinear with the origin, the series 1) con- 
verges and defines an elliptic function p(z, 2 œ; 2 w,). As before, 
we see that this function satisfies the differential equation 5); its 


development about z=0 is given by 2) and g, gg satisfy the 
relations 3). 
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4. Suppose finally that g} gg are any complex numbers, such 
however that the cubic 4) does not have two equal roots. From 
algebra we know that 


G = (ez — e3)? (e1 — €)? Cez — eg)? = T6 (93 — 27 93). (14 
Obviously 4) will have equal roots when and only when Œ = 0. 


For this reason @ is called the diseriminant of the cubic. 
We shall not treat the general case but merely state that : 


If we set 


af = f* dt a ={" dt 
mA V4 Ë — got — g; ‘pbb Vi — got — 9s 


the series 1) constructed on these numbers is convergent and defines 
an elliptic function p(z, 2 œ, 2 œ) having 2 ,, 2 œ as a primitive 
pair of periods. This function satisfies 5), its development about the 
origin is 2), and go, J, satisfy 3). 


176. The Radicals Vp(z) —e,, These are factors in 
d E ed GaL 
P= V4 p® — gop — Ia =2Vp— e, VP— & Vp — ey 


In 172, 15 we saw that they are one-valued functions of z, viz. : 


Vp ty Hoe? Sey tieclg2, 8. a 
a(z) 


Let us set in general 


Om(2) _ 7%) In) 2 
sale C haa ce e aa O A 
They are homogeneous functions of z, @,, @p of orders — 1, 1, 0 


respectively. 
Of these 12 functions, 6 are reciprocals of the other 6. Let us 


consider one of them as 
a(z) £ ELAN ; (8 
oaz) Vp(z)—e, 


q=% (2) = 


From 172, 1 we have 
qiz@+2o)=— G2) » g@+2o)= 9). 
Thus g admits 4 w}, 2 œ, as periods. 
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As o(z)=0 for z=0 mod 2@,, 2, we see that the zeros 
of gare = 0, mod 2 @,, 2 oz. 

As o,(2)=090 for z=, we see that the poles of q are = œ» 
mod 2 @,, 2 wy and simple. 

Thus q is an elliptic function of order 2 for which 4 œ}, 2 œz 
form a primitive pair of periods. 

By 165, 14 the zeros of q'(z) are = 


2 9 
@, , 380, ,  , @+2a, mod 4@,, 2o. 


At these points g has respectively the values 


1 —1 1 -1 
Ve, — e, Vey — ey i Ve, — ey l Veg — ey 
Thus by 165, 16 q satisfies the differential equation 
aa) SO pt hax ce eed Y 
= E asa] S eg — êz G 


To determine the constant O we observe that 


Hence 


Putting these developments in 4) and equating the absolute terms, 
we get o 


(e; — &) (eg — ea) 


Thus 4) becomes 


dq\2 
(i = {1 — Ce; — ea) 3 f1 — Ceg — ea) 9". 6 
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177. Rectification. 1. In the previous chapter we have studied 
the elliptic functions from the point of view of their most charac- 
teristic property, viz. as double periodic functions. Historically 
they presented themselves from quite another standpoint, and this 
we wish now to develop. 

The integral calculus enables us to find the lengths of a great 
_ variety of curves found by effecting the integration in the formula 


£ 
s= f 14h . dz; "EOL 
a dx? 


for example, the circle, parabola, catenary, cycloid, cissoid of 
Diocles, the cardioid, ete. When the contemporaries of Newton 
and Leibnitz attempted to rectify the ellipse, hyperbola, and the 
lemniscate by means of 1) they met a most unexpected difficulty. 

In spite of every effort they could not effect the integration. 
_ Let us see how these integrals look. 


2. The Ellipse. The equation being 


ay? + b2r2 — ab, (2 
} a 
we ey at iaa de , @=ai—}2 (3 
aJ >/(a* — x*)(at — ext) 


Instead of the equation 2) we may use the parameter equations 
of the ellipse, 


z=asingd , y= 08 ¢. (4 

Then s =a | Va cos? p + sin? $ - dd, (5 

or setting P= d T ce (6 
a a 

ond h i aie at 36: © 


383 
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As we now know, the integrals 3), 7) cannot be expressed in 
terms of the elementary functions; the efforts of the mathemati- 
cians of the seventeenth and eighteenth centuries in this direc- 
tion were doomed to fail. And yet only failure in a narrow sense, 
for from their apparently fruitless efforts has sprung a whole new 
branch of mathematics, the elliptic functions. 


3. The Lemniscate. If we take the equation in polar form, it is 
p=a cos? 2 ¢. 


Then 1) gives dé 


fot i | eee ee! (8 
V1— 2 sin*@ 


If we set x= sin 0, we get also 


dx 
= > 9 
A | aea ‘ 


178. Elliptic Integrals. 1. Many problems of pure and applied 
mathematics lead to integrals whose integrands are rational fune- 
tions of v and the square root of a polynomial P of the third or 
fourth degree, that is, to integrals of the type 


foe VP)dz. ad 


Such integrals are called elliptic integrals; they include the inte- 
grals 3) and 9) of 177, and cannot be expressed in general in 
terms of the elementary functions. They therefore define new 
functions in the same way that 


{= dx 
Yo ee, 
define transcendental functions although their integrands are 
algebraic. 
The question arises, how many different types of integrals are 


included in 1). We propose to show that all these integrals may 
be reduced to three, viz. : 
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dx 


= 2 
Vd = 2) (1 — #2?) £ 
gdr (3 
Va -=A — k) 
dx (4 


(@-—a) V0 — 2) — 2) 


which are called elliptic integrals of the 1°, 2°, and 3° species, 
respectively. 

The number £ is called the modulus, the number a which enters 
4) is called the parameter. 


2. To reduce the integrals 1), let us note that if the polynomial 


P is of the third degree, 
ar? + br? + cx +d, “8 


the integral 1) may be replaced by one in which the polynomial 
under the radical is of the fourth degree. 
For let « be a root of 5), then P has the form 


P=(x—«)(pa*+ qz +r). (6 
Let us set TERE 
p" VP=yVp +a) +4 +a) +r 


and the polynomial under the radical is of the fourth degree if 


p#0%. 
But if p=0, the polynomial P is of the second degree, as 6) 


shows, and this is contrary to hypothesis. 


3. Let us suppose then that 
P= pot + py + pot + Pt Pe » P#O. (7 


Since ¢ is a rational function of v and 


y=vP, 
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let us arrange its numerator and denominator according to y. 
Then 


PGES ils» coe (8 
Cok CG 5 CT ae: 
As y=P , y=yP , yt= P?... 
we see that 8) has the form 
A+ By 9 
, ec a eae (s 
C+ Dy 


where A, B, C, D are polynomials in 7. 
If we multiply numerator and denominator in 9) by C— Dy, we 


et 2 
3 pul Wane aes 
y A a 


where Æ, F, G are rational functions of z. Thus 


fer- [ Baz + [eax d0 
e e VP 


Here the first term on the right may be integrated by means of 
the elementary functions as shown in the calculus. We are thus 
led to consider Gilt 


VP 


4. As G@ is a rational function of v, it may be broken up into 
partial fractions as shown in 122, 4). Thus @ is the sum of a 
polynomial which may reduce to a constant and a number of terms 
of the type 


ai 


a a 


(x — ay" (2 ean eR aly mp a 
Thus the integral 11) reduces to integrals 
oa and ii PEET.. NOLEN (12 
VP (z—a)"VP 
Both of these may be represented by 
dx 
Om = f — a)" (13 


if we let m be a positive or negative integer or 0, and a any num- 
ber including 0. There are now two cases. 
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5. Case 1. a is not a root of P. Then we may write 
P=A/(«—a)*+4 AC- a)? + 6 Alz — a)? 
: +4A,(2—a)+A, (14 


and A,+#0. For setting v=a in 14), it reduces to A,, and if 
this were 0, P would =0 for z=a, which is contrary to our 
hypothesis. 

Let us note now that for any integer 


VS 


n(z—a)*"*P + S C E) 


d ==, 
it —-O*VP}= TP 


Hence, integrating, 
(a — a) Pdr 41 (2 — a)*P'dz_ 


(z— a)" VP =n — — 
VP 2. VP 


If we put in the value of P and P' as given by 14), we find. 
‘4 (x rs av P= Cn +2) Aon + 2(2 n+3)A Qnez +6(m+ 1) Ag Qn 
+ 2(2n+1)A,Q, + NA Qn- (15 


ws Se Rd ETAR 


ARA 
P 


ELN 


If we take n= — 1, this relation enables us to express Q_,in terms 
of Q_1, Qi, Q and an algebraic function. If we take n= — 2, we 
see Q_, can be expressed by means of Q_,, Q- Q But we have 
just seen that Q_, can be expressed in terms of Q_,, Q,, Qo Thus 
Q_, can be expressed in terms of Q, Qos Qis Qoe In the same 
manner we may reason for higher negative values of n. This 
shows that the integrals 13) when m is negative may be reduced 


to a . 
VE (x—a)VP 


and to Q, with positive indices. 


Be te me ey 


2 Pate 


Case 2. Suppose a is a root of P. It cannot be a double root 
of P. For then P would have the form 


P =(x— a) (pr? + qx +r), 
~ d EE 
_ and hence VP= (x = a) V px? + qz +7, 
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that is, the polynomial P under the radical can be replaced by one 
of degree 2. But in this case the integral 1) leads only to the 
elementary functions, as is shown in the calculus. 

In the present case therefore A, = 0 but A,+0. Thus the last, 
term in 14) disappears, but not the next to the last term in 15). 
Hence if we set n = — 1 in 15), this relation enables us to express 
Q_, in terms of Q} and Q% 

If we set n=—2, it gives Q, in terms of Q, and Q), etc. 
We are thus led to the first integral in 16) and integrals of the 
type 13) for which m > 0. 


6. When m> 0, the integrals 13) give rise to integrals of the 
form 
_ (raz. GT 
J VP 


In the relation 15) we may set a= 0, then the Q's will go over 
into the integrals 17). The relation 14) shows that the A’s are 
the coefficients p in 7). 

In 15) let us take n = 0; this enables us to express R, in terms 
of R}, R,, and Rọ If we set n=1 in 15), it shows that R, may 
be expressed in terms of R,, R,, and R and hence in terms of 
R,, Ry, and Rp as just seen. 

Thus all the integrals 13) reduce to 


a ahs He ay ed poe (18 
VP ` JVP VP 


when m > 0. 


179. Linear Transformation. 1. To complete the reduction let 
us show how to determine the linear transformation 


_a+ber 
y= l +er G 
so that dy _ dy 
VY Vy-ypQy— IDY- YY Y) 


dx dx 


= Å — _ hc . 3 
MVA-2®)—he) MVX f 
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Let us determine a, b, c, k so that when 


we Te Pees aes VE 


we have respectively 


wl 1 
ey ee A; 
| k k 
= Th : 
ay gy ED Wey gid RE 
- l+er+ ° = 1lter ’ 


Zy mA i = a + he) | 
=Y 1+ ex FAR 1+cz 


_ Set x=—1, y = y, in the first equation of 4), then 


2 
n-n=7 4 


equations of 4) we have 


2 g 
h — Ia = — 2 + Y= Y= a Lo ya Ia. 
l+e 1-2 tipe 
k k 


These relations give 


_ad-)@m-% _~(M-—yJAte) 
oe Oy ) gat Yo) ( zA 


2 
ENTE DA =) Bet Ue iy, — 9.5 
Is = 95 7) Ys) > n3 gj Ya: 
From 4) we have 
pappone 


y=y Gite) 1+¢ r+l 


1 
Y= Yg e we get 


389 


(3 


(4 


. Similarly if we put the other pairs of values of 3) in the remaining 


(6 
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Also in 5) set Y=YJp T=— z we get 


Vo eee (1 
J= gr Alte 1-k 


From 6), 7) we find 


$ peas Ys . Ya — Y4 — p, say. Ce 
1+k Ya Y3 Ji S1 
This gives is 1—p. g 
~1l+p i 
From 6), T) we have also 
oren T ecg say. L€ 
l+e Yo— Ys YoY 
This gives 1 (1 
EE. 
1 tie +o 


To get a, b we start with 1) or 
ytery—a—br=0. 
For c=1, y = y,, this gives 
Fa oe Bee 
For v= — 1, y= y, it gives 
Ya — cYa —2+6=0. 
Adding and subtracting these two relations give 
a = 3(Y + Ya + eY — Ya))s a: 
b =} — Ya te + Y2))- 
To find M we differentiate the second equation in 4), which give 
C1 oie 
Q + ex)? 
The fourth equation of 4) gives 


dy =o 4=O*. 
y J4 (1+ cx)? 


dy = 9 
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f ence 
E dy? = 9294 (Ad —e)(k- c) dz?, 


(d + cx)! 
V a p= 
Tus J294 c) ( c) 
z Gta A Ss 
hus ee eee SS ee 
dy _ V9.9, —e)(k—0e)  GA+ter)? de 
VY (1 + ex)? VI»I2Is9, VX 
Hence Ci PEN 
M=] Yaa — Ya), (14 
# k 


| 2. Students familiar with analytical geometry will recognize 
that p in 8) is the cross ratio of the four roots y3, %, Y3 Y4 These 


correspond 6 values of p?. This the reader can verify without 
‘trouble. We find these 6 values are 


1 2 21 1 
et eT et > apr 


amaya Page al 


Yo- Ys, =H L (16 
Yi-Ys Ya- Ys PP 
= Corresponding to this, the value of & in 9) is 
1+p, (17 


1—p 


We observe that 9) and 17) are reciprocals. We have there- 
fore established this important result : 


By means of the linear transformation 1) we can reduce 


Le E A E (18 
VY MVA—2)(1— PA) 


in such a way that the modulus k is numerically less than 1. 
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3. Let us return now to our general elliptic integral 
f (a, VP)dz. ad 
We had 
P= pyt + py? + pr” + p +p 
= PAY — YDY — Y) (Y — YAY — Ys) = PoF 


The relations 4) show that the linear transformation 1) con 
verts VP into 


oVG=AG— BA) og NX 
(1+ er)? = (1 + er)? 


Thus this transformation converts the integral 19) into an in 
tegral of the same form 


[VEN Dù e 


except the radical VP has been replaced by VX, which is th 
form used by Legendre. 
If we had made this transformation at the start and ha 


reasoned on the integral 20), the middle integral in 178, 18 
would be 


f rdz 
Va -AA — 2) 
If we set 22 = u, this becomes 


4 


1 fates... 
aJ VO =u — Ruy 


which can be expressed by elementary functions. 
The final result of our investigation may be summed up thus: 


The general elliptic integral may be expressed in terms of the el 
mentary functions and the integrals 


ah ‘as edr f dx é 
VÆ al | a de ta 


X=(1-22)(1—#22). 


where 
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f 180. Legendre’s Normal Integrals. 1. Instead of the three in- 
egrals 21) of the last article, Legendre employed as normal 
egrals 


f dx ' fX 1 — Hx? 5 
Vd — 2) Pe) SATEET 


(SS 1 
‘ (1+na?)V (1-2?) (1 — #2?) C 


_ Let us show how the former integrals may be expressed in terms 
of these latter. 

_ The integral of the 1° species is the same in both cases. To 

‘express the second integral of 179, 21) in terms of Legendre’s 

integrals we observe that 


z? 


et pi peoee at Wore ‘VI- Pe p 
Et VX -p V1l—2# 


‘Thus the normal integral of the the 2° species adopted in 179 is the 
sum of an integral of the 1° and of the 2° species as adopted by 
_ Legendre. 

Turning to the third integral of 179, 21), we have 


n dx are dx 

JG@—avx P-a) VX 
es sdr 4 dx j 
sE at j (a2 — a®)V X? 


The first integral in the last member can be expressed by ele- 
mentary functions, as we saw in 179, 3. 


— 


P 
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The last integral becomes, on setting n = -5. 
ak dx 
a) (1+n2*) V1 — 2) — Pe?) 


which aside from a constant factor is Legendre’s integral of the 
3° species. 


2. Let us set with Legendre 


z= sin ¢. 


= dé. 


Then rA 


Viza 


The integrals 1) become, on putting in the limits 0, ¢, 


LC, b= ———"*— ,_ E k)= V1—sin?¢- dd, 
sae if V1 — k sin? o (# *) J mies: 


$ 1 do 
, na l+nsin?d6 A Pad t 
Id, n) 4p l +nsin?$ V1—sin?¢ i 


The radical which enters in these expressions and which is of 
constant occurrence in this theory is denoted by Legendre by 
A(¢), thus 

A(¢)= V1 — ksin? ¢. 


When ¢= -, the first two integrals in 2) are denoted by 
db 2 
` A(ġ)do. 3 


They are called the complete integrals of the 1° and 2° species. 
Legendre denoted the integrals 3) by the letters F', E’, but we 
shall follow the modern usage. As we shall see, they play the 
same role in the theory of Legendre and Jacobi as @ 7, do in 
Weierstrass’ theory. 


In practice the modulus #2 is usually real and <1. Legendre 


sets 
k=sin@ (4 
and calls @ the modular angle. l 
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To make the elliptic integrals useful for numerical purposes 
_ Legendre calculated at great labor tables for the integrals F(¢), 
F(p) for values of ¢ and @ for every degree from 0° to 90°. 
They are to be found in Vol. 2, p. 292 seq. of his great work: 
Traité des Fonctions Elliptiques, Paris, 1826. Shorter tables are 
_ to be found in various works which treat of these integrals, for 
example in the Tables of B. O. Peirce referred to on p. 91. 

The reader will note that the functions F(¢, k), E(¢, k) are 
unlike the functions log z, sin z, etc., in that they depend on two 
_ variables ¢, k and so require tables of double entry. This makes 
their tabulation extremely laborious. 

Turning to the elliptic integral of the 3° species, we see that 
this depends on the argument ¢, the modulus &, and a number n 
= which we call the parameter ; in all on three variables. Its tabu- 
lation would thus require a table of triple entry, which is quite out 
of the question. Legendre, who had the numerical side of these 
integrals close to his heart, was delighted when Jacobi showed 
how they may be computed by means of the ®© functions. 


3. Example. To illustrate the use of the tables let us compute 
the are of an ellipse. We saw, 177, 7), that the length of an arc 


= starting from the major axis is for a = 1, 


me 


s= [° vi- sin? 6 db = E(¢, k), 


where & is the eccentricity of the ellipse 


te Ne = b2 


Suppose k= sin 0 =}, 


then 0= 30°. For ¢ = 45° we have from the tables 


s=.76719. 


For ¢ = 60°, s = 1.00755. 


Thus the length J of an arc between ¢ = 60° and ¢ = 45° is 
l = .24036. 
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181. Real Linear Transformations. In the foregoing reduction 
we have not been concerned whether the transformations em- 
ployed were real or complex. In many of the applications our 
elliptic integrals are real, and it is often desirable to use only real 
transformations. With this in view let us show that : 


Tf we set 


IRN E 1 
od C 
we may reduce 
ViP V(a— a)(z— 8)(e-— y)(z-— òè) 
to th 
i _@=prdy id G 
Valy? — n) (Y? — ng) 
h 
he a=+(g—«)(g—8)(G—y(q—-4, (4 
e (2 EP B) 
NE ’ 5 
: (q—«)(q—8) ‘ 
__ (p-—y(p-4)) 
7 ’ 6 
* @-q-d S 
provided D-a papa (I 


is #0. Incase D= Q, we set 
t=y+}(et+b)=y+h(y¥+8 (8 
a=+1l , m=}f(@-B)? , m=}(y—5?2 (9 


Moreover if the coefficients of the polynomial P are real, the coeffi- 
cients p, q of the transformation 1) will be real. Also the transfor- 
mation 8), which is to be employed when D = 0, is real when a, B or 
y, Ò are real or conjugate imaginaries. Finally, nı and n are real. 


and then 


The verification of these statements is purely algebraic and aside 
from its length involves no difficulty. We therefore sketch it 
only. Let us consider first the transformation 1). By direct 
calculation we find that 

da te eae 
VEPs VEO 


THE FUNCTIONS OF LEGENDRE AND JACOBI 397 


where 
Q={p—a+(q-a)yi}p—B+(q—B)yiip—y+ q- yy? 
IP= oTt ey 


Let us now choose p and q so that the odd powers of y drop 
out of Q. This requires that 


(p—«)(¢—-B)+ (p—B)(q-—«) =0. 
(p—- 14-8) + @—-4)(q-7) =0. 
Let us set a ARpA 0). 


We find By 
D > i 
p- == 8)(B=7)(B-5)_M 
D? D2 
isi PHA+heM , q=- h. 


To show that p and g are real, we observe that the coefficients 
-of P being by hypothesis real, there are three cases to consider : 

1° Roots all real. Takew< < y< ò. 

2° Two roots real. Take æ= a+ ib, B=a— ób. 

3° All roots imaginary. Take a, 8 as in 2° and y=c+ id, 
ô=c¢— id. 

Obviously in each case A is real. Thus p, q are real if mw is 
» realand >0. We now consider the three cases separately. 
i Case 1° All the factors of M are < 0; hence M > 0, D? > 0, 
= and thus wis > 0. 
Case 2° Here 

M= (Ça — y + ib) (a — 8+ ib) (a — y — ib) (a — 6 — ib). 


- Now the product of two conjugate numbers is real and positive, 
_ as we saw in 2,6. Thus M, being the product of two such pairs, 
is real and > 0. 
As Dis real, p is real and > 0. 
Case 8° This is treated in a precisely similar manner. Thus 
in every case wu is real and > 0. 
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Finally, p, q being real, we see that 7, 7, are real. Thus our 
theorem is proved for the case that D#0. The case that D=0 
is at once disposed of, and needs no comment. 


182. Real Quadratic Transformations. Let us now show how by 
a quadratic transformation we can convert 
dy _ ay 
Va -n-m VY 
aly Madz _ Madz 
ee Eth ae 


> Dp 9, real (1 


(2 


in such a way that if the variable y ranges over some interval A for 

which Y is real and positive, the variable z will range in the interval 

B = (0,1). Moreover Mand K? will be real and 0 < P< 1. 
There are six cases, as indicated in the table. 


Case 1. Suppose nı < no As F is to be > 0, we must have 
either x 
y<n or Y? > no 
If yY? < ny, we take 


y = 2Vny (3 
Then 1 
M= — ` k2 = ni . (4 
Van Na 
Tf y? > na we take 

eo 6 

Then 1 
M=——— SA 6 
Van na C ) 


We set 


3 Then 


Case 5. 


We set 
Then 


| Case 6. 


| 183. Rectification of the Hyperbola. 
= the length of an are of the hyperbola 


As Y is to be > 0, we must have y? > ng. 


FE | 
vi— z 


= _ E il ok net ee 
Vang — is) Ne ae üi 


Here Y > 0 for all values of y. 


[m] < [nal 
Nee? 
Y ATE 
M oe 6 Ea a 
V — an "2 


As Vis to be > 0, we must have 
mm <y? < 
Vm 


fot 
> 
bo 
3 
N 
l 
3 


Ve ang Ne 


For Y to be >0 we must have 


<I? <M: 
y= Vg V1 — 23. 
M = — ——- DSE > P=. 
V — a(n, — 14) Ng 71 


As Fis to be >0, this case is impossible. 


B22? — ady? = ab. 


THE FUNCTIONS OF LEGENDRE AND JACOBI 399 
Case 2. - 


(7 


(8 


(9 


(10 


(13 
(14 


As an example let us find 
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We have : 
dx 1 (/ey? + =) d åsa 
=- : 5 = = b à 
s= [OE a b (y+ i Y 
Su |) Ee (ey + bYydy  _ =H. a 
c 
Nie G+ prei) Eppe 5) 
b4 
If we set m=-4, m=—%?, 
C 
we have 
171 |<|79|- 


The integral 1) falls under Case 3 of 182. We set therefore 


Vipat 
e V/1—2 


and get 


man 


dy a dz E dz 
Vo + D(z oh va-d- & vZ 


We note that & is the reciprocal of the eccentricity of the hyper- 
bola. Thus putting 2) in H we get 


H=p f—@ _ yy. 
A-2)vZ 


Let us set r 
2=sinġ, 


then 


J=% itang: Ag+ TECG) — B@)}. 
Hence finally 
s= c tan $. Ap +” FCG) — cE), (CS 


in which the modulus ķ has the value determined by 


Ka 
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184. Rectification of the Lemniscate. We saw in 177, 9) that the 


A arc $ of the lemniscate is given by 
= dx 
o Vd —2) (1 — 22) 


dx 


mati ; 
Vido V@F—1)@—4) 


| Here 0 < 2? < } if the are falls in the first quadrant. We take 
| Mm = 4, nz = 1 and use the transformation 

i =yV3 
_ of Case 1 in 182. We get 


“tls T Vay (i — Py?) aT 2) 
=—* F(¢). 
V5 C$) 


For ¢= nt the arc is just one quadrant of the lemniscate. If we 


- set k = sin 0, we see 0 = 45°. The value of the complete integral 
_ Kfor this modular angle is given by Legendre’s Tables Traité, 


E vol. 2, p. 327, 
OP ig K = 1.85407. 


185. Elliptic Integral of the First Species. 1. Let us now con- 
sider the function u of z defined by 


. dz a 
Jo VA -= 2) — k2) 


u = 


When the modulus 4 = 0, this function degenerates to 


z dz 
0o V1—2 


Now the many-valued arc sin function is of much less service to 
us than the inverse function z = sin u which is one-valued and 
_ periodic. So we shall find also here that it is not the many- 
< valued function u of z defined by 1) which interests us most, but 
the inverse function z of u. This we shall see presently is one- 


= arc sin z. 


u = 
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valued and doubly periodic. In analogy to the sine function we 
denote this function by 


z= sn(u, k) or more shortly by z = sn u. (2 


and read s, n of u. In analogy to the cosine function we write 


VI—-2=V1 — svu = cuu. (read c, n of u). 


If we set z = sin ġ, as we did in 178, 


VI — #2 = VI— sin? $ = Ad 


in Legendre’s notation. In memory of the A we set 


V1 — 2? = dnu (read d, n of u). 


Thus with the integral 1) are connected three elliptic functions 
snu , mu , anu. 


These are the functions of Legendre and more especially of 
Jacobi. It is these functions which occur in all the older litera- 
ture of elliptic functions and which to-day are still used by many 
mathematicians. 

In the same way as the basis of the Weierstrassian theory of 
the elliptic functions is the ø function, so the base of the Jacobian 
theory are the & functions, which are integral transcendental func- 
tions differing from the o function only by exponential factors. 


After this slight outlook, let us return to the function u of z 
defined by 1). The integrand 


1 
ede 3 
12° a= HSE 


is one-valued and analytic except at 

1 
2=+ 4 = e 

k 

Obviously each of these points is a branch point and the two values 
of f permute when z describes a small circle Ẹ about one of them. 
Thus in any region acyclic relative to each of these points w is a 
one-valued function of z. 
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One of the values of u for z = 0 is u = 0; also one of the values 
of fforz=0is +1. Let us start with these values and find the 
value that « acquires, call it w, when z 
describes a circuit © about the branch roi 
point z=1. Without changing the value 
of u we may replace Œ by the loop o a 8 
C=(0, a, 6, y 0) as in Fig. 1. The É 
circle C has a radius r as small as we 


please. Thus : : 
SA 4 
& 0 H 


_ The first integral on the right differs from 


re Sa. Pe ® 


- point, 


dz (6 
+V 41 — 2) — k?z; 


by as little as we choose. Here the + sign indicates that the 


radical has the value +1forz=0. 


Let us look at the last integral in 4). When z leaves z= 0, 
fhas the value +1. On reaching « it has a large positive value 
p. After z describes the circle Cand arrives at y, the two values 


which f has at this point have interchanged and the value of f is 
now — p. Thus as z describes the segment y, 0, the integrand f 


has the same values as f had in describing the segment 0, « except 
that its sign is changed. Hence as œ and y are really the same 


asr=0. 


Turning now to the middle integral, we show this is 0. For let 


Be fer 2—1l=re* , de=ricdd, 


r being a constant on C. Then 
V1 — 2) — 2) = V2 —1-iV (24+ 1 — ke) =V2-1- 9), 


phere |g(z)|>some Œ , forallzon C. 


Thus ftx- [= irekit ae 
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and this is numerically 


<=. ri which +0 as r=0. 


Thus f oe 
Cc 


and we have finally po Ke Hence: 


If we start with the value u=0, f = + 1 at z = 0 and let z describe 
a circuit about z = 1, u will acquire the value 2 K on returning to 
z= 0. 


2. Let us set 1 dz 
:—$______ > 
L =f +vVa-A( — P2) 


where the + sign indicates that on starting out from z=0 the 
radical has the value +1. Precisely the same considerations _ 
show that if we start out from z = 0 with the value u = 0 and make 


(6 


a circuit £ about the branch point z= 5» u acquires the value 


u=2 L 
on reaching z = 0 again. 
3. We now suppose that z starts from z= 0 and makes a cir- | 
cuit © which includes both branch points 1, 7 We start with | 


the values u = 0, f=+1 and ask what value u has acquired on | 
reaching z = 0 again. If we denote it by w, we have 


ro re eel dz 4 i dz. (7 | 
C+V R+V ganf 


For in the first place € may be replaced by 1 
& +L as in Fig. 2, since the region lying be- | 
tween these two curves contains no singular l 
point of f(z). Secondly, in the last integral 
in 7) we have the — sign because when z 
reaches z = 0 after the circuit R about z= 1, Fia. 2. 
the radical has the value — 1, and it is with this value, therefore, 


that we start out to make the circuit 2 about z = Thus 


u=2K-2L. (8 
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Since we can deform any path of integration 
without changing the value of the integral w, 
provided that in so doing we do not pass a sin- 
gular point of the integrand f, we see that the 
circuit & - Q can be replaced by that in Fig. 3, 
which we will call Jt. Thus 


— ’ dz Š a dz 
u= = +f, = ai + = 9 
jE jE atv Cy Be Ca ( 
Now as before 
f fe 
CA Cy 
| ik dz = "2. 
b ay Az aa 


If we let the radius r of the two circles C}, C, converge to 0, 
the last integral converges to a value denoted by Jacobi by 


O 


1 
ikT. f PENEN (10 
1 +V(1 —2?)(1 — #2?) 
These results put in 9) give 
u=2iK'. (11 


To explain why the integral 10) is denoted by 7K’ instead of by 
K' we remark that in practice the modulus % is such that %? is 
real and <1. Then (1—2)(1 — k*2*) is real and negative in the 


segment (1, z) and thus the integral 10) is purely imaginary. The 


notation 7A’ in 10) is therefore quite appropriate. 
Equating the two values of u in 8), 11) shows that 


2K—-2L=2iK'. (12 

4. Suppose next that z makes & h 

a circuit € as in Fig. 4, which B cite "O 
includes the two branch points miei 

g=+1. If we start with w=0, f=+1, let @ be the value which 
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u acquires after €. Then 


va 0 
Te ot ead ae es 
JE ae Cs 
pe dz pi oe ot E dz 
cee 
As before if Aye. fi ET 
Cy C 


la dz =f] dt aL 
a SA e/0 TA 


Moreover since f(—z) =f (2), 


ERUS zi ea dz = 70 dz =K ney: BNET 
ENV o BSS sae FS oe 
Thus, u=+4 K. 


5. Let us now ask what values 
u can acquire when beginning with 
the initial values z = 0, z = +4 1, 
wu = 0, z describes any path $ not 
passing through a branch point, 
and ending at some point z. 

Let U be its value along the path 
Oz as in Fig. 5. If $ is a loop g 
about z= 1 followed by Oz, we have 


Fie. 5. 


dz 4 = dz 


JEET 


In the last integral the radical has the — sign as indicated, since 
on returning to z = 0 after £, f has acquired the value — 1, instead 


of +1. Thus, u=2K_U. a3 


If P is a loop Į about +1 and — 1, followed by the path Oz, u 
has the value Ca alte 
2 


eyv e/( +V 


Uu = 


ù "Y 
iN 
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For on returning to z = 0 after the loop & the radical has changed 


its sign once in going about z= 1 and once about z =— 1. It 
therefore reaches z'= 0 at the end of 2 with the value +1. Thus 
u=4 K+ U. 


If $ is a loop £ about z = 1 and z= 7 followed by Oz, we have 
all dz 4 z de 
etvV 0 ta 
= 27K' + U. 


If P is a loop £ about z= 1, followed by a loop M about both 
z=] and z =— 1 and finishing with Oz, we have 


f dz dz ie dz 
u= + —+ 
k Js Ma VA 0o =V 


=2 K—4 K- U. 
=2 K- U— 4K. 


We see this differs by — 4 K from the value of u in 18). By 
choosing various paths we find that all the values which w can 
acquire at a point z are given by 


u=U+m4K+m'2iK' 


and u=2K—U+m4 KEM 2iK’, (15 


where m, m' are positive or negative integers or 0. Thus we may 
state : 
The analytic function u defined 
by 1) is an infinite many-valued zi 
function of z. If U is one value © 
which u has at a point z, all the 
other values which u has at this 


point are represented by 14). A 


6. We have seen that u re- 
mains finite for finite z. Let us 
see what value u has as z= œ 
along some line 7 as in Fig. 6. 
The calculation is easily effected Fia. 6. Z 
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if we note that 0zGz,0 is a circuit ® which embraces the two 


branch points z = 1, Z. As this is the same circuit as considered 


in 3 we have 
y =2iK'. 
R 


But = 0 
eae te) 
get Vv «JO y S zı 


The second integral 
if =0 as R=o. 
S 


For let us set 


a= Ret 
so that on the circle S g, — Risia =d. 


Hence 


J z iJ 2 l Va- ati TPA) 


If R is taken sufficiently large, 


2 


Za = (1 — z2) 


LE 


for all z on ©. Thus 


[_|<er=0 as R=. 


(15 


(16 


Now, when z leaves z= 0, the integrand f(z) has the value +1. 
After it describes the circuit Q it returns to z=0 with the same 
value, since as far as the end value of f is concerned, the circuit 


K is equivalent to a circuit about each branch point i and 1. 


For 


each of these, f changes its sign. Thus it changes sign twice and 


so returns to z= 0 with the value +1. Thus 


f(2)= i 
“yaa 


has the same value along Oz as along Oz,. Hence 


-f= h. dz 
e0 fe e/() + V(1—2)(1— k22) 


as 2 == 00, 
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This with 15), 16) gives i 


é s dz 
iK = ye 17 
0 +#yYA-AAd- k) 4 
Thus the different values which u has for z= œ are 
tKh'+2mK+2m'iK'. (18 


186. Inversion. 1. In the foregoing section we have considered 
the function u of z defined by 


z dz z 
u = AE GLB Hue fdz. qd 
Let us now look at the inverse function z of u. This we said is 
d é 
enoted by bey: Q 


Since the integrand f(z) is a one-valued analytic function about 
z= 0, u can be developed in a power series. It may be obtained 
thus: Since 


f=0- Ata- eah 
we may develop each factor 
(1 — 22) and (1— Keg} 


by the Binomial Theorem and get two power series in z These 
two series when multiplied together give 


f=1 +} + 2+4 420243 iA + o 


Integrating, we get 


u =z + 4(1 + k)? + C8 4+ 2 k 83 ANH «- (3 
which is valid for |z| < either 1 or T 


If we invert this series by 125, we get 
jai -5a + ew +3 C1 +UB+ Ro. 4 


which is valid in some circle ¢ whose center is u = 0 
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By analytic continuation we may extend the function so as 
to define it for values of u outside c. It can be shown in vari- 
ous ways that the analytic function defined by 1) is an elliptic 
function, having 4 K, 27K’ as a primitive pair of periods. Its 
zeros are =0 and its poles are = iK' mod 2 K, 27K’, each of 
order 1. 

It was by inverting the integral 1) that Legendre, Abel, and 
Jacobi were led to consider the elliptic functions. We have seen 


that Legendre set i 
z2=sin gi 


From this point of view it was at once evident that z admits the 
period 4 K. But Legendre, using for the most part real variables, 
failed to notice that z possesses also an imaginary period, that in 
fact z is a double periodic function. 

The discovery of this property by Abel about 1825 enabled him 
and Jacobi to develop the theory of elliptic functions in the next 
few years far more than their predecessors had done in half a cen- 
tury. 

Because of the fundamental nature of the double periodicity of 
the elliptic functions, we began our treatment of these functions 
in the preceding chapter from this point of view. At the same 
time the older theory is so interwoven in the modern that we 
have not hesitated in treating the functions of Legendre and 
Jacobi to start from the elliptic integrals and work up to the ellip- 
tic functions. This point of view is also useful in those applica- 
tions which lead at once to an an eliptic integral. 


2. To show that the inverse function z = sn u is in fact an 


elliptic function, let us actually write down such a function which 
satisfies the differential equation 


Z= vaza — BA), G 


the radical having the plus sign for z = 0. The constant of inte- 
gration we will determine by taking z= 0 for u = 0. There can- 
not be two such analytic functions. For both having the same 
derivative 5) about u = 0, they can differ only by an additive con- 
stant and as z = 0 for u = 0, this constant must be 0. 


wal 
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3. To this end we consider the function g of 176. We saw that 
q is an elliptic function which satisfies the differential equation 


EEN CE ERED Ce ST ON (6 


du 
Let us choose e}, eg, eg so that 
jo B= @ 
Wi ace 
and set aan ie 
Z== Ve, — e: q 


Then z satisfies the equation 


Z =Ve,—¢,V0—#)0 — PA). 


To remove the factor on the right we set 
v 


eee 
Ve, — e 
which gives j 
Z =v -A0 BA). (8 
Thus 
2= Vae: o EOF 4 o) (9 
of OE 


is a solution of 5). Asz=0 for v=0, the function 9) must be 
4), replacing u by v, or snv. 

We saw in 176 that o,(w) is a homogeneous function of z, @,, 
w, of degree 1. We can thus write 9) 


Z= (V , WyVCy— ey » Wy Vey— ez), (10 
whose periods are 

4 K=40 Ve- e , 24KS 2 O VO eg (1 
whose zeros are = 0, and whose poles are = iK', mod 2 K, 27K’. 


4. Having assured ourselves that the inverse function z = sn u 
is a one-valued function throughout the whole plane, z= œ in- 
cluded, let us see how the study of the integral 


E dz 12 
i ni VA — (1 — ke) f 
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shows us: 
1° z is a double periodic function with the periods 
4K=4 { p= ae 
o VI-#2)(1— k?z) 
1 
7k dz 
J : (13 
aA 2f Vd- AA — k2) 


2° z has as simple zeros the points = 0, 
3° and as simple poles the points =7A’ both mod 2 K, 27K’. 
This will be an a posteriori verification, but it is very instructive. 
Precisely this path was followed by Cauchy and his successors. 
5. To begin, the relations 185, 14) show that snu admits 4 K 
and 27K’! as periods, while the reasoning of 185, 6 shows that sn u 
remains finite except in the vicinity of the points 


e=tKh'+2mK4+2mik'. (14 


Let us show that these are poles of the first order for snu. We 
write 12) > 
“=f + f’ =e+u, (15 
(ZAU Jo 


where ¢ has the value given in 14). We wish to see how w be- 
haves about z = œ. 


If we set z = ;, it becomes 


: dt i 
pts = fl} “1 9 ees eae 
S comers Iq WE At gt ae 


This shows, using 125, that ¢ considered as a function of w is a 
one-valued analytic function. 


t= w(— k+ byw byw? + «.+). (16 


1 
are : {—F + due) + dy(u— eo) + |, aT 


U= 


Hence 


and u=c isa pole of the first order. 
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6. Let us show that the points w=0 mod 2 K, 2iK' at which 
= snu=Oare simple zeros. In the vicinity of z = 0 we have 


1 
—— =] 0,24 0,22 4+ = 
V0—-AO_— PA) de 


Hence 


u= [Amos og + o+ a e, = 1, (18 
where ¢ is given in 14). The relation 18) shows that 
z=(u— e) fey + e(w— 0c) + e (u— eB +} (19 


and thus u = ¢ is a simple zero. 
T. Let us show that z is a one-valued analytic function about 
the point u for which z=+1, + a These latter points are points 


in whose vicinity the integrand of 12) becomes infinite. 


Let us set zg-1l=@ ; then dz =? tdt. 


Also 
V1 — 24) — B24) = V2—1 VG+ 12) (2-1) = thaytat+ ek. 
Thus 1 


lbt btt od, 
du = 2(b, + bt + dt, 
U= Cyt ey tH ot H e , e0, (20 


where cp is one of the values which wu has for ¢ = 0, that is, for z = 1. 
These values are all = + K. 

The relation 20) defines ¢ as a one-valued function of u in the 
vicinity of u=c¢. As z = 1 + č this gives 


z—1= d (u — co) + dau — ey)? + + (21 
Thus z is a one-valued function of u about u = ep. 


187. The sn, cn and dn Functions. 1. We have now two defini- 
tions of z= sn u; one as the inverse of 


tfai anri asi =, 1 
w= f Vd — 2) — k) f 
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the other as 


ea w 
z = snu = V ej — £z ` T, ®1; wz) , i (2 
Noe À (3 
V pv) — e, 
where pes Fess (4 
ey =— êz 


The radicals Tie Alen ae 


although two-valued functions of z, are one-valued functions of u. 
For from 3) we have 


ee eae Drak er 


= o2 (v . 
P—& a3) hC) 
pecs mem Ni tee , en(0)=1. (6 
T(V) 
imilarl j 
pay anes re BO a (6 
T(V) 
If we set : 
z=sin ¢, 
the integral 1) becomes 
0 V1—#sin?fd Jo Ad 
Then smu , cnu , dnu (8 
become in Legendre’s notation 
sind , cosd , Ad, (9 


as already remarked. 


2. We wish now to deduce a number of properties of the func- 
tions 8) from the definition of sn u as the inverse of the integral 
1), and from the definition of en u, dnu by the relations 


cnu =V] — su 


, dnu=V1—k sn? u. (10 


This is the older point of view and will accustom the reader 
to the use of integrals as an instrument of research. Later 


we propose to study these functions from the standpoint of the 
% functions. 


\ 
\ 
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Let us first find the periods of enu. We take up the considera- 
_ tions of 185. Allowing z to describe a circuit about z = 1, u goes 
over into u + 2 K, while V1 — z2 changes its sign. Thus 


en(u+ 2 K)=— enu. 
~ Hence en u has + K as a period. 


If we let z describe a circuit which contains both z = 1 and a u 


= goes over into u + 27K’, while V1 — 2 changes sign. Hence 
en(u+ 2iK')=— enu. 


Thus enu has the period 2 K+2iK'. In a similar manner we 
may reason on dnu. Thus we can draw up the table : 


PERIODS 


4 K, 27K! 


4 K,2K+2iK' 
2K, 4ik! 


The poles of en u, dnu are obviously the same as those of sn u, 
as seen from 10), and they are of order 1. 

From 10) we see that enuw=0 when sn?u=1. But sn AK=1. 
Hence by 185, 10) all the points u at which snu=1 are given 
by K+4mK+2m'iK'. As sn*u is even, the points at which 
sn2u = 1 are K+ 2 mK+2m'iK'. Ina similar manner we may 
reason on dn u. 

We may thus draw up the table : 


ZEROS PoLES 
2 mK +2 m'iK' 2mK + (2m! + 1)ik! 
(2m+1)K+ QmikK! « 2mK + (2m! +1)ik' 
(2m+1)K+ (2m'+ 1)ik' 2mK + (2 m' + 1)ik! 


Since sn u, cn u, dn u have each two poles only in a parallelogram 
formed of the periods given in the first table, these periods are 
primitive pairs of periods. 
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3. Let z move from 0 to 1, at which point u= K. Hence 
snK=1 , mK=0 , dn K= Vi- k =kK', ql 


if with Legendre we set y vI- Æ (12 


taking the positive determination of the radical for k=0. This 
is called the complementary modulus. The introduction of #’ is 
quite natural from Legendre’s point of view. For as we have 
seen, he set k = sin 0; hence cos 0 would be #’. 


Next let z move from 0 to F, at which point u =K +iK'. 
Then : 
tet EOE z 
; l ik! 
K+ik)=wW1l-—-==+— 
en(K + ik’) RB + p” (13 
dn(K+ik')=0. 


To determine the sign in the second equation let us take k real 
positive and <1. We let z move over the path 0 azet in the 


figure. When z= 0, V1—2 has the 


z, 
value +1. Thus at z=a, Vi — z2 TiO 
(0) 1 1: 


is real and positive. We set k 


1 — z = ree"), 


Then —— 
V1 — z= rielive—*), 


and take V1+ zwith positive sign. Then VI- z is real and 
positive at a, as it must be; but at e, V1—z becomes 


mi 
> 


rie ? =— irl, 


which is negative imaginary. Thus at z= i the radical is nega- 


tive imaginary. Hence we must take the — sign in 13). 


ars from the foregoing we may write down the following 
able : 
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In each square the values of sn u, cnu, dnu are given in order 
for , 

p=mK+mik' , m, m =0, 1, 2, 8. 

In the table m refers to the columns and m to the rows. Thus 


= i! 
f foru=3 K+iK snu , mnu , dnu 


ik! 


a TIA 
k 


eee 
=-7 > 


188. The Addition Formulæ. 1. If we set 


u= f 2 ’ v= f° o] w= fi", 
1, @ ae 1 2 


the addition theorem log zy = log x + log y 


_ states that EEA 


or that a a z 
T 
al 1 1 


2. Let us set w=" de (2 
0 Vi—2 
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The inverse function defined by this relation is z = sin u. 


addition theorem for the sine function is 


sin w = sin (u + v) = sin u cos v + Cos u sin v. 
Let us therefore set 
a nena , w =f" dz i 
o Vi- y? o V1-2 
The relation 3) states that 
z=sV]—-% +y Vl- 2, 


zZ oy 1-ytyvV l-r? 
fi +f = me 
0 0 PAU 


= dx z dx 


tly VG—-2)G—Re) Jo AE) 


and hence 


8. Let us`set 


The 


(38 


(4 


(5 


(6 


For k= 0 this integral reduces to 2). It occurred to Euler that 
the integrals 6) might have an addition theorem, that is, the sum 


of two integrals 
z v 
die 
0 e/0 


might be expressed as a single integral 


z 
I 


in which z is some algebraic function of v, y as in 4). This rela- 


tion he found to exist; it is in fact 
<p aVv(1— PA- hy?) tyy A —a) 0 — kc?) | 
1 — k?r?y? 
Thus if we set, similar to 2 


wales dy 
Us 


wauton | dz : 
0 vd- (1— #22) 


À 
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we may write T) 


snu env dnv + snv enu dnu 
SAC E ETAL k BAE r A O AA 


1 — ksn? u sn? v 
snu sniv+snv sn'u 


== . ( 8 


1 — ksn? u sn?2v 


To obtain the relation 7) we notice that the differential equa- 


tion 
dz d, Ay w= N © 


pot fu- ; 10 


_ If this integral is determined by the condition that when z = 0, y 
shall have the value z, the relation 10) shows that the constant C 
of integration must have the value 


_ admits as integral 


dz. 
Jae. 


C= aala 
The value of C may also be Pa as Darboux has shown, as 
follows: 

Let us introduce a new variable defined by 


ds z= dr, (12 
Az 
Then 9) becomes 
) dite, 
Ay 

or Er =Az , cee Ay. C 
Hence Pr o pa (1 4 

We ka — (1 + kr, 

oy = 2 ky? — (14+ Yy, 

dx git 
ca z555 2 kyla? — yD, 


w (UY EEE (a2 — y). 


FUNCTIONS OF A COMPLEX VARIABLE 


420 
Thus Pr ty 
IIa "de® Pay | 
dx\? (#7 ~ 1e 
da a| eY 
S a ds 
If we multiply this by de ag dy 
ds ds’ 
we get dr dy dz, d 
ae E 2 k2 att OP | 
di af. . u(y ds a z2) 
dz _ dy l- ery `’ 
as ds 
or i 
d log (ya _ ow) = d log(1 — k*x*y?). 
ds ds 


aa oY) = log(1 — Pry") + log c, 
8 G 


or using 18), we have 


yAx + rAy = e(l — k?r?y?). (14 


This is an integral of 9). To determine ec we must have y=2 
for v=0. This in 14) givese=z. Hence by 14) | 


¢ = Yoa+ why 
1E 1 — k?r?y? 
which is 7). 
4. By means of simple but rather lengthy reductions we get 


(15 


enucny —snudnusnvdnv 
en(u+v)= 
( 1 — ksn? u sn? v 4 
dn u dn v — kèsn u cnu sn ven v (16 


dana 1 — ksn? u sn? v 
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; rom 8), 15), 16) we may also derive: 


Sn? u — sn? v 


sn(u +v)sn(u—v)= T EETA 


en? v — sn? u dnè v 


A a TE 1 — ksn? u sn? v 


3 


ae 2 2 
dn(u + v)dn(u — v) = ALALA 


189. Differential Equation for K and K’. 1. We saw that 


l E =f tae V1 — ksin?p are 


When | k?| < 1 we can develop the integrand, getting 


1-8-5. (2n — 1) 


k” 2n 
ATLA sinih 


(i —#? sin?¢)?# = 1 + 
n=l 


But from the calculus we know that 


r, C nrl) or 
2sin” ddd = . =; 
fosin oy Pee kn 8 


Thus integrating 2) termwise gives 
Ks ike 24 +0 3 E EE = 1s | 
K=5{1+(5)! coy is Oar pean 


valid for | #2| <1. 
Comparing this with 103, 5) we see that 


aera | 
K="F A a), 
g E g’ 4 


analytic continuation. 


dæ dx 


2. The other period 2 iK' we saw in 186, = is defined by 


421 


(2 


(8 


(4 


This relation, holding for |k?|<1, must hold throughout its 


-A af” A aaa e DA= Px) 
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Let us set et eee Bias toy ey 


Vi — Fe 


Then to z =1, z=1 correspond u = 0 and u=1. We thus get 


1 du 
kao f 5 
sji vad-— u?) (1 — k'?u?) ( 


Comparing with 4) we see that 


mali L 
E'=7F (G, 5» 1, x), 6 


3. We saw in 103, 4 that F(@Syz) satisfies the differential 
equation (a DFT (a 4h +1)e— 9 Ph eo (T 
a= B=} 9 vas , z= k, 


the relation 4) shows that K satisfies the equation. 


If we take 


ez 1) Z+- Bh 4 Fy <0 , z= k. (8 


If we replace z by 1— z = ķ'? this equation is not changed. 
This shows that not only K but A’ as given in 6) is a solution of 
8). Thus both K and K’ are integrals of 8). We shall return 
to this subject later. 


web 4 


4 pe 


CHAPTER: XII 
THE THETA FUNCTIONS 


_ 190. Historical. These functions were first considered by 
Abel. We have seen, 186, 4), that the inversion of 


u= f” dz 
: 0 VA- A — Pe) 
leads to an infinite series 


fe 1 2 
t E or a ae bs Gr 


which gives the value of sn u within a circle passing through 7K’, 
_which is the nearest pole of z. 
In a similar manner the inversion of 


n na f dz 
4 Jo ite 
leads to a series 
/ z=tanu =u +4 u + p u+. 

which gives the value of tan u within a circle passing through gi 


its nearest pole. 
But we know that there exists an analytic expression 


gi 
aui(1— a) 

4 2? 

n(i-4—~* 5) 
( (2 n — 1)? 
which is valid for the entire domain of definition of the tangent 
function. It occurred to Abel that a similar expression might be 
obtained for the sn function. This is the way he found it. 

From the addition theorem we may express snnw in terms of 
snu, cnu, dnu just as in trigonometry the addition theorem of 


the sine function enables us to express sin nu in terms of sin u, 
5 423 


n=1, 2, --. (2 


T 


AS 
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cosu. If in the expression for sn nu, n being an odd integer, we 


replace u by = we get až 


Tii ace mE +2 ml Le | 
sn| = 
n 
f sn x 
n 

a amit MEDEN 
[Ge et a 

This expression is entirely analogous to that obtained for the 
sine function in 136, 6). 

From 1) we have 


u 
sn— 
lim 2 ee ee 
ae an(= mK + 2 wn” ~~ OmK+2 mK 
G n 
etc. Abel therefore concluded that 
n(1 a u ) 
9 9 Psy 1 
A 2 mK +2 miK i (4 


12 u ) 
u1( 2mK + (2 m+ 1)iK! 


This passage to the limit is not rigorous and the infinite products 
which enter 4) are not even convergent in the sense that we have 
given this term in 128,2. Let us therefore regard the relation 
4) merely as a stepping stone to get infinite products which do 
converge; these will be the s. 

To this end we write the products which figure in 4) as double 
iterated products, and for brevity we will set 


u=2Ko , r= K, (E 
Th 
i 2K = 2, R 
o0) 
where 


T =2 6n] -2an 1-—*_), 
nN] m m m+ m'r 
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and a similar expression for 7). Here 


2 m=+1,+2,... 

. m=0,+1,+2-. 53 m mtl, +2,-. 
a n(1 —*)= sin To 

: n TV 


n(1 ——*__) Snr), 
m m T, 


+m sin m!art 


T, œ) =2 Kv sin mv 7, sin m(m't — v) 
Tv w sin marr 


ae Kin TU æ sin m(nT—v) sin w(nt +v) 


ret te sin NTT sin NTT’ 
2 ses 9 gör Tv m Sent (nt—v) __ T S ENTEN) eee Diapason’ 
T (po a er minia 
a OK. 1 — elrint( etiv 4 p—2niv 4mint 
J = —— sin mvl METi a a a : 
T (Lem) 


Thus finally 
o AAA ai py Oe S ea Ta a RS RE N 


9 kd 


z — I — ory 
where ad 
: q= eT —e g (9 


= Here the infinite products in the numerator and denominator 
of 8) are absolutely convergent when |g|<1. ‘This last is no 
essential restriction because we would merely need to interchange 
K, K' in 9) to get a q which is numerically < 1. 

_ A similar reduction of 7)(v) leads to 


"A c IE “ah “ali 
4 Tow) = Ate ae Sear ) », r= 1, 2 «. (10 
7 Similarly, we can express en2 Kv, dn2 Kv as the quotient 
products whose numerators T, 7, are slightly different from T, 
and whose denominators are T) as before. 

Thus the development of sn, en, dn into infinite products leads us 
to four integral transcendental functions 7), 7, 7, Ty which play 
the same role in the theory of Jacobi that the four functions 
. Oy, cz play in the theory of Weierstrass. It is one of the 
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immortal achievements of Abel to have introduced these func- 
tions into analysis. Although his method of deduction is not 
rigorous, we can and will in fact show that when T}, ea as given 
in 8), 10) are put in 6), the resulting function satisfies the differ- 
ential equation 


de _Ja_-AU— kA), dı 
du 


which defines the sn function. 

Here, as often happens, a method which is not rigorous, and 
cannot perhaps be made rigorous, leads to results whose correct- 
ness can be established a posteriori very simply. Such methods 
have a great heuristic value and are not to be despised by the pioneer. 


191. The 7s as Infinite Products. 1. It is convenient to replace 
the T's introduced in the last article by four new functions which 
differ from them by constant factors. With Jacobi we set 


“g=e, ad 
3,(v) = 2q' sin wv Ta — g")(1— 29 cos 2 wv + g), 
Pa Cu) = 2.q* cos mv iq — AA + 2q” cos 2 rv +q“), 
B= ÅA — POC + 2g cos 2mo + gi, 
w= mq =g") A — 2g t cos 2 mu tg), 


We do not need to regard them in any way related to the elliptic 
functions, but simply as integral transcendental functions whose 
properties are to be investigated. The only restriction we make 


is that 
lal<1 (8 


in order that the products 2) converge absolutely. 


We first show that these four functions are very closely related 
to each other by the formule: 


Dv + D= PC), 
WR aie $ 


7G + to). ie-reg th (o). 
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To prove the first relation we have, setting 
Q=d aoe 
Ogu + P = GIL + 2g cos 2mo + 3) + g") 
= 9111 — 297"! cos 2 7v + g7) 
. = 
To prove the second relation in 4) we have 


(à AEDE QII(L iL pa mee! 4 qg te ziv), 
Hence 


AG = 2)= QII(1 + gente) a es gente triets) 
2 =Q + em + greri) (1 + gre) 
= Qe-ring gt . 2 cos oI (1 + 2g” cos 2 mv + g”) 
=g teed). 


2. In asimilar manner we may prove the following relations : 


Av i 3) = (v), 


i f oy (e + 2) = igre rwg (v), (5 


"1 ¢ $ PE ) = Gite" Co). 


bo + 4) = — 3,0), 


Ü (e + 5) = gerig (v), (6 


PC + 3) = 2v), 
aa(v ae 2) = ig terto w), (7 


AC TE Le) = q ?e t9 (v). 
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3. By repeated application of the foregoing or directly we 
find : 
CAC — 1) = — ð), 
Dv +1) =— H), 
d,(v + 1) = 2), (8 
Dw =e 1) = D Cv). 


3(v+@)=—q le *"s,(v), 
B lo + 0) = gieo), 
dlo + 0) =Ge*"9,(0), 
H + a)=— Gq led, (0). 


(9 


192. The ¥s as Infinite Series. The relation 191, 8) 
D + 1) = 0C) 
shows that ®¿(v) admits the period 1, and can therefore be de- 
veloped in Fourier’s Series by 126. Thus 


(v0) = > ae, a 


To determine the coefficients a, we use 191, 9) 
BCe + @) = glerið (o). @ 
For putting 1) in 2) gives 
Ü (V ae w) = Da, e27vtw) ne P a pier 
= ge: BOS a ae 
= 2a,g lete—ly, 
Comparing the coefficients of e°» gives 


a x. = 
ang” = Anag! 
or 


Thus 


a= 9" a, 
D) a ayzqhenn 
= ARI 4- Èg (erin + gs) 5 
1 


=a (1 + 259" cos 2 mnv). 
1 


oa 
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To determine a, setg=0. Then #(v)=1. Hence a,=1. In 
this way we get 


b,(v) = 14+ 27g" cos 2 mn, 
1 
Pw) = 2È g+ cos (Qn + 1)ro, 
0 
o,(2)= 23 (—1)"q"*2" sin (2n + 1)70, Se 
0 
Dw) = 14+ 25 (— 1)*g" cos 2anv. 
1 
The representation of the /s as infinite series is due to Jacobi 
(1825). As they converge with extreme rapidity for the values 
of q ordinarily employed, they are of immense value in all ques- 


tions of numerical calculations of the elliptic functions, as we shall 


i see. 


193. The Zeros of the s. 1. The infinite products 191, 2), be- 
ing convergent, cannot vanish unless one of their factors vanish. 
From this we have at once that the zeros of the #’s are as fol- 


. lows: ðC); v =m + no, 
5 3(v) ; v=(m+4)+no, fal 
(vy); v=(m+ 5)+(n+})o, 


Pv); v=m+(n+))o. 
where m, n= 0, +1, +2, =- 
To illustrate the proof, let us find the zeros of #,(v). We 
have 
1 19 ge cos 2 Tv ae ls =s (1 + Gres) (1 -4 gO eR 
Let us find the values of v for which 
1 + E EA 0; 


This gives, since q = e™™, 


2riv __ 1 s 1 

e er gr a emi(2n—l)w 
Hence 2 miv = log (— 1)— mi(2n — 1)o. 
As log (— 1) = mi + 2 smi, 


v=(m+4)+(n+})o m, nany integers, 
as required by 1). 
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2. Another method of getting the zeros of the ðs is the fol- 
lowing, it uses the infinite series 192, 3). From the series for 
V Cv) we see that it vanishes at the points m+ now, since each 
term of the series vanishes. 

To show that the ®s vanish at no 
other points let us consider 3,(v) for 
example. We take a parallelogram P 
as in the figure not passing through 
one of the points m+n. Then by á aa 
124, 8), 


da+o 


1 
male log 3,(v) = M— N. 2 


As #,(v) is nowhere infinite in the finite part of the plane, 


N= 0. Now > a 
— + . 
Hi ik ‘tek $ 


From 191.8) g log v +1) _d log & w) 


a i ENS 
dv dv ’ 
while from 191, 9) 
d log ù w + @) daong d log 3,(v) 
dv j dv ; 


Thus 
ER 
1 9 PeR atl 
He ay ri f dv e d log ®& w) 


» 
=— 2m j. 


These in 3) give 


Putting this in 2) gives M=1. Thus 3,(v) has just one zero 
and this of order 1 in the parallelogram P. The first equations 
of 191, 8), 9) show that ® (v) has a zero of order 1 in each of the 


congruent parallelograms, mod 1, œ. From 191, 5) we may now 
find the zeros of the other thetas. 
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Q SON ae 


= 194. The əs with Zero Argument. 1. If in the infinite series 
_and products of the #s given in 191, 2) and 192, 3) we set v = 0, 
we get 


By = 14+ 23(— D= Td — POC — ge) a 
Jy = 2 g= 2g — PAIA g”). (2 
D = 14254" °= 1 — gd. 4+ gn"). (3 


T Here, as is customary, we set % instead of J) (0), ete. As 
_ 0, = 0, let us take the derivative of 


Aw) =2 ø sin well (1 — IA — 2 g” cos 2 mv + g) 
= sin mv - $(v). 


E Then Hw) = m cos Tv: p (v) + sin mv - g'(v). 
TH 

: ence #(0) = mp0 

= since 


sin7v=0 for v=0. 


Thus I = 2r È(— D n+ DH = rp g (4 


= These four functions vl, Oy Jy, J, considered as functions of 
the complex variable q are of extraordinary interest from the 
4 standpoint of the theory of functions. As we have already seen, 

_ for these series or products to converge absolutely it is necessary 


“that ig|<1. There is nothing remarkable about this. The 
_ series 2 

k a we 

3 log Caa t 

k 


does not converge absolutely unless |z|<1; but by analytic con- 
_tinuation it is possible to extend the function represented by 
this series beyond the unit circle. The thing which is so re- 
markable about the series 1), 2), 3), 4) is that it is quite impos- 
‘sible to extend them by analytic continuation beyond the unit 
‘circle in the g-plane for the reason that the functions defined by 
them become infinite in the vicinity of every point on this circle. 
Here, then, is a class of functions utterly different from all the 
functions of elementary analysis. These latter are defined for 
‘the whole plane, isolated points excepted. The four functions 
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Jy, Jy, J, O4 are, on the other hand, defined only for points which 
lie within the unit circle. 

If we replace g by its value g=e™* and consider these func- 
tions as functions of w, we find that they behave in a most remark- 
able manner when ø is replaced by 

pod ak aw + b ( a 
cotd 


a, b, c, d being integers such that ad — be = 1. 

The oo3 transformations 5) form a group G, and by the aid of 
the functions 3%, 3,, 3, O] we can construct functions which 
remain unaltered for Œ or for some subgroup of G. 

One of thè simplest of these functions is the modulus ¥ of the 
sn function. We shall show directly that 


pas. 
3 

This function remains unaltered by the subgroup of @ charac- 
terized by j 

a=1, 6=0, ce=0, d=1, mod 2. (6 
For this reason all functions of this class, that is, one-valued ana- 
lytic functions which remain unaltered for the substitutions of 
G or for one of its subgroups, have received the name of elliptic 
modular functions. Their theory has already reached imposing 
proportions, yet the modular functions form only a small part of 
a still vaster class of functions called the automorphic functions. 


For these functions the coefficients in 5) are not restricted to 
integers. 


2. Returning now to our #’s with zero arguments, let us prove 
a relation of great importance: 


a= TI. (T 
From 1), 2), 3), we have 


FI, = 2 QI (1 — PPA PRA + PDA — 2-2, 
Now from 135, 1), 


AHAHA- =l. 
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eeu BIg, = 2 qT G7) 


Comparing this with 4) gives 7). 


195. Definition of sn, cn, dn as  Quotients. 1. With the four ? 
functions we can form 12 quotients 


9, v) 

= e0 1, 2, 3 

B) rs ; 
six of which are reciprocals of the other six. Of the remaining 
six, three are quotients of the other three. Let us therefore 


consider w) P (v) AAD) ad 


D w) i v w) i KO 


_ These admit as periods, respectively, 


=, i 3 21+o0 ; IRZ (2 


The poles of these functions are the zeros of the denominators. 
In a parallelogram constructed on the above periods, each of the 
above quotients has two simple poles respectively. They are 
thus elliptic functions of order 2, and the above parallelograms 


~ are primitive. 


Without assuming any knowledge whatever of the functions 
gn, en, dn, let us study the three elliptic functions 1). 
We will begin with 
£ PEE 3,(v) 
I(r) 
and find the differential equation which this satisfies. To this 
end we use 165, 14. Here the poles are 


w 


Pi=z > Belts: 


Hence the zeros of a are 
v 


site , 1++*2 >» ¢to , 1+o0+}, mod 2, ø. 
To find the values of g(v) at these points let us set 
By = Vk (3 
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and use the relations in 191. Then 


gd +o+})=—q@)=— Vk. 


Thus 
dg _ _ ke? \(k —@). 
(À = ca-1e-* 

Let us set cA _ 18,0). a 
Vk Vk p v) 

We get 

4 d =e¢V (1 — ® (1 — #s*). 6 
v 


To determine e we have from 4) 
Steak Oo) 
For v= 0, this gives 


(E) adia 
dv v=0 Vk Do 
The right side of 5) reduces to e for v=0. Hence 
oa 
Vk 
or using 3) and 194, 7), we get 


Da 3,3 
= Us, TUUS _ mo. 
b a  e 


Putting this value of ¢ in 5) and setting 


u = TV? (6 
de _ Vad — ee). (T 


Keio, 


we get 
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Let us therefore define three functions of u by the relations 


od, O- (v) 

an u = Ua. Vi) | 8 
Ü, I(r) ( 
Ova) 

enu = 20 . 22h?) 9 
iy RO) ‘ 
b, 3(v) 

dnu = “0, Va) | 10 
Ü, H) C 


where v is related to u by 6). Then if & is defined by 3), we have 
shown that z= snu satisfies the differential equation 7). As 
z = 0 for u = 0 we see that u considered as a function of z satisfies 
the relation i 


Pack ity dz i 
= i 


The function 8) is therefore indeed the old sn function studied in 
Chapter XI. 


2. Before showing that 9), 10) are our old en, dn studied in 
Chapter XI let us note the periods, zeros, and poles of the functions 
8), 9), 10). 

The periods may be read off from 2). If we set 


2 K =n , 21K'l= rad, (ii 
we have as primitive pairs of periods: 


PERIODS 


4K, 2iK' 


4K, 2K+2iK' 
2K, 4iK’ 


As zeros and poles we have 
ZEROS POLES 


2mK + 2m'ik’' 2mK + (2m! + 1)ik’ 


(2m+1)K+2m'ik’ 2mK + (2m + 1)ik’ 
(2m+1)K + (2m' + 1)ik’ 2mK + (2m + 1)ik' 
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3. We also note that from 191 we have 
sn(u+2 K)=—snu, 
on(u+2K)=—enu, (12 
dn(u+2 K)=dnu. 
sn(u+2tK')=snu, 
en(u+ 27K’) =—enu, (13 
dn(u+2tK')=—dnu. 


sn(u+ K)= Z" 


dn w 
' Pae 
SOPII E : VE (4 


k' 
dn(u + K)= oa 


hade: 
me TR 

TOE 15 
S GER ae, ery ( | 


: enu 
dn(u +iK') =" 
TSn u 


sn(u+ K+ ik’) = fn 


` 
Cnu 


en(u+ K+ os (16 


š 
kenu 


dn(u+ K+ iK) Enu 
en u 


4. We now show that the functions 9), 10) are the en, dn func- 
tions considered in Chapter XI, that is, we show that the function 


9), 10) satisfy the relations | 
en? u =1— sn?u, a7 
dn? u= 1 — k2 gn2 x, ad 

Let us prove 18); the proof of 17) is similar. 


The function dr? u has 2 K, 27K’ as a primitive pair of period 
as seen from 12), 18). 
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The zeros of dn?u are = K+iK’. Its poles =:iK'. Both 
zeros and poles are of order 2. 

On the other hand, 1 — # sn? u has the same periods, zeros, and 
poles and to the same order. Thus the two members of 18) can 
differ only by a constant factor ©. To determine this, we set 
u= 0. This gives at once C= 1. 


5. Finally let us show that %*, k”? as defined in 3), 14) satisfy 


the relation 2 + hk’? = 1. (19 
In fact, setting u = K in 18), we get 
dr? K = 1 — Rs? K. (20 
But from 14) dn K=k'? , sm2K=l1. 


This in 20) gives 19). 


196. Numerical Calculation. 1. Let us now show how to calcu- 
late K, K', snu, etc., by means of the s when the modulus & is 
given. We have 

Viki = SE ERTEAN he e Eri, T qd 
z L+2q+2g+2gt- 
When g is small, we have approximately 


1—29 
Viki = EROF (2 
or _11-—vk 3 
PERRO # 


To get a closer approximation, we note that 


_1-vi# _ B,—Vy _ 9 q+ Pt Pte. 
1l4vki vto 14+294+2 6+ .-. 
If we develop the right side of 4) in a power series in g and in- 
vert this series, we get 
g=14+284+15P + 1501+... (5 
This series converges with great rapidity. For example let 
k2=41. We find that — 0432139 «.. 


On the other hand 1 = 043213677: 


ad 
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This shows that the first term of 5) gives q correctly to 6 deci- 
mals for this value of k. 
Having found q, we get K by the relation 


V E= =142q 42g +294 (6 


EI, > E 4." 
Os 


As 


we can write 6) 


2K _ 0,40) _ 914+29+29q%4 -- 7 
T 14-Vk! 1+-vk' j 


which converges more rapidly than 6). 
To get K' we use 191, 1) and 195, 11), which give 


Ma 
oes. ~ 
gr K 1 1 1 
=] S|- ]=— 2. ami — }. 
K z 108 H 5 3 log G) (8 


The values of sn u, en u, dn u for a giveñ u and kare now found 
from 195, 8), 9), 10). 


2. Suppose on the contrary the value of z in 
2 = sn (u, k) (9 
is given, and we wish to find the corresponding values of u. We 


start from the relation 195, 10) 


dnu= vE pD {bee 2 Ky, (10 
v 
From this we get a 


= VE _ _ Ml) _1~ agea + 2 feos tary — 
VIi- k Ov) 14+ 2q cos 2 mv + 2 gtcos4 rut. 


As a first approximation, this gives, 
1+ 2q cos 2 mv 


or 5 
008 2 rest J Sag (12 
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To get a formula which converges still more rapidly, we set 


wes —%(%) _ YI- PZ- Vie 
+5) Vi R24 VE 


2(q cos 2 rv + q? cos 6 TV + ++) (13 
-1 4+(2g cos 4 mv + 2q% cos 8 mv +.) 


As a first approximation, this gives 


cos 2mv =z W, (14 


197. The © and Z Functions. 1. The & functions depend upon 
two variables u and g. Let us set 


@,(u, K, K)= a(z) ENTS S. a 
where as usual REP e < ! ord £0, (2 


The properties of the @’s may be read off at once from those of 
the s; in particular: 

The ®,(u, K, K') are homogenous functions of 0 degree in u, K, 
ef 

Jacobi denoted ©@,(u) by @(u) and @,(uv) by H(u); H is 
Greek eta. We shall not use the H notation, but shall at times 
write © for ©, 


2. By means of any one of these @’s we may express an elliptic 
function by virtue of the following theorem: 
Let f(u) be of order m and have 2 K, 2iK' as a primitive pair 


of periods. Let 


Cis Cos soe Cm ; Pp Po he Pm 


be a system of incongruent zeros and poles. Then 


-a7 @ (u— ey) O (u — ep) 
C -Ia NEERA, 3 
= E Dup) ~ OU pn) i 


where u is determined by Abel's relation 
Ece, — pr =2AK +2 mK’. (4 
= The proof of this follows along the same lines as 166, 3. 
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Example 1. Let us prove the important relation 
@2 O,(u+v)O,(u—v) 
PA e ed i 5 
su—sniy = 7 HOLO ¢ 
which for brevity we will write 
I(u) = CR(«), 


v being regarded as a constant. 
For L(u) having the periods œ, = 2 K, œ= 2iK', vanishes at 


the points 
C1) =, C, =— v. 


The poles of L are me 
Pa . pı=iK' =p, 


being double. Thus 4) becomes 
0—2iK'=> 2 K4 p2iK'. 
Hence p= — 1. Thus 8) gives 


_ a tt 0 (u—v)® (u +v) 
Hera EE O E 


Replacing © (u) by its value expressed in terms of @,(x), or 
1 ziu 
O Cu) = — iq'e’ Ou + iK’ 


found from 191, we get 5). The constant is found by setting 
u= 0. 


Example 2. In a similar manner we may establish another 
important formula: 
1 — K? sn? u sn? v = 030, Cu + v) Oo(u — vA (6 
KOKO 


3. With the ©’s we can define four new functions 


_ dlog®,(u) — @f(w) 
Z, (u) Ta i yey ao ð, (a) 


9 r=0, a 2, Be (T 


For Z,(w) Jacobi wrote Z(u), and we shall adopt this notation 
at times. In developing his theory of elliptic functions Weierstrass 
defined the (u) function analogous to Jacobi’s Z(w). 
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The properties of the Z’s may be read off from the correspond- 
ing 3 relations. Thus we have: 


Z(ut 2K) = Zu), 


8 
Z(w + 2K) = Z(u)—™ C 


These show that Z is an elliptic function having 2 K, 27K’ as 
u 


periods. This function is analogous to Weierstrass’ p function. 
In a moment we shall show that Z' (u) differs from dn? u only by a 
constant. 
The addition theorem of Z(w) is obtained from 6) by logarithmic 
differentiation. Thus 
Py 
Aut r)+ Wu-v)-2B(u)=— AE omucnudny, Co 


Interchanging u and v gives, on noting that 
Z(—u)=— Zu), (10 


2 k sn? u snvenvdnv 
et eS el PETT YAPSA 
Adding, we get 

Z(ut+v)— Z(u)—Z(v) = — sn usny sn(u+ v). (11 


By logarithmic differentiation of the # relations in 191 we get, 
without trouble: 


Z(u + K)= Zu) — lO = Zu), (12 
enudnu — mi 
Z(u ik") = Zu) tu TTR (13 
= Z. T A MA 
We have also 
AD O AENT iKN= ae ; 20K )= oo. (14 
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198. Hermite’s Formula. The reasoning used to establish 168, 2) 
may be applied at once to Jacobi’s Z and gives, using the same 
notation as before, a celebrated formula due to Hermite: 

à. 1 
(tt) = AyZ,(u— a) — AZ (u—a) + + <P Zp (u — a) 
EB Zab) B. Zita IY Fe ZD(u—b) (1 
+ .--- + constant. 


Example 1. Let us make use of 1) to show that 
dnu = Z' (u) — Z'(K+ik'). (2 
For the poles of dn?u are =iK' and are double. By 195, 15), 


dn(u+iK')= Ses =— = re 


Thus the characteristic of dn?u at the point w=iK"' is — E 
Hence in 1), A, = 0, AS Land thus p 
dn? u = Zi (u —iK')+ C 
= Z' (u) + C, using 197, 13). (3 
To determine C set u= K +:iK' and recall that dn( K+ iK')=0. 
This gives C=— Z'( K+ iK'), which in 3) gives 2). 


Example 2. In the same manner we show that 


= Z'(0)— Z'(u+ik’). (4 


sn? u 
Example 3. Let us show that 
1 1 


sn2u—sn2v  snuenvdny 


ZO+} Zuo- Z(utv)}. © 


To this end we note that the poles of the function of u on the 
left, call it g(w), are w=+v. To find the characteristic of g(w) 
at the point u =v we have 

1 1 1 1 
A ha snu— snv s x ; : 
— ru+snv snu— snu h(u) 

Let us set u=v +w. Then, 

snu=sn(v+w)=snu+twen' v+ 
Alu) = hiv +w) = h(v) + wh! (v) + + 
=2snv+ 
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Thus 
1 1 
LAES al yf si) Deed e 
1 
E ST AAEE higher powers of u — v. 
P Char g(u) = È i 
we YD ~Fenvenvdny uv 
The characteristic of g at the point w=—v is the same term with 
aminus sign. Hence 1) becomes 
1 1 


{0+ Z,(u—v)—Z,(w+v)}. (6 


sn? u—sn?v  2snvenvdnv 
In this let us replace u by u + iK', we get 
k? sn? u A d 


1—ksn2usn?v 2snvenvdnv 


{C+ Zu—v—-Zutrv)}. (7 


If we set here u = 0, we get 
C=2Z(v). 
This in 6) gives 5). From 7) we get 


k? sn v env dnv sn*u =Z(v)+4Zu—v)-AZ(utv). (8 


1 — k? sn? usn?v 


199. Elliptic Integrals expressed by © Functions. Let 


F= y: f(a y)jdz a 
where f is a rational function of x and y and 
=V (1 — z?) (1 — kz*), (2 
In 178, 10) we saw that we can write 
F= fEdz+ J2 de (3 
J ¥ 


where H and & are rational functions of v. The first integral on 
the right can be expressed by the elementary functions. Let us 
look at the second. We have 


Q = cH) + LC®), 


444 FUNCTIONS OF A COMPLEX VARIABLE 


where H, L are rational functions of z?._ Hence 


ri = nj 


In the first integral on the right let us set t = 7°, it becomes 


Tf dt 
SA > 
a Oai BD 


which can be expressed by elementary functions. Thus the 
general elliptic integral 1) reduces to the elementary functions 


and the integral 
ns sf Fi 6 


where L is a rational function of 2. 


Let us change the variable by setting 


s= en E) 
Then 


dz =V (1 — 2*)(1 — kx") du = ydu, 


Rous J R(a2)du. (6 
Here, R being a rational function of 2%, is an elliptic function 
admitting 2 K, 2 iK' as periods. Hence by 198, 1), 
R = AZ, (u — a) — A,Zi(u—a) + + 
+ B,Z,(u— b) — B,Zi(u— b) + ++ 
tee t+ 


and 5) becomes 


This in 6) gives 


= A, log O,(u— a) — A,Z,(u—a) + + 
+ B, log @(u—6) — B,Z,(u— by + oe (7 
++ + Cut D. 


200. The Elliptic Integral of the 2° Species. This we saw in 
180, 1) is 
V1 — kx? 
—_— dz. 1 
V1—2 d 
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If we set 2 = sn u it becomes, putting in the limits 0, u, 


E(u) = f“ anèu du 
= Z(u) — uZ'(K + iK') (2 


on using 198, 2). 
We have already called 


K 
E= f) dn? u du 
0 


the complete integral of the 2° species. This corresponds to K, 
the complete integral of the 1° species. 
Let us set in analogy to 7K’, 


K+iK' 
i iH= | dn? u du. 
K 


If we set u= K in 2), we get 
Z'(K+iK')=— 


SESS 


Thus E(u) = Zuu 8 


K 
Replacing u by u + 2 K, and u + 27K’ and using 197, 8), we find 
E(u + 2 K) = E(u) + 2 E, 
E(u + 2iK')= E(u)+ 2 iH. (4 
E(K+iK')= #+ iH. (5 
In 3) let us set u = K + 7K’, we get, using 197, 14), 


Thus 


rage HK =7, (6 


which is the Legendrian Relation, whose analogue in Weierstrass’ 
theory is 171, 8). 

From 197, 11) we have the addition theorem of the elliptic 
integral of the 2° species, 


E(u + v) = E(u) + Ev) — ke snusnv sn(u + v). (7 
To calculate # we differentiate 3), getting 
E 


dntu= Z' (u) HF 
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Setting u = 0 gives 


T 2_O'O) 22.219 he ee é 
K @(0) K? 1—2¢+2¢-29+-- 


201. The Elliptic Integral of the 3° Species. 1. We saw in 
180, 1) that the elliptic integral of the 3° species used by Le- 
gendre is a3 


1 . 
ii + nz*) VA -PA — kere) 


This differs only by a constant from 


ii i! dz d a 
e-e) VO—2®O—RA) 


Let us set T=8U , a=. 


Then we can write 1), putting in the limits 0, u, 


" du 
o Snu — sn? v 


Making use of 198, 5) gives 


“ du 1 1 O (v — u) 
— M = tta = log D— p, @ 
deerne rang i M+5 CRE ( 
taking that branch of the log which = 1 when u= 0. 
The relation 2) shows how the calculation of the integral 1) 
may be effected by means of the ® series, which, as we remember, 
converge in general with great rapidity. 


2. Instead of the integral 2), Jacobi took as normal integral of 
the 3° species 


“k2snvenvdnv sn2u 
ICu, v) = l 3 
nade I 1— FR sn? u sn? v ei ( 


Using 198, 8), we find that 


ICu, v) = uZ(v) + : log reese (4 


taking that branch of the log which = 1 when u=0. 
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From 4) we have a remarkable theorem due to Jacobi, which 
states that when the argument w is interchanged with the param- 
eter v in 3) we have 


Il(u, v) — uZ) = Iv, u) — vZ(u). (5 
It follows at once from 4). 


From +) we have at once the addition theorem of the integrals 
of the 3° species. Denoting the parameter now by a, we get 


II(u + v, a) — II (u, a) — II (v, a) 
CA NPE: Out v—a)O(ut+aO(vta). (6 
2 ° O(utv+a)O(u—a)O(v—a) 


Relation between the Functions of Jacobi and Weierstrass 


202. Relation between snand p. 1. We have now developed the 
two kinds of elliptic functions which are in current use to-day. 
To have two parallel theories may seem an embarras de richesse ; 
it might seem better to choose one theory and discard the other. 
Perhaps one day that will be done, but at present we stand too 
near the time when only the functions of Jacobi were employed to 
neglect these latter. Besides, each set of functions has its good 
points, and each suffers from the defects of its very virtues. 
Since then we have these two classes of functions, 


snw s O) , ZO ai p 

pu s a(u) > Eu) °° Jy Jp 

we must ask what is their relation to one another. Let us begin 
with pu, snu. 

In 186, 9) we saw that 


sn(u, k) = Ve FRO] aaaf 


U 
gig emmmer] @1, o) ei 


where e}, êg eg are such that 
k =f3 7.2 2 


ey — & 
as given in 186, 7). From 172, 16) we can also write 


u 
——. Me oj- “4 
V Vej — e 


sn (u, k) = (3 
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The periods of sn u are 
4 K=40,Ve,— e p 2iK' =20,Ve, — ez (4 
From 3) we have 
U, Wy, Wg) = lg + “2 = . (5 
aAA sn? (uVe; — ez, k) 

2. Let snu have the periods 4 K, 2iK', then sn?u has the 
periods 2 K, 2iK'. Let p(w) be a p function constructed on 
these periods. Then 

(6 


have a double pole in their common parallelogram of periods. 


A —— 

2000 sn? u 

Their characteristics at u = 0 are both A Hence the two func- 
w 


tions 6) differ only by an additive constant. To find this we 
develop both functions 6) about the point u = 0. We have 


1 
p= a+ ® 4 T +... 


1 1. 1+ e 
sn? u aa S 
Thus by 165, 10 
pu "= eer -— 31+). (7 


From 7) we can get the relation between p(w) and sn u when p 
has the periods 2 @,, 2 œ and sn the periods 4 K, 2iK’. 
For let us suppose, as we always do, that the indices 1, 2 are so 
chosen that if we set 
= °3 8 
T = g 


then Ordr>0. We then set 
geen. | 2K=78 , 2tK'=2 Kr, 


tie 4. 1 MD 


THE THETA FUNCTIONS 449 


Then 7) gives Riteci es) 
Ona RS | (10 
ot 
Differentiating 10) gives 
pu) = E ee ine Sku a 
sn3v w 


203. The e,, €, €; in Terms of the Js. In 202, 10) let us set 
w= w0 0 0z. Then 

Ku la men A EAK. 

%1 £ 

pu becomes é, eNe E, ez: 


1 becomes 1 , 0 FONA 
ona Ku 
@ı 
Hence K?21 
e = 5 
1 w? tt 
K?1 +% 
on o? DEAT. Gd 
_ Krk? — E 
“3 oh 3 5 
and ei teteg =l. 


From 1) we get 


ri n K? 2 
EA E; » ez — ez = k? — (2 
k am ci ae w 
T : 
Hence S E ll ecivia : 
k = 38 2 5 k = -1—_4. ( 
Cizus? aye: Bg 


If now we put in the values cf %?, k'?, K in terms of the v's, we 


find 
1 2 
i) 2 
= —3(gu,) tt Mt < 
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Their differences give 


2 
T 
Co — ĉn = | SS O4, 
3 2 ) 2 
2 o 


ae ES) d, 6 


204. Relation between o's and s. The two functions 


a(u, 20n Aa) , T) 


where z Pe 
vV = —— 3 == r 
20, ON 


are integral transcendental functions having the same zeros. Thus 
by Weierstrass’ theorem, 140, 1, 


3,(v) = eYou), 
where g is an integral function. 
If we take the second logarithmic derivative, we find as in 
166, 1 that g" = constant. Hence 
Fv) jas enu) 
= AER. a 
As 3,(v), olu) are both odd functions, 


eduteut = ebwtew 


or 
eu—1 , hence d=0. 


To determine A and c let us develop both sides of 1) about 
u=0. We have 3 
Hv) = vd) + Th i er 


e= 1 + cu? +e’ 
eWolu) =u + ceu + ... 
These in 1) give 
E ue MU 


esa Ce ae 3 wok 
er Au + edu + 
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Hence r 


Pm I 
20, 24 w2 
Thus 1) becomes 
197 _u \2 
Ces *)= re JF o(u). (2 


_ We can give this relation another form. We have 
olu + 2w) = — emt o(x), 

Cu + 1, r)=— ô (u). 

Thus 


w+ Qo, r)=— (a AE EAT 1) 2 
a 2 o i 2 @, 20, rhe’ tae 
or 19,’ 2 Ce 
HSH) yy HS ED E araou), 
2a, 20, 


This gives 


Livy’ 
6 ayy a eis, (u+w,) — 1 
or 1:9" 
O E (3 
This in 2) gives (ny 
uy 8 tres ‘ 
a(z i eee I o(u). ( 


A ) 
j o, (u) = gralu enka , 


oo, 


we have at once 


sa, =) 
ial a(z) : 2 o 


au) = 4, 
u 20 = a 
o,(u) = mnie) A ) (5 


452 FUNCTIONS OF A COMPLEX VARIABLE 


From these relations we get 


w 
K" Ga Os o) 


Also we find athe Vey— ea 


Vpu — e 
on (eee wo u = z 
V pu — ey Ve — e 


(6 


CHAPTER XIII 
LINEAR DIFFERENTIAL EQUATIONS 


205. Introductory. 1. In the last three chapters we have given 
a brief account of the elliptic functions. These functions are of 
great importance in themselves; they also furnish a striking and 
brilliant example of the great power and usefulness of the theory 
of functions of a complex variable. As usually happens, these two 
theories have mutually aided each other. The function theory 
has furnished the viewpoint and instruments of research; the 
elliptic functions in return have furnished fresh problems which 
have given rise to a broadening and deepening of the function 
theory. Without the notion of a complex variable, the imaginary 
period of the elliptic functions would never have been discovered, 
and without this period, there would be no theory of double 
periodic functions. Yet the double periodicity is their most im- 
portant and characteristic property. 


2. Another theory which has been revolutionized and put on an 
entirely new basis by the advent of the theory of functions is the 
theory of differential equations. In the old days, a differential 
equation meant merely this: Find some combination of the ele- 
mentary functions which satisfies it. The simplest type of differ- 
ential equation has the form 
dy = f(x)dx, 
whose integral is formally given by 
y= 3] 7 (x)dz. 
But already the simple differential equation 

VA = A) — ka?) 
could not be integrated in terms of the elementary functions. 


The problem of integrating a differential equation was a kind of 
453 
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game of hide and seek, the solution being usually so well hidder 
that no amount of seeking could discover it. 

We owe to Cauchy an entirely new point of view. He firs 
taught us to regard a differential equation as defining a functior 
whose properties are to be unfolded by a study of the equatior 
itself. This method we have already illustrated in studying the 
differential equation 1). We propose now to apply it to a broac 
class of equations called linear homogeneous differential equations 
They have the form 

n-1 
Po oe ao + Py Ta 
the coefficients p being analytic functions of the complex variabli 
z. Such an equation is said to be of order n. We shall restric 
ourselves to n = 2; moreover we shall generally suppose the co 
efficients to be rational. 

A number of important functions in analysis satisfy such equa 
tions, and we have chosen these equations for the same twofolk 
reason that induced us to choose the elliptic functions, viz. t 
illustrate the general principles of the function theory, and t 
develop the properties of certain functions of great importance. 

Examples of this type of equations are the following: 


+o + pay =0, ( 


Example 1. The SRY of Legendre satisfy 
a — 2) OY 220 + n(n + Ly =0. f 


a fe 2. The associated Legendrean functions ena 


a-a — 2¢m + 1e St oe {n(n + 1)— m(m + 1)iy ¢ 
Example 8. Bessel’s functions satisfy 
Et 4 ody + (27 — n*)y = 0. 4 


Example 4. The functions of Lamé satisfy 
dy 1 | 1 1 1 d 
nie diene oy 
dx? 2 sn ee Se 
Te. ax +b ( 
ETEEN nn E ' 
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Example 5. The hypergeometric function satisfies 
~1)% Deere zy, 
e- 1) S44 jalu+ +D- ayo a 


e notice that all these equations have rational coefficients. 


3. The general theory of linear homogeneous differential equa- 
tions was first studied by Riemann. - It owes, however, its present 
perfection largely to L. Fuchs, who began his researches in this 
field about 1866, and to a stately array of mathematicians who 
have followed in his wake. Prior to Riemann we may mention as 
specially important the early investigations of Gauss and Kum- 
er of the hypergeometric differential equation 7). 


206. Existence Theorem. 1. Instead of the general equation 2) 
of the last article let us consider one of the second order 


Y" = pry! + Pad) da 

the coefficients p,, pa being analytic about the point z=a.. We 

propose to show that 1) admits an analytic solution 

Y = bot b (r — a) + b (2—4) + (2 

hich is uniquely determined by the initial conditions that y and 

y' shall have assigned values y= «a, y'=8 at x=a. The reason- 

ing we shall employ can be easily generalized so as to apply to the 

general case of order n. By using an equation 1) of second 

order we simplify our calculations without sacrificing the general 

method. 

Suppose for the moment that 1) admits the analytic solution 2). 

The coefficients 5, are determined as follows. From 2) we have 
yay=by , y (ajay y(ay=n!b,. 

This gives at once b, = a, b= p. 

_ From 1) we have 

y" (a) = py(@)y' (a) + pa(a)y Ca). 

Be as Bet A =p (a) , A,=p,(4), 

then the last relation gives 

21b, = b14; + b)A, = BA, + A3 (3 

ifferentiating 1) we get y’/’ in terms of y, y', y” or 

y'" = piy"! + iy! + Poy’ + pa. (4 
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If we set here x=a, we get b} In this way we may continu 
and so determine one coefficient b after another. 

This shows that only one analytic solution 2) with a give 
set of initial conditions is possible. The form of these 0’s is im 
portant. To determine it let us set 


Py==p,,(2@—4)" 5 Pa~ EPn a)" ( 
n=) n=0 


These are simply the development of p}, p, in power series, sinc 
by hypothesis they are regular at r= a. 

The relation 3) shows that b, is an integral rational function ¢ 
a, B and Piy Poo: The relation 4) shows that 6, is an integri 
rational function of «, 8, Pio Pæ Pır Par Thus in general 


bn = Fp Co br Pro Piv Pav Part) ( 
is an integral rational function of the enclosed letters with pos 
tive coefficients. 


2. Having shown how to determine a solution 2) which foi 
mally satisfies 1), let us show that this solution converges for all 
which lie within a circle about x = a, and which reaches to th 
nearest singular point of the coefficients p C), par) of 1). 

To this end we seek a simple differential equation of the sam 
type as 1), which we know admits an integral 


2 = co + ¢(2—a@)+ (2 — a)? + --- ( 
converging within &, such that 
B,, = ( 


Here, as we have so often done before when dealing with serie 
we denote the absolute values by the corresponding Greek « 
German letters. Thus in particular 8, =|6,|, Yn = |¢n|- 


Let this auxiliary equation be 
2" = qe! + Q?» | 
where $ g - 
91 =2 Gin — 4)" g a C 


are the development of q}, q, in power series about z= a. 


Now whatever the q(x), q(x) are, the coefficients ce, mu 
satisfy the relations 


En = FC eq, Cys Yio Qu *** Yao» Ya *** )s C 
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here F, is the same function as in 6), only with different argu- 


As the coefficients are positive in 11), the e, will be real and 
positive when the arguments in 11) are real and positive. 
Now cp ¢, being arbitrary, we take them real and positive and 


oZ Êo > 42 Ay. 
Qin = Pin > Gon Z Poms (12 
Ba < Fr(Bor By Pio e Poo ee) 
< Fal Yo Yo Aio Aao =)= Yw 
or Bn < Yr 


Let us now try to choose the coefficients q 9 in 9) so that 12) 
holds. By Cauchy’s inequality 


Pass z a s kn 1, 2, 
where PIM PAN] 


on Ñ whose radius, say, is R. 


But then if we only take 4 P 


m Pn! 
the condition 12) is satisfied. In this case 
2 
T 142-4 (2 — a) ahs 
gE al Bae ee TS 
Pn 


R 


5 |a—a|< R. 


Thus our auxiliary equation 9) becomes 

€ 25 he" SPR + Pz. (13 
We need only to show that 7) is convergent. The ratio of two 
successive terms of its adjoint series is 


Yata| ¢ — a]. 
Yn+1 
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Thus 7) will converge within & if we show that 
lim RYa+2 — 1, d4 
"T Yn+1 


To do this we derive a recursion formula to determine the y's, 
or what is the same, the e’s. 
Differentiating 13) gives 


G _ Æ% Pg ad Lan ae P,z" + Px. 


Differentiating again, we get 


G — = Ja — Za TAE T Poe. 


In general we see that 


(1 _ 2 z a) att — z= P, zine 4} Pg™. 


Setting s = a and noting that Pn ree z(a) 
n! 
we get 
! n+1)! : 
(n T 2) lense Pie mate etl = (n + 1) LP ites + n! Poe. 
Th 
MS RNF lene =(N + 1) fn + RP ten + 2! RP w 
or 
Raya tt #1... +——__| e ogee 
n+2 (n+ 1)(m+ 2) 
Let us now take P, so that 
RP, >2. 


As the last term in 15) is positive, this shows that 


Rens > Cy +l 


or 1 
Cn FES 
Cni R i ¥ a 
Let us now write 15) 
Ron = Mt RP, RP, O wf 


Casa n+? (n+1)(m + 2) “R Rt, 
Letting n = oo and using 16) we get 14). 


LINEAR DIFFERENTIAL EQUATIONS 459 


3. The form of proof here given is entirely general, and holds 
for any x. We have thus proved the 


Existence Theorem. The differential equation 


dy d™ ty a 

qs Ps oe PY (aT 

admits one and only one analytic solution which together with its first 

n — 1 derivatives takes on assigned values -at v=a. This solution is 

valid within a circle R which extends to the nearest singular point of 
the coefficients p,---p, which are regular about the point x= a. 


4. Let 


y =b,+6,~@—a)+6,(a—a)?4+ > (18 
be a solution valid in &. Let a, be a point within &. We can 
mete 12) y =, + Bi (@— a) + b4(@ — ay)? + + (19 


which is convergent within some circle &, about 2=a, which 
certainly extends up to the edge of R and may go beyond. If 
= we develop the coefficients p,,(x) about z =a, 
and put 19) in 17), we get a power series 4, 
about z=a,. Since 19) satisfies 17) within &, 
it will continue to satisfy it for all points 
within §,; moreover &, will reach to the 
nearest singular point of the coefficients p. 
In this way we may extend the solution 18) by 
analytic continuation. Thus we have the 

theorem : 


Tf the function 18) is a solution of the differential equation 17), 
all its analytical continuations are still solutions of 17). 


207. Fundamental System. To each particular set of initial 
conditions y = a, y! = A for x =a will correspond a particular solu- 


j fion of y" + py’ + Poy = 0. ad 
Let Y; Yz be two such particular solutions. Then 
Y = 41 + Yo (2 


is obviously a solution of 1) also. Let us show that we may pick 
out particular solutions y,, y3 such that every solution of 1) has 
_ the form 2). 
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For suppose that y is to satisfy the initial conditions 
yaj=«a , y/(a)=B. 
On the other hand, suppose the initial conditions of y, are 
ya) =a » y(a)= Rĝ, 
Ya) =% > Y2(4)= Bo 
Then 2) shows that we must have 
a= cit + Caty » B= C8; + Cpa 


These two relations determine ¢}, ¢, when 


of Y, are 


“1 “si+0. 3 
SA Ba £ 
Let us set 
De)=|3 H. G 
yi 2 


We note that D (a) is nothing but the left side of 3). 

Let us show that if D#0 at v= a, it is also #0 at any point s 
which is not a singular point of the coefficients p in 1). 

For since y4, Y are solutions of 1), we have 


Yi + Pry + Pati = 0, 
Yo + PY + Poa = 0. 
Then if D+ 0, these give 


“1 Yi 
192 Yai _ Dy) 
P:= De) ~ Da) © 


Now we note that a 
Tow = — D,(2). 
Thus 5) gives d 
a pı =- log D(a), 


rE D(x) = e` [aoa Q 
At z=a, D is #0, hence C#0. Thus D is always #0 since I 
cannot vanish unless p,(@)=00. But this point would bea ee 


lar point of p, The reasoning being entirely general we se 
that : 


Tj 
F Yis Ya Yn ( 
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- 


are particular solutions of 


any dn ly as 
f ma a + Poll = Op t 
or which | Ts 
ernie Ey 
D(z) mà Yi Ya Yn (9 


yp», ye A yor) 
ts #0 at a point z= a at which all the coefficients p; --- pa in 8) are 
regular, then D+0 at all such points in a connected region. 
Such a system 7) is called a fundamental system, and we have 
the theorem: 
Every analytic solution of the differential equation 8) is a linear 
Junction of any fundamental system T) with constant coefficients. 


208. Linear Independence. We have just seen that a fundamental 
system Y1, Y2, -*- Yn is characterized by the fact that 


Yı Yn 
Re Yr Ya d 
Di iad ygn 


is #0. We now prove the theorem : 
For a linear relation with constant coeficients 
CY + Ya F ee + Cnn = 9 (2 
to hold, it is necessary and suficient that D = 0 identically. 
It is necessary. For if 2) holds, we get on differentiating 
CY + Caya + +++ + Cnn = 0 


eye + ye =f Jeae =f yoo? = 0. 
From these equations and 2) we have necessarily D = 0. 
It is sufficient. For let D=0. Now y4, Y2* Yn are all solu- 
tions of the differential equation of order n — 1, viz.: 


Ù, Yo> Y3 se Uy 


/ ! I n—1 


ios = =j —l 
u” ae ys D, yg ee, ys ) 
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For setting u=y,, this determinant reduces to D which = 0 by 
hypothesis. If we set u= yz, for example, two columns of this 
determinant are the same; it therefore vanishes in this case. 

Let then w,, Ug, + Un form a fundamental system of 3). Then 
Y; “+ Yn being solutions of 3) are linear functions of the ws. Thus 


Yı = lyt + ore + Ay nM na 
Yn = An et = An, n-1U4n—-1° 


If we eliminate the w’s from these equations, we get a relation of 
the type 2). 

In the exceptional case that the coefficients ¢,, $, ---in 3) van- 
ish, it reduces to an identity. Then by using a smaller number 
of the y’s we would still get a linear relation between them; but 
we shall not urge this point here. 

Thus we may state that : 


Any set Yi, Yz" Yn Of linearly independent solutions of a differen- 
tial equation of order n form a fundamental solution. 


209. Simple Singular Points. 1. Having seen that 


TY p ay od 1 
Ga t Pig, + PY C 
admits a solution taking on assigned initial conditions at any non- 
singular point of the coefficients p,, Pa we now turn to these sin- 
gular points and ask how the solution of y behaves about one of 
them asa=a. We shall restrict ourselves to the case that Py Pa 
have at most poles at v = a whose orders are not greater than one 
and two respectively. Then we can write 1) in a normal form, 

dy 


C wal a)? To dz 


d 
+e- a) "+ gy = 0. (2 


Here we suppose that the new coefficients gg, Qus qg are regular at 
«=a and that g) does not vanish at this point. Then we have, 
developing about v = a, 


Ym(X) = Sgn ar a)” m= 0, A 2 (3 
0 
and at least go) + 0. . 
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The equation 2) may be written 
2 
= (s — a)” go ny™ = 0. (4 
m=0 
Let us try to satisfy 4) by setting 
y= (@—a)de(x—a)t , eo #0. (5 


Our problem is to determine the unknown exponent r which in 
general is not a positive integer, and the coefficients c,. 
From 5) we get, on differentiating, 


y = (r+ k)ze,(@— a), 
=(r+k)r+k—1)2e,(a — att. 
These in 4) give 
(2 — aE galz — a)"E (r +C k— Lea — ati 
+(zr— a)Ègin (2 — ay"2(r + k)e,(2 — a) 
T Zgan (2—a)"Ec(e —a)t*= 0. (6 
The coefficient of (2—a)**" can be written, as Frobenius re- 
marked, as follows. Let us set 
I@N=BHt1H + 77-19% 
=Ž ign + rin + 77 — Dni (e — a)" 


= Šf (r) @ — a)” (T 
Then 6) can be written 
+ m= 0, 1, 2-- 8 
Dfa + keale — aj t= 0 LTS ¢ 


As this power series = 0 identically, the coefficients of the differ- 
ent powers (x—a)"*” must all=0. Hence 


eyfo(r) = 9 
ofr) +e fo(7 +1) =9 
eofe(r) + ahr + 1) + @fo(r + 2) =0 (9 


Cler) Eear +1) ah + 2) + Cgf r +3) =0 


Thus when 2) admits a solution of the type 5), the coefficients cp 
c ++» and the exponent r must satisfy 9). 


j 
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As ¢,#0, the first equation requires 7 to satisfy He) = 93; or 
using its definition in 1): 


FoC) = wa) + rg Ca) + rC — Doe) = 0. (10 
This equation for determining r is of fundamental importance; 
it is called the indicial equation. It is a quadratic in r. 
Let now r be a root of 10). The coefficients c}, €, --- may be 
obtained in succession provided 


EHD s f(r +2). AEH) a 
are all #0. But for that root r; of 10) whose abscissa is greatest, 
none of the coefficients 11) can vanish. Neither can they vanish 
when the two roots of 10) do not differ by an integer. 

Thus when the indicial equation admits two distinct roots 7, 
r which do not differ by an integer, there exist two series 


Yy = (@— A) fey) + ey (@— a) + celra)? + h n Cy #O 
Yo = (© — 2)" fC + Coy(@— A) + ca — a)? + er $ a CaO, 
which formally satisfy the given differential equation. These 
series converge within a circle whose center is z=a and which 
passes through the nearest singular point of the coefficients Py, Pa 
Tee): 

This may be shown by the method employed in 206. As the: 
reader has been through one existence proof it is not worth while; 
here to repeat the proof. 


(12 


2. The foregoing results can be extended to the general case. 
Let the coefficients of | 
I 

d"y d™ty 
at Prssenct + + pay = 0 as 
have at x= a at most poles of orders not greater than 1, 2, «++ n} 
respectively. Then we can write 13) in the normal form 


` dy a qr-1 j 

(z— a) oe etun t S he A+ e + ony = 9 a 
where the q’s are regular at =a. They therefore have the for 
given in 3), where now m= 0, 1, ... n, and as before we suppos 
Yoo = %(4) #9. If we now try to satisfy 14) by a series of thd 
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form 5), we are led to a system of equations of the form 9). The 
indicial equation which determines the exponent r is here 


SoC) = na) + 7H (4) + 10" — Waa) + + +r —1) o 
(r—n+1)q(a) =0, (15, 


which we see is entirely similar to 10). Since by hypothesis 
Yoo(2) is #0, the indicial equation is of degree n. 
Let us arrange its roots in groups 


/ AA 
Ta D T2 ’ ri Aea (16 


Here 7, is the root whose abscissa is greatest and the first row 
embraces all the roots of 15) which differ from r} by an integer. 
Of all the remaining roots let r, have the greatest abscissa; then the 
second row embraces all the roots which differ from r, by an in- 
teger, and so on. The roots 


em Aue tee > (17 
which head their respective rows are called prime roots. And 
now the existence theorem states that : 

To each prime root 17) corresponds an integral of 13) 
Ym = (£ — A)™$ Cmo + Cm (@ — A) + Cmr — a)? + + f, (18 
Cmo #9, whose circle of convergence reaches up to the nearest singular 


point of the coefficients p. 


3. In case that each group in 16) contains but a single root, all 
the roots of 15) are prime roots. As to each prime root cor- 
responds an integral 18), the foregoing method gives us ~ in- 
tegrals of our differential equation 13). Let us now show that: 

When the roots of indicial equation 15) are all prime, the 
n integrals 18) form a fundamental system. 


For suppose there exists a linear relation 
AyYy + AY + ++ + AnYn = 9 (19 


between them. If we put the values y,, Yọ ++ as given by 18) in 
19), we get a power series; the exponents of course are not in- 
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tegers in general. If am+ 0 in 19), our power series contains the 


Forn AnCmo( ae a) pa” 


and this is the only term with the exponent r,. Thus 
Ammo = 0, and hence a, = 0, OF Cmo = 9. Both of these are con- 
trary to hypothesis. Hence a relation of the type 19) is im- 
possible. 

The case we have just treated is the simplest case that can arise 
at asingular point. We therefore call such points simple singular 
points. 


210. The Hypergeometric Equation. 1. This is, as remarked in 
205, T), 


n(e— 1) 74 + jaa + 841) -nl +a8y =O. a 
Its singular points in the finite part of the plane are r= 0, r=1. 


Let us find the indicial equation for these points. 
The point x=. Bringing 1) to the normal form 


(@ — Day" + {eCe +B +1) —yhxy'+ «Bry =0, 
we have 


g@=rt-1l , g@=C@+8+)2z-y7 , a@=a8r. C 
The indicial equation for x = 0 is, therefore, 
P+ (y—1)r=0, 

or rir—(1—y)t{=9, (3 
whose roots are r,;= 0, n =1—y. 

The point x=1. The normal form of 1) at this point is 

a(z —1)*y!"+ {(a+ B+ Le —y}(@— Dy! + «B(x 1l)y =0. 
Here 

HAH He=C+B+)2-y , g(r) =e- 1). 
The indicial equation is, therefore, 

ri{r—(y—a—B)}=0, G 


whose roots are 
r, =0 5 m= y—-a-—BP. 
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2. Let us investigate the nature of the point =o. To this 
end we set 


1 
gme, 
u 
and 1) becomes 
d'y {2 estes Et) T ee ES 
mae ei u(l— u) Palm) a G 


Obviously u = 0 is a singular point. 
The normal form of 5) at u = 0 is 
d— -uu Ty + §2(1—u)+yu—(a+B+4+1)iu W + «By =0. 


Here 
glu)=1—u , qgu)=21—u)+yu— («+8 +1) , gu) =a8. 


Thus the indicial equation for u = 0 is (6 
7? — (a+ B)r+aB=0, 
whose roots are 
Hae aae- 


3. Let us now calculate the coefficients of our solution by the 
formule of 209, 9). We consider first the point z= 0. 
Now by definition 
(n) (n) 
Falry= rr 1) O + rn) + BO), (7 


n! 


As the q’s are linear functions as shown by 2), all derivatives be- 
yond the first vanish. Thus 


A(r)=9 s far) =0 

Hence the equations 209, 9) are all two-term equations and they 

ive 

: ES 1). (8 

Jr +n) 
Let us now use the root r = 0 of 3). Then 
fKn)=- niy +n- 1)}, 
Fi(m— 1) = 08 +(m—1)(e+84+1)4+™m—1(m—- 2) 

=(n+a—1)(n+ 8-1). 
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Hence _(mta-1m LA Da a he (9 
n(y+tn—1) 
We thus get 
nat, , 4 GtDEt, eet B Bem 
Pings et ety el 1-3-4 Ea 


etc. Hence taking ¢ = 1, 
y= {149 Boy eet | 
= I’(a, B, y, 2). 

Let us now use the other root r=1—yof3). As 
AM=rr—-D+re@+84+1)4+ eB=r+(a4+8)r+ a8, 
LOH re a AM: 

we have, from 8), on taking r=1—y, 


_ (m=)? +(m— y(@+B)+ aB o, 


(10 


n(l—y+n) 
a (nt+a—y)(n+B-Y) 1 
n(l—y+n) er É 
Let us compare 9) and 11). We see that 9) goes over into 11) 
on replacing 4 8 ~ 


by EREN e e vane 


Thus the integral corresponding to r = 1 — y is 
Y= F(a +1— y, B +1 -— y, 2— y, 2). (12 
4. Let us now turn to the point v= 1. The recursion formula 
is found to be for the root r = 0 of 4) 
a +e BBE Dens (13 
nin+atB—y) M 
We see that 9) goes over into 18) on replacing 
we, Fos Y 
by 
x ea, È , «+B8—-—y+1, 
aside from the sign which can be made right by replacing z — 1 
by 1— xv. Thus the solution corresponding to the root r = 0 is 


= F(a, B,a+8—y+1,1-2). (14 
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= The solution corresponding to the other root r= y — «e — 8 of 4) 
is found to be 


Y= A — r) EF — P, y— a y—a—B4+1, 1-2). (15 


5. Finally we consider the point 2 = œ. The recursion formula 
for the coefficients corresponding to the root r= « of 6) is 


Cs ok Sat) CE See Be 
n(a+n— g) 


We see that 9) goes over into this on replacing 


Cn-1° 


as; B ’ $4 
by Oa , aee ag ES 
Thus the solution corresponding to the root r = « is 
y= P(e a—yt1, «B41, H, (16 
z z 


The solution corresponding to the other root r= of 6) is 
similarly 1 1 
tn =F (8, 8-7 +1, 8—a+1, +), art 


211. Bessel’s Equation. This is, as remarked in 205, 5), 
xy" + avy’ + (a? —m*)y=0. (1 
The only singular point in the finite part of the plane is x= 0. 


Let us consider the integrals of 1) for this point. The equation 
is already in the normal form. Here 


g@=1 , w@=1 , (x)= m. 

The indicial equation for x = 0 is therefore 
Ay(y=— m+ en D 

A O m= @ 
eee Fr) =0,, ps 1, f(r)=0 , n>2 
Thus the equations 209, 9) become 

4=0 , oter +2)=0 , =), 
and in general, MiG PIa) PESAT 4 tea= 0, (3 
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One root of the indicial equation 2) is r=m. For this root 3) 


gives n(2m+N)e,+Cr2=9 , neven. 


Hence 
C =— —__? _, 
3 2(2m + 2) 
me C2 bi DE: ee 
a= m44) 2-4 2m4+2)(2m+4)y’ 


ete. Thus the integral corresponding to r =m is 


deee £ F a 
N= |" amt 2) 2-4am4+DQm+4) 
x 


— - — +e (4 
2-4-6(2m+2)(2m+4)(2m+6) 
In case m is not an integer, the other root r = — m of 2) also fur- 
nishes a solution y, since the coefficient f,(7 + 2) of ¢,, does not 
vanish for any n. 
Let us take the constant c) so that 


1 


o= Qe TT Çm) 
Then as solutions of 1) we have 
æ ei! 1) x m+2n 
n= = > (5) 6 
> Unm + n) \2 
and Kd ( 1)* 2n—m 
Geel Gale S (=) (6 
> Hn) (n-m) \2 


They are called Bessel functions of order m and — m respectively. 


212. The Logarithmic Case. 1. We have seen that when the in- 
dicial equation 


FOr) =r(r — 1)q (a) + rg Ca) + gla) = 0 d 


has its first coefficient g(a) +0, our differential equation, which 
we write in the normal form 


LY) = @— afq(@y"+@-ay@y+a@y=9, @ 
has one solution of the form 


Yı = (@— a) fey + e(a— a) + c,(a — a)? + --- j, (3 
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where r, is that root of 1) whose abscissa is greatest. Suppose 
now the roots of 1) are equal, or at least differ by an integer. 
The method developed in 209 gives in general only one integral 
2), viz. the integral 3). 

= Fo obtain another linearly independent solution Fuchs proceeds 


as follows. We set 
y= yi J zdz (4 


in 2). This leads to a linear homogeneous equation of order 1. 
Let z be a particular solution of this equation, and let y, be the 
value of 4) for this value of z. Then y,, Y, form a fundamental 
system of our original equation. 


For if cY + CY = 0, (5 
we have, on using 4), 
CY + Moy f zaz =, 


or tof edr=0. 
Differentiating this, we get ez = 0, 


and this requires that c,=0. Putting this in 5), we see that 
e,=0. Thus y}, y, are linearly independent as stated. 


2. Let us now set 4) in 2) and find the resulting equation 
which z satisfies. We have, differentiating 4) and setting for 


brevity 
z= f zdz, 


Y' = Y1 + Y2 
y" = yz t2 yiz + ye. 
These in 2) give 


z L(y) + (æ — a) {qy + 2(@ — a)qgoyiiz + Ce — a)’qoyz'=0. (6 
But L(y,) = 0 since y, is a solution of 2). Writing 6) in the 
normal form, we get 
I 
(a — a) qg2' + W+2a@- agit | 2=0. C 
1 
If we write 3) y, = (æ — a)", 
we have log y; = 7, log (x — a) + log n. 
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Hence 1 
(x— a = r; + (æ — ajẹ} (z), 
1 


where y(a) #0. Thus we may write 7) 
Mz) = (x — 4) 82’ + 8,2 = 9, (8 
sC) = (2), 


s£) = 4() + 29() irs + @— DY}: 
Thus the indicial equation of 8) is 


where 


rg,(a) + 8,(a) = 0, 
G(r) = rgqg(a) + (4) + 2 glar = 9. (9 


or 
Then 


(r+ )D4EM)=Q(@i-n71,-D+(r4+r744+DC4+7)} 
+H@i-n+r+r+)}, 
as is seen by actually multiplying out. This we may write 
C+D E@=—-iry@y —-DH@+ yu} 
Hi{rtrnynt+ Dre rpq(@M+r4+r7,4+ 19,(@}- 


But the first term on the right is g(a), since 7, is a root of 
F(r) =0. Thus the last equation becomes 
CHD EO=C +7 tl Oroa) Ort) Ca) Hga) 
=F(r+r +1) 
=(r+1)jr—@,—r,-—D}. 
Hence the root of G(7)= 0 is 


Ta—rı—l=—m, an integer, 


since by hypothesis r; and 7, differ by an integer, which may 
be 0. 


From this we have as result that the differential equation 7) 
admits a solution, 


2=(@—a)™le, + e,(@—a)+ t, 
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whose coefficients may be obtained as before. Then 


ARG h 
Ja- AT ey tele (z-a) 
+khy(e—a)+k,(ew@—a)*+ + (10 


But we have seen that A 
Y= Y | zdz 


is a second solution of 2). Putting in the value of y, as given 
by 3), we get 


Ya = (2 — a)h(z) + (2 — a) h(x) log (e — a), qd 


= which may also be written 


Ya =(@— a)" G(x) + Aæ — a)™ (a) log (x—a)}, (12 
where $(x), y(x) are regular at =a and do not vanish at this 
point. 


3. Thus when the indicial equation at the point «=a has two 
roots which differ by an integer, there exist always two linearly 
independent solutions of the form 2) and 11) or 2) and 12). 

Let us note that the logarithmic term in y, may not be present. 
This takes place, as 12) shows, when h= 0. 

That the two roots of the indicial equation may differ by an 
integer without y, containing a logarithmic term, is illustrated 
by Bessel’s equation 211. For let m =} + 4 in 1) of that article, 
l being an integer. Then the two roots of the indicial equation 


are Cie Tear 
whose difference is 27+ 1, an integer. However, the recursion 
formula 211, 3) for determining the coefficients e, is such that 
the ¢, of odd index vanish, and thus ¢, for even index are uniquely 
determined if only m is not an integer. 

4. There is no difficulty of generalizing the foregoing result. 
We may therefore state the theorem: 

At the point x= a let the indicial equation of 


y™ + py” aE yc + Pry = () (13 
be of degree n. Let 


$5 r! , 7" vee 3) (14 
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be the group of roots belonging to a prime root r, arranged according 
to diminishing abscissæ. Then 


y =(2— ay $2), 

Yı = (€— a)" {hy9(@) + $u log @—4)}, 

Yo = (x — 4)" {pa (T) + $n log (@ — a) + $n log? @ — a)$, a5 
y= (2 — a)” fb y(2) + $a @) log (@— a) + --- + $u log* (z — a)} 
are solutions of 13). The functions ¢ are one-valued analytic func- i 
tions within a circle about the point x= a, and passing through the 
nearest singular point of the coefficients p of 13). Each group of 
roots as 14) of the indicial equation furnishes a group of integrals as 
15). The total number of integrals obtained in this manner is ni 
They form a fundamental system. 


5. When the degree of the indicial equation at a singular point 
v= 4 is n, the same as the order of the differential equation, we 
say «=a is a reguler point. They include the simple singular 
points of 209. 

When the indicial equation at the singular point =a is of | 
degree less than n, the foregoing method does not give us all the | 
integrals of 13). Such singular points are called trregular, and _ 
their theory is too difficult to treat in this work. We shall soon — 
see that Bessel’s equation has 2 = oo as an irregular point. 


213. Method of Frobenius. 1. In the foregoing article we have | 
established the existence of a fundamental system when the roots | 
of the indicial equation differ by an integer, using a method due | 
to Fuchs. Knowing the form of the solution, the coefficients may | 
be obtained in any given case by the method of undetermined | 

! 
| 


coefficients. Frobenius has given a method which leads more 
quickly to the desired result. 

Let us take the singular point «=a at the origin; we write 
our equation in the form 


dy 


BEL Ba ae: 


dy E i 
tape) a r NE 0. a 


ety ee 
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Using still the notation of 209, 9) let us set 
eoFi(8) + eos + 1)= 0, 
eoSa(8) + efil + 1) + ehs + 2)=0, (2 


where s is not necessarily a root of the indicial equation, but an 
arbitrary parameter. 
Then ¢, will have the form 


= TALSE. Oe) on ae Bie . i 
Be Vas itd fern E 


Let us now set 
y =r), EAEE TE) (4 
n=0 


in 1). It becomes 


Lg 2, a =r 2i MACE +N) + TAA E TE 1) E TAA OA 
= eofo(s) oe (5 
since all the terms on the right vanish except that which corre- 


sponds to n = 0, by reason of the relations 2). 
Thus when s is a root of the indicial equation 


Ayr) =r(r—1)+ pr + q(0)= 9, (6 


y =r Sone" (7 


satisfies the equation 1). 
Suppose that the two roots r,, r, of the indicial equation differ 
by an integer, say 7; =7,-+m,m=0. Then 6) has the form 


SM=%— er — 1 +m). 


For ¢ let us take 


we see that 


Oy = Ks + Lf o(8 + 2) + So(s + m). (8 
Then the e, in 3) will have the form 
x Cl,(8) 9 


FFG +m+1)-- HC + n) 
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in which the denominator does not vanish. Also the coefficient 
of z in 5) has the form 


ed (3) = G— 1s = nis m8. 


Hence in this case 


Ll g(a, 8)] = (8— 71) (8 — rı + m)?’ Sz. (10 
Now 
a Rg a dg of 
2 
GUD) = 85 Fat Ps, te =) 
E-r) G-r + m)PS =(8 = + m)? S + 2(s—r,)(s—r, + m)S 
3 
228. 


+ (s—7,)(8—1r, +m) 
Hence differentiating 10) with respect to s and then ee: 8=Pq 


we see that 3 
oy 
& =F; 


is a solution. Thus, provided the series 4) can be différentiated 
termwise, we have as a second solution of 1) 


= dy — 72 < n os Š Den yra 
Ya Aa x log 22 CA la a 2 (F)_ 4 (Ei 


2. When the coefficients of 4) are determined by 3) and s = ryp 
the first prime root of the indicial equation, the series 4) is a 
solution. But if we give the ¢, values as determined by 9) and 
take s = r, the second root of the indicial equation, we see that the 


series 4) will also be a solution in the case that Ti ra differ by an 
integer. 


214. Logarithmic Case of the Hypergeometric Equation. 1. We 
saw in 210 that the two roots of the indicial equation at 2 = 0 are 
0 and 1 — y. Thus when 

g=y-1 
is an integer, we have the logarithmic case. 

To fix the ideas let ws suppose that y>1. Then our two inte- 

grals have the form 
Yı = F(a, B, Y, 2), ag 
Ya = F(a, B, y, x) log e + rG (e), 
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where @ is regular at v=0. We proceed to apply the method 


of Frobenius given in 218 to find @. We have here 
So(8) = — 8(¢ — 1)— ye = — 8(8 + 9), 
Fi) = 8(8-—1) +80 +8 +1)+ 28, 
A=) =0. 
Thus the relations 213, 2) become 
Cnfo(8 +n) + es fils +n—1)=0, 
or eo =e tnte—1)(stn+p—1) 
i (n+ 8)\(8+n+y—1) 
The coefficient ¢, is by 213, 8) 
Ce) = Hle +1) -fls +9) 
EC DOF V + UN FIEF g): 
As C is arbitrary, let us take, in order to get simple formule, 
a E Ne 
— +a) (@+atg—1)\(8+B8)@+R+g—-1) 
Then 3), +), 5) give c,(8) = e)(8) CC), 


where 


G5 is 


(8+1)+- (8+ 9)(8+94+1)+:(8+29) 
WCO=GHa) tat g—1@tA)-~@tht+g—1) 
ge GEO GH atn-VCTB) 9+ Btn—-1) 

=" CFI) EFG) = OHF 
Coad, 


9 


Thus $ 
Y = OI EN , OSL 
n=0 
is a solution for s = 1 — y. We call this y. 
From 8) we have 


ĉo (8) Cnty (8) 


(s+1)---(8+29)(s+a)--(8+a+g+n—1)(8+8)-- 
~ (sta) (8+aty—1)(8+8) +R +g—-—1)(8t+]) 


(3 


(4 


(9 


Ce gn) Ce hy) AFI EFFET) 
_ (8t+gta) ++ (statg+n—1)(s+g9+ B) + (8+ 8+g+n—1) 


(stg+])  (s+g+n)(8+9+7)  Stgt+ytn—1) 
=C,(8+ 9): 
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Thus we can write 9), 
—=1 æ 
y =la E O,(8)2" +2 EÈ C,(8 +9)2. (10 
n=0 n=0 


This series satisfies formally the hypergeometric equation for 
s=l—y=-4g. 

As ¢)(s) contains the factor (s +g), ¢,=0 for s=1— y. Thus 
10) becomes m 
Y= 2 C,,(0)z" = F(a, B, y, x), dil 


since the recursion formula 3) goes over into 210, 11) for s =1 — y. 

In order to apply 213, 11), let us show that 10) may be differen- 
tiated termwise with respect to s at the point s=1— y. To this 
end we show that the series 


G= È Os +g)2"*9 = 3y,(8) 
n=0 


is steadily convergent in a small circle ¢ about the point s = 1 — y. 
In c we will have O0<o<|stg|<r. 

Thus if we set |«| =a, |8|=0, we have 

(T+ a) +--+ (T+a+n—1)(7T+5) >: (r+64+n—1)_ 


KIES (+1) (+n) (ety) (e+y+n-=l) = 
Let us now consider the series, 
H=ent+eR+egk?+.. O< R<1. 
This series is convergent since the ratio of two successive terms is 
(T+a+n)(T+)4n) 


(o+n+1)(o+y+n) ” 
and this = R as n = œ. 

Thus 10) converges steadily and we may differentiate it term- 
wise. ‘The new series so obtained is a solution of our differential 
equation for s = 1 — y by 213. 

We get thus 

t =ylogr+ TOLE C,(8)a" + TORR CHEDE 


z SO! oe 
+a E Ci(e+g)an9 a2 


a room 
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Let us now set s = 1 — y =—g. Then 
é(2)=0" , y= Fe, B, y, 2). 


To find C/,(0) we take the logarithm of 8) and then differentiate 
with respect to s. This gives 


1 1 — l — eso =— 1 ... 
Cn) = once) {3+ Pry Fe ee sty |. 


Setting in this s = 0 gives 


1 1 1 1 
OR0Y= 0.00) SA ERE +B has EET 
1 1 fol 1 
— 0,0) |} + sash ashe RRS 


To find C/(—g) we note that 


e I(— — 9) = tim OED lim 20622 

8s +g s=g8 + 9 
= —(1)"(y¥—2)!(y—1)! . 
(a—1)+--(a—y+1)(B—1)+-(B—74+1) 


We have thus a second solution. 


= F(a, B, y, x) log z + F(a, B, y, x), 
where 
—1)%y—2)!(y—1)! 
F Cæ, B, y, %) = 1)*: -(a—y+1)(B—-1)- -(B—- aN 


Me oe a-B hires oh 18 
or daba E E ESEIA + 
aat 1 A(B+D [1 Rs hice DOPET 
ià 1-2-y(y+1) Bares ea. 12 ¥ EEY 


+e 


2. In the foregoing we supposed y> 1. If we suppose y is 0 or 
a negative integer, we have a fundamental system 


geal rt y, B+1—y, 2— y, 2), 


14 
Y= =y,logr+a' F (e+ 1-— y, B+1-— 7, 2— y, 2). ( 
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3. Let us now consider the point r=1. If y—a—Bf ts an 
integer, we have the logarithmic case. Tf y — « — < 0, a funda- 
mental system is 


Yı = F(a, B,a+8—y+1,1-72), 
Yz = Y1 logA—z)+ F,(@, B, «+8—y+l, 1— 2). 


If y—a—f>0, a fundamental system is 
y,= A—2)r* "Fy — B, y— a y—a— p +1, 1—7), (15 
Ya =Y; log —zr)+ A—2)* PF Cy — b, y— a y—«— 8+1, 1—7). 


4, Finally let us consider the point v=œ. Jf «— £ is a positive 
integer, we have 


n=rF(a. a—y+1,a—B8+1, *), (16 
x 


Y= yi logi +2“Fy( a—y+1,a—8+1, =). 
If «— B is 0 or a negative integer, we have 
=e *F (8, B—y+1, 8—a+1, H, 
k s (17 
WF log +2 F (8, B—y+1, 8—«+1, n, 


215. Logarithmic Case of Bessel’s Equation. 1. The indicial equa- 
tion of Bessel’s equation 


d 
El 4 9 Wy oY 4. (22 —m2)y = 0 a 


has, at v = 0, the two roots + m, as we saw in 211. When mis an 

integer, we have the logarithmic case. As in most applications m 

is an integer, we wish to find a fundamental system in this case. 
Applying Frobenius’ method given in 213, we have here 


A@=He—m , fi(s)=0 , fA(s)=1 
EOE, for n>2. 
The equations 213, 2) have the form 
Cn fS HN) Cy» = 0, 
Caf (8 + n)?— ME? H eno = O. 


and 


or 


-a ae 


eamm e 
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Thus kag: 
3 a= orp 
Cie ĉo 
t= eFI my fF J my 


ete. We notice that f(s + n) occurs in these denominators only for 
even n. We may therefore modify the formula for e) in 213, 9) 


d tak 
DOO a= Ce + DCE + 4) fy + 2m). C 
Let us set P(8) =(—1)"§(s + 2)? — m3 ++ [C8 + 2m — 2)? — m% 
so that e, =(— 1)" 0$ (8 + 2m)? — m} P(8). (3 


Then the series 
Y= gpr È on” (4 
becomes here 


y= or 1— Po m 
(8+ 2)?— E §(8+ 2)?— T EE a m3} 


pg a +2m a 
P| + or iS ee ee 
zt 


ai f(s +2m+ 2)?— mt (s +2m+4) my 
=cvut Crtt?my = U+ V. ( 


Here U embraces only a finite number of terms. ‘The series v 
_ is steadily convergent for every v and for any 8 > — (m + 1). 
For let |~|< R. Then 


(8+2m+2)?—m>a>0. 


a ee 


Hence each term in v is numerically < the corresponding term in 


R? Pez RR 
ta tt oer Dor 
The ratio of two successive terms is here 
R2 
o+n 


and this = 0 as n = œ. 
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Hence from the general theory of 213, if y, denote the value of 
4) for s=—m, 


a 
y, =U, + V, and (Fy 
are solutions of 1). 
From 3) we note that ¢,=0 for s =— m, thus U,=0. Refer- 
ring to 211, 5), we see that 


C 


Y= Pia) O (6 


2. Let us now turn to the logarithmic integral. We have 


ov = xucy(s) + e)fatu log s+ rtu’}. 
8 


Hence 


LD Dee 1 i 1 (2) ig 
~= k 1 FERR ea eee — 
ds Ure 2 Crs —2)\2 Ti } cot m) 


2mP(—m) CRIM (m—1—k)/r\* 
=(— 1 non . = 
VEN (m—1) #4 TI(k) (5) : 


where PAR e( = 1)?"-122"—2]]2(m — 1), 
Similarly 
ae = CTI (m)J,,(x) log x+ © q(x) 
1 < Im) p 
= Oem oy Pa oe Se Mee I S ; = 
+3 BD" TE eO+ E+ m) o5 
where 1 ‘1 
o(hal+et +z > oM=1, 


Here we can neglect the term 2 CJm (©), as we are seeking a fun- 


damental system and this term is yı aside from a constant factor. 
Also for simplicity let us set 


Fhus the solation 


i 
8 /s=—m 
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leads us to take as second independent integral 


—(2\"— Wm —1—k) /x\* 
v,=(=) Tce) 6) — Jm (£) log x 


k=0 


= ips a ee 
+(3) 2) Titman O Aitaa € 


216. The Differential Equation for K, K'. 1. In 189 we saw 
that 11 11 
fe SES CL re) , x =FH(5. i ee \. 
2 \2 2 2T A2 2 ee 
Thus K and K’ satisfy a special case of the hypergeometric equa- 
tion for which a= B=}, y=1, viz.: 
dy dy , 1 
—1)—4$4+(@2-1)4+-y , s= k 
a(x 7 t & x a EG re! 


Referring now to 214, we see that a fundamental system of in- 
tegrals of 1) for z = 0 is 
1 = FQ 1, v), (2 


Y= Y1 l0g 2+ FG, $ 1, x). (3 
Here 


‘ 2 A 2 
AEDO r E 
Lis. VAT AD a 
ees, ge Vo, 
esa rer ya yee (4 


2. Let us find the development of A’ about v=0. Since A’ 
is a solution of 1), we must have 


K' = Ay, + Byy (5 
or since _ 17/1 1, ) 
K=7F(3; oy tia 
mK' =2AK+2 BK log k + rBF,. (6 


From 196, 2) we find paimi 16 q EEA 


K' 


gace kiaia e m Ge f+» 
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or z£ = log 16 — log k? + (7 
Also zB =B ai ae 
rere) 
== ARI + ... (8 
In 6) let us divide by K and put in 7), 8); we get 
(4log 2—2 A)— (1 + 2 B) log + --- =0. 
Thus A=2log 2, =-—}. 


Hence 5) gives 


K' = (2log 2— flog) F(A, 4,1,9-3 7,441. 3 


217. Criterion for a Regular Point. We saw in 212 that v= a is 
a regular point of Py 


dy 1 
qa PZ tI@y=?%, C 
if p, q have the form i 
— 9) Ma) 9 
rere te (x— a)? C 


where g, hare regular at v=a. When v= a isa regular point, 1) 
admits a fundamental system of integrals, 


= (x— a )"p (r) 3 
Ya = æ — a)" pa Cr) + $a) log (w — a)}, 
where ry, 7, are roots of the indicial equation at this point. 


We wish now to establish conversely : 


If 1) admits 3) as a fundamental system of integrals at the point 
x = a, it is necessary that p, q have the form 2). 


For we saw in 212 that if we set f 
g= W] fads Ge 
then z satisfies the equation 7 j 
a ge=0, where g = = p+ 2%. (5. 

Jı 
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- 


From 4 we have 
; a: 
dx\yy 
Thus from 3) we see that z must have the form 
z= (x — a)"}$(@) + y(r) log (w@—a)}, 
where ¢, y are one-valued about 2 =a. 


Let now z make a circuit about z=a. If z acquires the value 
Z, this must be a solution of 5). Hence 


Z = CZ. (6 


z=e"(r—a)'[o+ Wilog (x—a)+2 mit] 
= eiz + 2 mie" (x — a). 


But 


Putting this in 6) gives 
z(e — e'™*) + 2 mie" (x —a) p= 0. 
This requires that ~=0. Hence 
Z= (z ayoz), 


Thus T 5 ; 
T a +(e), (7 
zdr x—a 
where f is regular at r= a. 
On the other hand, 5) gives 
hides be Yi 
ak ha AN 
r—a 


where & is regular at a. 
Thus 7), 8) show that p(x) has at most a pole of order 1) at 
a= a. 


From 1) we have, setting y = Yp 


ae 
Now wy _ Iœ) 
Sh Ga a)? 


where Z is regular at a. Hence g has at most a pole of order 2. 
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218. Differential Equations of the Fuchsian Class. 1. When all 
the singular points of a linear homogeneous differential equation 
are regular, it is said to belong to the Fuchszan class. 

Now in order that z = a is a si point of 


the coefficients p, g being one-valued, it is necessary that v= a is 
at most a pole of p and gq. Hence p, q having only poles, even at 
x= œ, must be rational functions of z As the poles of p cannot 
be of order >1, and those of g of order > 2, we can write 


_f@) _ gE) 
P= ey? Bey (2 


where f, g are polynomials and 
h=2™ ae e271 a heey x Cm 
= (x — a,)(@— ag) +++ (T — am). 


To find the degrees of these polynomials we use the fact that 
z= æ must be a regular point. Let 


f(E)= aa + arl o +4, 
gC) = bar + barly o +8, 


r : 
We set now x=- inl). Since 
u 


ge —u? ady wy sts 


dy 
dx du ` da waa oe 


du 


we find as transformed equation 


Py | (2ua—wp) dy , q 
gat | ut ints be s 


As pe Se bau 
1+ eu + + + Cnu” eat 


by + byw + we + Bu 


2 2 E E EE EEA 
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we see that f 2w — up Pu) 


ut yr 


where P, Q are regular at u = 0. 


As p, cannot have a pole of order > 1, ana gq, one of order > 2, 


we have rm peer . som t4 ce. 
or r<m—i , 8s<2m-—2. 
Thus 
m—r=1+k , 2m—s=2+4+1 , k, l20. 
Also 1 
SPE Gate Tei 
oe! b l 
Daca ou! + +f. 
H “~ 
a P(u)=2—ayuk+-- 3; Qu)=byu + (3 
Let us set p 
A= li = li 
Ras s 
p= lim- = lim xq. (5 


Then we see from 3) that 
P(O)=2—2% , Q(0)=H. (6 
2 At the singular point z= a; let rą p; be the roots of the 


indicial equation. The roots at x= œ we will denote by fe, Pa- 
Fuchs showed that these roots must satisfy the relation 


=(7,+ p)=m—1, i=l, 2i ore My O. (7 
This is called Fuchs’ relation. 
Let us find the indicial equation at v = a; We bring 1) to the 


normal form 


O 4 + (a — ah(a yf (a)! + gay = 0. 


The indicial equation is 
r(r — DRC) + rhula f(a) + g(a;) = 9. (8 
or h(a) = (2 — a,)hi(r): 
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Hence 
Thus 


We may thus write 5) 
r(r— 1) Ze F(a) r g(a) = 0 


W (£) = h (£) + (æ — a) hi2). 
hi(a;) = hl (a). 


'(a;) h'(ai)? 
Hence f(a;) 
A . = 1 — ea 
T Dpi h(a) 


Let us now write 1) in the normal form for r= œ. 
t= z, we saw that it takes the form 
uw we +u p% + Qy =0. 
Its indicial equation is therefore 
r(r—1)+r7rP(0) + Q(0) =), 
m+(1—A)r+p=0. 
Thus Tot pe=A—1. 


From elementary algebra we have 


or, using 4), 


Te = 2 Aaya i 
h 


~ h(a) ' (a; jas 
Hence from 4), A= lim ap = = F( ny ) 
Ta h (a;) 
Thus f 
Pat pe Sahay! 
7 A'(ai) 


From 9), 10) we have 7). 


(9 


Setting 


neu T -Á= 


ao 


219. Expression of F(a, 8, y, x) as an Integral. We leave now 
the general theory of linear differential equations and return to 


the hypergeometric function. Let us show that when 


we may express F («, 8, y, x) as a definite integral, viz. : 


a 


Fe Bs = Fee aw f WI d E 
` 0 
J 


By- BY 
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where B (p, q) is the Beta function 
1 
B(p, g)= | WIA -odu € 
0 


For by the binomial theorem 


(t= zru)“ =1 +e AAEL ga + 


when |zu| <1. Hence the integral J in 2) may be written 
1 
J= uP — u)Y-8-1Idu + eed — u)P“1du 
0 


yaratdl Sosa UPL — u)-P-Adu + «. 


pee 
= B(B, y— 8)+arB(8 +1, y— 8B) 
+24) 2B(B+2,y—8)+ we (4 
Now B 
BB+1, Meee gi: y— £). 
Hence 


BB +2 y- B)=24 > BB+, 7- Dor E EEBB B), 


Jete. Putting these values in 4), we get 2). 


220. Loop Integrals of the Hypergeometric Equation. 1. In the 
last article we have shown that the hypergeometric equation 


wl 2) Th + jy- (a+ B+ rj apy =0 a 


admits as solution the integral 2) when the conditions 1) of that 
article are satisfied. Let us replace the path of integration (0, 1) 
_ by a more general path L, properly chosen; we proceed to show 
that 1) admits a solution of the form 


y= fe — x)~*u(z)dz. (2 


In fact, putting 2) in 1), we get 
dF dG 
— d ——dz=0, 3 
ik dz e+ f ay ( 


-N 


. 
` 
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where o=(¢ —2)*. (4 
F=- — ja- y+ (8 — a+ 1)zju (6 


G=- fu — 0} + fat (Bat Daju. (6 


To prove this we may proceed as follows. From 5) we have 


oE = o(1— a) oul'+ {lat y+ z(a B—3)}ow — (B— a+ Lue. 
Z 


From 6) we have 


IA = —2(1—2) ou! + ja—y—1+(B—a+3)zjouw' 
z 
+ Sa(a+1)z(l—z)(z—27)-** +a(y—e— l+(e—8+1)z)(z—r) 


+(B—a+1l)viu 


Thus 
gy go fa(a+1)2(1—2z)(2—2) 3" 
dz dz 


+afy—a—1+(e—8+4+1)2z] (2-27) *1u= Hu. 


‘Yn the other hand we have from 2) 


eae (z2—2)* udz, 


oY = a(at D) | @-2 +4 wide. 
Thus 1) becomes 


faeta (2-2) **+a(y—(a@+84+1)2) (2 -£r) 
— «aß (z — x) dz. 


Now we have identically 
a(1—a#) =z2(1 —2)+ (22 — 1) (2— v) — (2 — v), 
Y¥—(@+B+]l)e=7—- (at B+1)2+ (@+ 841-2). 


Thus the brace in the foregoing integral reduces to the function 
H above, and this establishes 3). 


An integral of 


F=0 
is 
(eee ih 
ee z2(l—2) 
= zz — 1)y-81, (7 


bd 
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This in 6) gives 
4 G =a" "(2-1)" e-a. (8 
Thus when w is chosen as in 7), #=0 and hence the first integral 
in 8) vanishes for any path. Also if Z is so chosen that G@ in 8) 
takes on the same value at the end of Z that it had at the start, 
the second integral in 3) vanishes. 
In this case 2), or what is the same, 


y =e — 1) (z — x)™“dz = [ w@)de (9 
L Sp 
is an integral of 1). Here 
w= 2-1(2—1)1*-1(¢—2)-*. (10 
2. Let lp» ls l» 1, denote loops about the points z = 0, 1, a, œ, 
respectively, each circuit being described about the corresponding 
point in the positive sense. 


Let G,, @ be the end values of Go w, after describing ly etc. 
After a circuit about z=), 


ga—y+1 = e(4-¥t+) logz 


goes over into 
Và e(2-Y+1) (log z+27i) — e27i(a—y+ga—y+1 


2ni(a-y)ga—y+1, 


=e 
Thus Go = e2ni(a- y) Go 
«fy x -N > j ps 

Similarly Wy = ew. 


' In the same manner we find 
G, =eriy-PG , w= ePni(y—Bay, 

G a e~ 2a Ga i U = en dis 

Gi =e, » Vo= e PW 
Let a, b be any two of the four points 0, 1, v, œ. Let La bea 
` path about a, b as in Fig. 2, § 150. Obviously, as far as the values 
of @ and the integral 9) are concerned, this path is equivalent to 

lalla 1p t 


As G returns to its original value, 


L 
ee 
p L ab 
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is a solution of 1). Since we can choose the points a, bin 


aean, 
1.2 
ways, we get in this manner six solutions of 1). They must of 


course be linear functions of a fundamental system, as shown in 
210. 


6 


3. As an illustration let us consider yọ. For simplicity let us 
take |x| > 1 and suppose that «, 8 do not differ by an integer. 

As the loop Ly let us take a double loop £ running over two ~ 
little circles about z= 0, z=1 and the segment of the real axis 
joining them. 


Then on Q, 


Hence ve aÑ an fas —1)y-#I1dz f 

bat 7 

comin, i b bedi | _2 eee by | 
£ [ Er k + 2 + } 


Now the two fundamental integrals at z= oo are, as we saw in 
210, 16), 17), l 


m=2"F( w a-y+1,a-8+1, 1} 
v 


m=1*F(8, B-y+1, 8—a+1, 2), 
g 
Hence y must have the form 
Y = ey + egg 


As y does not contain any powers of 2 in common with Ng, We see 


Wy cĉ must =0. Hence 11) differs from n; only by a constant 
actor. 


CHAPTER XIV 
FUNCTIONS OF LEGENDRE AND LAPLACE 
Functions of Legendre 


221. The Potential. 1. We wish in the present chapter to de- 
velop some of the more important properties of these functions 
_which are of great importance in mathematical physics. We begin 
with the polynomials introduced by Legendre, who was led to 
study them while treating of the attraction exerted by the earth 
on a mass exterior to it. Such questions arise in celestial me- 
chanics and in geodesy. 

Let us find the attraction exerted by a body B on a unit mass 
p situated at the point A. 

The force exerted by an element of mass dm situated at P on p 
is, by Newton’s law, 

f pee T 

P Z=- a)y -DH ey 


If AP makes the angles «, 8, y with 
the z, y, z axes, we have 


g—a 
cos @ = , cos B= A 


The z, y, z components of f are there- 


fore o am r—a am y-o nam 2-6 
Ss 2 e TR 
If we denote the total force of attraction exerted by Bon p by F 
and the z, y, z components of F by X, Y, Z, we have 


Xa of gram 3 Y= of dm , Z= r dm. 
Er 493 


63 
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Let us consider the function 


dm 
oe een 


We have j 
IK in afya w a a a 
Tai am- $ (5)= Ao By aed 
Similarly r = 
y INY ; CLAS 
Oy oz 


Thus the function 1) has the remarkable property that its fi 
partial derivatives are, aside from sign, the components of the 
force exerted by the body B on a unit mass w situated at A. Th 
function V is called the potential of the body B with respect 
the point A. It is of extraordinary importance in many parts 
applied mathematics. For simplicity we shall set e = 1. 


2. Let us now show that V satisfies the partial differenti 
equation 


By PV V 


0. 
Ox? ay” az? 


C 


This is known as Laplace's equation and is often written 


AV = 0. 


a 3(a@—a)y? 1) 
=i & ajo 


We have from 2) 


and similar expressions for the two other derivatives in 3). Th 
adding, 


3. As a special case we see that 
ke 
. hd ò 
is a solution of 3). 


4. As an exercise in the calculus the student may transform 3) 
to polar coördinates, : 


cd 


, 2=r cos ð. (6 


z=rcosĝ coso , y=rsin ð sin ġ 
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It is convenient to call @ the altitude and ¢ the azimuth of the 
point 2, y, z. 

After a lengthy calculation we find that the left side of 3) 
becomes 


ðf zV i Bice gar Lory. | 
AV=2(,2 # (in @ 2r) a ie 
4 =a ðr )+ sin 6 0 (sin ae) $ sin? 0 ad? a 


= When the attracting masses are symmetric with respect to an 
axis, we may take this to be the z-axis. Then V cannot change 
when ¢ changes. Hence 


or 0, 
op 
and in this case 7) becomes 
zas, ES 1 Zs gor). 8 
a it ðr ii ainga a0 C 


222. Definition of Legendre’s Coefficients. 1. In many investiga- 
tions it is useful to develop the quantity 5 in a series. In doing 


this we are led directly to Legendre’s 
coefficients. 
Let 0 be the angle between a and p. 


& = a? + pP? — 2 ap cos 8. 
$ 
fet r=" , whena<p 
p 
| =P , whena>p. 
a 
Then = &(1—=2reos0 +r) , a>p a 
=p (1—2rcos0+7") , a<p. 
In either case the development of 5 leads us to develop 
ý y= ee be St 2 
V1 — 2r cos 0+7? 
This we now do, using the binomial series 
1 TOR 1 1-32 1.3.5, on 8 
MAE ete be gt t ( 


7 
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which is valid when |u|<1. Let us therefore set 


z=cos6 , u=2rze—r, 
whence 


a = Pes m-spmts, 
u = aa iy R, meg 
This in 2), 3) gives j 
s (2m)! m+s>m—s . 
i= PUGS 1) m+s ! s!(m— a)! - 
== m s (2 m-— 28)! pm—2s 0<2s<m 
yr Ee 1X Seen 3)1 Geo a 
Th o 
i Va P,(2)rm = Py + Pyr + Py? ( 
m=} 
where 
_1.3.5..(2m-—1) 
Toi m! 
{an — mni 2m a ae ( 
2(2m—1) 2.4.9m—1-2m—3 


These are Legendre’s coefficients or polynomials, for on the on 
hand they are polynomials in z, and on the other they are th 
coefficients in the expansion 4). 

We have 


Po=1 , Py=e , Pakai C 
P,=§8-—}s , P=% tlir 4}, ete. 
2. From 5) we see that } 
al — v) = = 1)™P,, (2). (T 
Thus P,,(z) is an odd or even function as m is odd or even. 
3. When @=‘0,x=cos@=1. Then 


We = tap eee 
l-r 


Comparing with 4), we see 


PaU) = IT; m=1, 2, eve (8 
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4. From 5), 6), we have 


ie Ba swe — 
P,(0) = (—1)” a G 
PRT (0) =0. ey 


5. The equations 6) enable us to express 2, 2%, 2°... in terms of 
OA Oa ee 
Thus we find 
x= P,(2), 


w= $ P(x) +} Po), 
a = 2 P(x) +3 P Ce), ete. 
In general we see z” has the form 
z” = qP (2) +4 PiE) +--+ +4,P,(2), C 


the coefficients being constants. 


223. Development of P„ in Multiple Angles. 1. We have 
1—2 r cos 0 +r? = (1 — re®) (1 — re). 


But (1 — re) = a, + are” + agrrerie + «+ 
where 1 1 1-3 1-3-5 

Ty S a 
Hence 


V = ——— = (a, + ayre® +.) (ag + ayre® + +») 
V1—2rcosé+ r? not dar 
=1+ Pr+ Py? + 
Thus 
P,,(cos 0) =2 a,a, cos NO + ayan cos(n— 2)0 


+ Ag anp COS(N—4) 04+» 


i cass Rs Pee a 1 n 
e An = 2AA 
2 IEA PITE f osn +5 zp 16.6 


ES n-n—1 | 
eS A A yO aM 
tah eee 4)0 + 


From this we have 
P,=1 , P,=cos? , P,=4(8c0320+1) «.. (2 
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2. We note that all the coefficients in 1) are positive. Thus 
P,,(cos 9) has its greatest value when @ = 0, for then 
cos nO, cos(n— 2), + (3 


all take on their maximum positive value 1. 

Thus P,(x) has its maximum value for z=1. On the other 
hand P, is certainly greater than the right side of 1) when we 
replace the quantities 3) by —1. Thus 


— P,Q) Z P,(cos 0) < P.C), 
or using 222, 8), —1< P,(cos 6) <1. (4 
224. Differential Equation for P, (x). Let A be on the z-axis. 
Then 1 


ae wee eee T: 
V1 — 2r cos + 7 


prix 1. 
a 


is independent of $. Now V satisfies Laplace’s equation AV = 0 
as we saw in 221, 3. This we saw in 221, 8) is here 


ð ð TR: ay 
CR ie C EA = 
2( ~)+ sin @ S (sin E 30 a 


Let us set IEE EETA 


Then 1) becomes 


209V ð OV 
34 Gt = — = 
i(n or ae ( are : 


Now by 222, 4) 
V= ÈP, (£r. 
n=0 


Putting this in 3) gives 
Er {n(n +1) P, +=. aa a} =O. 


Hence P, satisfies 


n(n + 1)P, + £1 — 22) Pe = 9, (4 
L 


si a-a- ort U4 n(n+ Dy =0. (5 
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= If in this we set 
a u = Ts 
it becomes 
d2 d 
wl — woh t+ Gu— pS + nm+ Dy = 0. (6 


This is a special case of the hypergeometric differential equation. 
Comparing with 210, 1) we get 
1 


n n + 
Gaa g 3 B= D A y =}. 


~ d 


A fundamental system of integrals of 6) is, as we saw, 210, 10), 12), 


n=F(-7 n ntz >) 


EA 
S 2 ri A > aa 


Now when « or £ is a negative integer, F(a, 8, y, x) reduces to a 
polynomial. Hence when n is an even integer, yı is a polynomial 
and y, is an infinite series; while when mis odd, y, isa polynomial 
and y; is an infinite series. This shows that 


P,(@) = ey, .  neven 


= CY, , n odd. 
Comparing with 222, 5), we get 


1.43 464s. Oe 
Po, (x) =(— ly! ee eee 4, 4,27), C 


3-5.7..2 1 ; 
Pan @) = (1) (0, n+ 3, 8, rl (8 


225. Integral Properties of P,(x). 1. In 224, 4) let us set 
y = P,, and then y= P}; we get 


m(m + 1)Pn + f= at) Ee = 0, 


n(n+1)P,, + 
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Multiply the first by P,, the second by P,,, and subtracting, we 
get on integrating 


1 
(m—n)(m--n+ Df PPan 
= 
Thus ‘iar 
P,P,dcz=0 5, m#n. a 
—l 
From this follows the theorem: 


Let F,,(x) be a polynomial of degree m < n. Then 


{p POP 2 


For by 222, 5, 11) 
En =P + Py tHe tE 


Thus the left side of 2) 


m 1 
=Saf POPE 
s=0 “1l 
=0 , by41I). 
2. We have 
1 : 
Gar a ee eee 


Squaring, we get 


1 
FEVER 2 YT P(e PP Ce) , mn=0,1,2,.. (Š 


Now 

Ae, uaa liog Ltr ee: 

ee ee | =? ES E 

ieee CTA {1+ fret bt | (4 


Hence, integrating 8) and using 1), 4), we have 
2 yas Shia 
De mere — he TELO 
Hence, equating the coefficients of like powers of r, we have 


1 
Pee aea S 1) 
IP @)de= 52 n=1,2, 6 
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38. We have 

1 
= nl aP z2 P nae 
V1—2224+2 geeks a 


Hence, C denoting a small circle about the origin in the z-plane, 


dz dz dz, 
—____ (£4 P@ ftf 
te — 2 grz +z? c? gaH 1) j tha) 


= 27iP,(2). 


Thus a err bP : 
See les ee C 


the radical having the value + 1 for z = 0. 


is: 
Let us set z= ie 6), we get 


urdu 
Sy pV1—22u+u 


P,(2)= (C 


where D is a large circle about u= 0, which u describes in the 
positive direction. 


4. In T) let us set 


V1 —2 zru+u=w—u , or 1—2 ru+u=(w-— u). 


Then w?— 1 w—u 
“=X w= 2) 5 du = —— Ott 


While u describes the large circle D, w will describe a curve & 
which is approximately a circle of radius 2 R. Thus 7) gives 


(w? — 1)” 
Pe) 5 | omega io. (8 


Since the integrand has no singular points in the distant part of 
the w-plane, & can be regarded as a large circle whose center is 2. 


The relation 8) is due to Schläfli. 
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226. Rodrigue’s Formula. 1. Let 
f(e)=(@2— 1)". 
Then by Cauchy’s integral formula 
1 w?—1)" 
f@= 75) “= 


2 at g wF 


dw, 


where & is a circle about the pointw=z. Hence 


4 w? — 1)" 
TEED x Laem 


2 ri 
=2'!P,(xz) , by 225, 8). 


Thus 1 d” 
PA?) = cee —1)", a 


a relation due to Rodrigue. 


2. From this relation we can prove the theorem : 
The n roots of P,(£)=Ù are all real, and lie in the interval 
ASSR 
We start with 
f@)=@—-D)*=@-D)*@+ 1 
This shows that z=1 is an n-tuple root, and the same is true of 


a=—1l. As/f is of degree 2n, f(x) has no other roots. 
By Rolle’s theorem 


FA)-F(-1)=0=2f'(a) , —1<4 <1. 
Hence f'(x) vanishes at 2=a,, a point within W. But 
Ff! (@®) = 2n(a?—-1)*" 2 


has v= +1 as roots of order n — 1. Thus f!(z)=0ata2=+land 
at v = a,, and only at these points. We may reason in the same 
way on f(z). We have 


FS" (a) = 4n(n— 1) (a? — 1)*-*22 + 2 n(a?— 1)". 


This has x= + 1 as roots of order n— 2. Rolle’s theorem again 
shows that f'(x) must = 0 at some point 6, within (—1, a,), and 
at some point b, within (a,, 1). We have thus found 2n—2 


FUNCTIONS OF LEGENDRE AND LAPLACE 503 


roots of f(x). Since the degree of f(x) is 2n—2, there are no 
other roots. Thus f(x) vanishes at just two points bis 6, within A. 

Continuing in this way, we see that f(z) Pee hee at n and 
only n points within X. By Rodrigue’s relation 1), P,(x) and 
J“ (x) differ only by a constant factor. Hence P,(x) vanishes 
n times within Y. As P, is of degree n, these are all the roots of 
te). 

227. Development of f(x) in Terms of P,(x). 1. Let f(x) be a 
one-valued continuous function of v having only a finite number 
of oscillations in the interval Y =(— 1,1). Then it can be shown 
that f(x) can be developed in a series of Legendrian functions 


F@)=% +6,P, (A) + Po (4) + + qd 


which is valid for any z in Y. Moreover this series can be inte- 


grated termwise in Y. 
Admitting this, let us show how the coefficients ce, may be found. 


Multiplying both sides by P, (x) and integrating, we get 


1 
[IOP de= f on PaP de 
e -1 n Si 


All the terms on the right vanish by 225, 1), 5) except that 
corresponding to ¢,. Thus 


FOP, dz = cy [ P@de=x rt 


Hence Ph 2 nt 1 TETA O (2 
-1 


Thus we have the theorem : 


Let f(x) be a one-valued continuous function having only a finite 
number of oscillations in the interval (— 1, 1). Then 


2 1 
J= È HH P,a) fF) Palade G8 
n=0 = 
2. Since P! (x) satisfies the condition of this theorem, we have 


dee) = Pia) = IE + oe ee Te see 
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Since P’, is odd or even with n — 1, we must have 
Pi(2)= aT ees +a -3Pa-s ane 


H i b 2 è 
oora) =?m+t tP Pie 


<f 


Integrating by parts gives 
ty = EL 2 fP, } 


since the integral vanishes as P/,(z) is the sum of P’s whose in- 
dex is <n. Thus 


Pi(x)=(2n—D Py i+ (2n—5)P,3+(2n-MPast- G 


3 Let us show that f(z) can be developed in a series of 
Legendrian functions 


SF (®) = % + aP E) aP E) = (G 
in but one way. For suppose that 

F(@) = bot bP E) + bP EH + (6 
were a second development valid in (—1,1). Subtracting we 


et 
= 0 = co + eP C)+ eP E) + + (7 


where 
e = a, — b,. 


Let us multiply T) by P,(x) and integrate between — 1 and 1. 
Granting we can integrate the resulting series termwise, we get 


1 i 1 l 
0= cof Pate +c [iPad + af: P Pado + + (8 
J - J - e/ -1 


Here each term is 0 by 225 except the term corresponding to cp- 


Thus 8) reduces 2o 
= Ome Poke = i cana 
Hence @ = 0, 4 = 


and thus anh n=1,2 
what pe OE 
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228. Recurrent Relations. 1. 


(n+ 1)P,4, — (2n + 1)2P, + nP,_) = 0. qd 
A — 2)P/ + neP, — nP, = 0. (2 

A — 2) Pi + aP, — n2P,_, = 0. (3 

zP} — Pl; — nP, = 0. (4 

Pina — Pina — Ên +1)P,=0. (5 


These may be proved by putting in the values of P,,, P'm as given 
by 222, 5). There results a polynomial in 2 whose coefficients 
are all zero. A more expeditious method is the following. Let 


V= (1 — 2224+ 2)? 


= P,(£) + 2P,(2) + 2P (£) + = (6 
Thus av 
az A a 


VW 1—-2224+2 


e A- 2a +2) E +e) 0. (7 
On the other hand, we get from 6) 

ð 

oT = P, + 22P, + 82P, + (8 


Putting 6) and 8) in 7) gives 
Dz” (n + 1) Pay — 2anP, +C — 1) Pi + Pai — cP, j= 0. 


As all the coefficients are 0, the coefficient of z” here gives 1). 


2. To get 5) we use 227, 4). Thus 
Pl, =(2n4+1)P,+(2n — 38)P, og + 
P= = +(2n — 8)Py_o + + 
Subtracting gives 5). 
3. To get 4) we have only to differentiate 1) with respect to x 
and use 5). 
4. To get 2) we multiply 4) by 2, getting 
2P} = £P} + nzP,, 
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Hence (1 — 22) P! = P! — xP} _,—nzP,, 
or A —2)P! + neP,= Pi — EP 

= E E 


on using 4), 5). 


229. Legendre’s Functions of the Second Kind. We saw in 224, 
6) that P,(x) satisfies the equation 


u(l— u) Fh + (Žu 1—3) 4 nat Dy= Se ee 


This equation admits, by 210, 16), 17), two integrals about 
U= 00, VIZ.: 


n m— i end Pg | 
y= oF -3,— 2 kara 2 ts (2 


al m1 ata wii 
n= zat AET 3) c 


Since F(«, 8, y, x) is a polynomial when ea or is a negative 
integer, we see that whether n is odd or even 


= on, — 
r-t% 1 _2n t w) 


hee 2 


is a polynomial in w, and thus 2) is aside from a constant factor 
nothing but P,,(2). 

The other integral 3) multiplied by a constant factor gives rise 
to Jikan Functions of the second kind, viz.: 


Co Toe: 2 
lz|>1. @ 
230. Recurrent Relations for Q,. 1. If in 229, 4) we set n=0, 
we get 
EE 
1 1 


— 


ee 


or Q,(x) = Slog = Se al 
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Using 229, 4) we prove at once that 


Ae Qı- rQ +1=0 (2 
(+1) Qi - Èn +r +n, = 0. (3 

These show that 
Qn(2) = S) log2@ + T.a) a 


when S, T are polynomials. We can go further by observing that 
the recursion formula 3) for Q, is the same as that for P, in 228, 
1). Let us set 


Te a J uri 


g—1l 
A EAD 9 49 1-1 A 
Th z 
20.2324. 0 5; IRB -D 
Hence EN E 
if we set Ft Pad sy 
r a : a aca: 


This is perfectly general. For let us admit that 
Q,=3P,L—Z, (5 
„is true for n and show that it holds forn+1. Here Z, is a poly- 
nomial of degree n — 1. 
For by 3), 
(n+ 1) Qu = (n+ 1L)xQ, — 2Q,-1, or using 5), 
(2n+1)2{§ Pnb = Z,j—nj} Paa D O 21} 
4L Ont DR —nP,1}— (204+ 1)2Z,+ nZ 
=A(n+ DLPnt nZ- — (2n + 1)2Z,}, 


Il 


I 


which goes over into 5) on setting 
— (n + )4A uy = nNZn-1— (Èn + 1)2Z,,. (6 
“This is a recursion formula for Z, and shows that Z, is odd or 
even according as n — 1 is odd or even. 
2. Since L is a logarithm and P» Z, are polynomials, we see 


that Legendre’s equation 224, 6) does not define any new class of 
functions, that is, its general integral is a combination of poly- 


nomials and logarithms. 
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231. Development of Z, in Terms of the Pm: Since Z, is a poly- — 
nomial, we can develop it in terms of Po, P Pg + by 227, 1, or 
by 222, 5. Thus Fo Wee e i a 
the a,,, being all 0 on account of the parity of Z,. To determine 
the coefficients in 1) we use the fact that Q, is a solution of 
Legendre’s equation 224, 4) 


2 E Prepay > 
An AeHa yy = 0. 


This gives 4 


d 
7 | S ee 1 —2 P1 =0. 2 
rate 28) 5 Zn |+ n(n+1)Z, J C 
But by 227, 4) 

P! =(2n—1)Pra + (2n — 5)Prst (3 


Thus 1) and 3) in 2) give 


2n—4m—1 
= — = eis 
Am+ (2m+ 1)(n—m) ’ m 0, sis £ 
Hence 


2n—1 2n—5 2n—9 
Ze teat, (p 2st le eee ee 
l-n ra ý BET EET st (2 


232. Laplace’s Equation. 1. One of the most important equa- 
tions in mathematical physics is Laplace’s equation 


u u gu 
Aa Snik — =Q. 
O22 ð y? 822 e! 


Example 1. Suppose heat is passing into a body at certain 
points of its surface S, and leaving at other points. It is easy to 
show that the temperature u at any interior point P of the body 
satisfies the partial differential equation 


— = Au, 
ot b 
where ¢ is a constant. In many cases a stationary state sets in; 
as much heat leaves an elementary cube described about the 
point P as enters it. In this case the temperature w is constant, 
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_ and hence ea o% (This u satisfies in such a case Laplace’s 
equation. 

It can be shown that when wu is known on the surface S in this 
case, the value of u can be found at any point P within the body; 
_ in other words, the solution of 1) is uniquely determined when 
u is given on the boundary S. 

Any function wu satisfying 1) is called a harmonic function. 


Example 2. Suppose a fluid, that is, a liquid or a gas, is in 
motion. At the time ¢, the particle at the point P is moving 
with a certain velocity u whose components call u, v, w. Let V 
be the volume of an element of the fluid at the time t; at the time 
t+dt, this volume has changed to V+dV. Thus the rate at 


which V is changing is E, it is called the divergence of the 


vector u. It is denoted by a 
One finds easily that _. au dee Jw 
div u é 


— 3 
Ox Oy  ðz C 


If the fluid is incompressible, as it is sensibly for liquids like water 


div u =W; (4 


In an important class of problems the velocity 1t is such that its 
components are the derivatives of some function $(z, y, 2), that is 
ee oe w= a (5 


b= = o] , 


0x ðy 02 
We call ¢ the velocity potential. 

If the fluid is incompressible and its velocity has a velocity 
potential ¢, then ¢ satisfies Laplace’s equation 1) as is seen at 
once by putting 5) in 4). 

The surfaces $(a, y;2)= 0 (6 


are called equal potential surfaces. . 
A curve in space such that the tangent at each point of it 


has the direction of the vector ų at that point is called a stream 
Line. 
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These cut the surfaces 6) orthogonally. For the normal at a 
a point of 6) has direction cosines which are proportional to 


ad ad ô$. 
ôx oy Oz 


but these by 5) are proportional to the direction cosines of the 
vector t. 


2. When the particles of the fluid are all moving parallel to a 
plane, which we take as the z, y plane, we may neglect the com- 
ponent w of the motion since it is 0. Let 


f(2)= U+iV a 


be an analytic function not necessarily one-valued. Then, as we 
have seen, the Cauchy-Riemann relations hold, or 


ar aV  aU__ av. @ 
dz dy ° oy ox 
From these follow that 
ari #U_ 5 | 87 arly 
ðs? öy? " o ay 


(9 


Thus U, V satisfy Laplace’s equation for two variables. Let us 
take one of the functions U, V (to fix the ideas, say U) as a veloc- 


ity potential. Then by definition the components of the velocity 
u are 


The relation 9) shows that div u= 0, thus the fluid is incom- 
pressible. 


From 8) we now have 


UaV auar 


dx Ox paren! 


Thus the two families of curves 


U= const , V= const (103 
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_ Cut each other orthogonally. This gives the theorem: 


The two components of an analytic function T) may be used to 
define two families of curves 10), such that one Jamily represents the 
_ stream lines of the motion, the other the curves of equal potential. 


3. To illustrate this theorem let us take as analytic function 
f@=2=2-y +i. 2 xy. 


Then U=2-y , V= 2 xy. 


These give rise to two families of equilateral hyperbolas whose 
asymptotes are the lines 


y=x2 , y=—z and y=0 , z=0. 


233. Theorems of Gauss and Green. 1. In studying the solution 
of Laplace’s equation we shall find it extremely useful to use 
some theorems relating 
to surface and volume 
integrals due to Gauss 
and Green. 

Let S be an ordinary 
closed surface. Let us 
effect a rectangular di- 
vision of the yz-plane. 
Each rectangle dydz 
may be used as the base 
of a cylinder which cuts 
out elements of surface 
do’, do", do" ..- on S whose normals call n’, n”, n 

Then as the figure shows 


Z 


"I eee 


dydz = — do' cos (n'x) = do" cos (n"v)=... 
B dr = dzdydz 
be an element of volume. Let 4 be a vector whose components 


6 ou: A 
are u, v, w. Then if a is one-valued and continuous, 


x 
du du 
— dr = f dyaz — dz = f udyd = fú cos (nx )do. ad 
s Ox Ox 5 Ss 
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We get similar relations for aes ow . Thus adding, 


(a eare f öva: dr 
s\ox 


= fc cos (nz) + v cos (ny)+wcos(nz))do. (2 


Now the component of the vector u normal to S is 
un =u cos (nx) + v cos (ny) + w cos (nz). (3 


If u denoted the velocity of a fluid, u,@S would denote the amount 
of fluid which passes across the element of surface d per unit of 
time. For this reason we call quite in general 


uds 


the flux of u across dS. Thus 2) may be written 


fa udr = f Aux w - do. (4 
S JS 


This is Gauss’ theorem. 


2. Let us now deduce Green’s theorems. To this end we con- 
sider the integral taken over a volume bounded by S, 


ELA "3 
fD’ riim AS 6 


where 2, ta zg are simply x, yY, z. We use the subscript notation 
in order to use the È sign on account of brevity. 
We have now 


a P 
UaV a yaV_ yè 


Oz, dn, dn; Or, dx? 


Let g be the vector whose three components are US Le Then 5) 
becomes dx; 


T= fdv g dr- f'Uavar. 
S S 


By Gauss’ relation 4) 


‘ ov 
d = = — ee 
if iv g dr f fiux g do [uao ; 


ae 
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if we reckon the normal n inward. Thus 


k if (AE az ip UAVar, (6 
Js On Js 


or interchanging U, V 
> jF ye p VAUdr. 
Js õn s 


Equating these two values of J gives 


TOS- gee “de= | VAU- UAV) dr. (7 


If we set V=1in T), we get 


fZ i=- favn. (8 
on 


If we set U= Vin z it becomes 


(ae ae a = aaf, yao — f VA Vär. (9 


If V is harmonic, that is, if AV = 0, this gives 


ð y2 GIA 
— dr=— =~ 00. 10 
o an? T Hiri: T He 


If U and V are both harmonic, T) becomes 


[usw = f; pEr, (ii 
s n s ôn 
If V is harmonic, the relation 11) gives for U=1 
LE 20. (12 
sôn 


These relations are due to Green. 


234. Potential Expressed in Terms of Boundary Values. 1. Let 
abea point within the surface S. The distance from a to any 
point v in Ý is 
r= V (a, — 41)? + (£2 — Aq)? + (23 — 43)’. 
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Th ; 
en oe 


r 
is not continuous in S. Let us therefore describe a small sphere ~ 
K of radius & about a and let 7 denote the remaining volume, as — 
well as the surface bounding this vol- 
ume. The normals n we will reckon 
inward as in the figure. 

From 233, 7) we have, denoting an 
element of surface by do, 


1 
[iG -v Eji- fo Ava a 
T\r On Ou Tr 


since AU=0. 
Let us Suppose V satisfies the relation 


SE < some Œ , asr=0. (2 


Then | 
ed 

. 

l 

| 

; 


| T AE , ask=0. 
K 


Hence the integral on the right of 1) converges to 


lA Vär , ask=0. 
sr 


Let us turn to the integral on the left of 1). We have, taking 
account of the sign of the normals, 


LC maf een fC Je 


— GO ae ee 
On r On ðr r 


Let now V}, V, be the minimum and maximum of Von K. Then 


4 rk V, < ih Vdo < 4 TkVy 
n 
or 


i Vdo = 4 TKV 
K 


where V,, is a mean value of Von K. 
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Let now k = 0, then Vn = V,, the value of Vata. Thus 


Let us now look at 13y 
JKr On 


Since the first partial derivatives of V are continuous, so is 


py Hence 


ôn (|< some Hon K. 
on 
Thus 
1aV 4, e| <1 He Gas Eai. 
KT on 


We thus get, the point a being within S, 


1rV,= | (verte da - [2a Var. (3 
J 8 onr 7 On 


In case V is a harmonic function, this gives 


v=- f| (Vet ae. (4 


4T, nr ron 


2. In the foregoing, the point a was taken inside the surface ; 
let us now take a without S. 

Let & be a sphere of radius K=œ. About a as a center let us 
describe a sphere f of radius k= 0. The three surfaces &, S, Ë 
limit a region 7 whose boundary may be denoted by the same 


_ letter. 
Let z be any point in 7. Then 
gst 
r 


_ is continuous in 7 and we have again 


(Debra >de = — f; 5Vàr. 
r\r ôn anr 
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Then if we reckon n inward as in Fig. 2 we have 


lies eta fl 
+f Jdo = fZ A Vär. 5 


We have already seen that 


PEU E 
tr ôn 
A 4a 
t ôn 


Let us suppose now that V is such that 2) still holds and that 
also 


V= 0, and Re Gk | <oome @ as R=. (6 
n 
Then > 
nore do=0 , gloss ra | as K= œ 
gran JQ on r 


Thus 5) gives, the point a being without S, 


ao Vie f(r TRAT o- | TAVär, (7 
Js nr Fa 


where È denotes all space outside of WS. 
If V is harmonie, this gives 


4nV.= | (r21 12 de. (8 
S nr r On 


We notice that 4) and 8) are the same in form. 


235. Outline of a Solution of Laplace’s Equation. The following 
method is applicable to the sphere, the cylinder, and the ellipsoid. 
It depends upon the fact that each of these three surfaces belongs 
to a family of triply orthogonal surfaces, viz.: 


1° Sphere, cone, meridian plane. 


2° Cylinder, meridian plane, plane perpendicular to the axis. 
8° Confocal ellipsoid, hyperboloid of one and two sheets. 
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In passing let us note that the rectangular xyz codrdinates are 
also defined by a system of triply orthogonal surfaces, viz.: 


planes. To solve 
u = Pu 


ða 322 =" a 


by the method we have here in view, we first pass from the rec- 
tangular coördinates z, y, z to a system of coördinates determined 
by the triply orthogonal surfaces. 

To illustrate this let us consider the case of the sphere. Here 
the family of surfaces are given by 


+Y +- =O, 
z? + y? — 2 tan? 0 = 0, 2 


y — ztan ġọ = 0. 
If we solve these, we get 


Ale y 2) =V F p +2 =r, 


JA, Y 2) = aretg vit = 0, (3 


J(e, y, 2) = arctg 4 = ¢. 
x 
Giving r, 0, p definite values, we can solve 2) for z, y, z, getting 


z= Cr, 0, p) » Y=G2l7, 0, p) , z= 9C, 0, $). 
In the case of the sphere these are 

z= rsinĝ cos , y=rsinĝsinġ , z= r cosð. 
The new coördinates are polar coördinates. 


In general the family of orthogonal surfaces corresponding to 
_ 8) may be written 


fila, Ys Zy=& ’ E Y,2)=N ; Sala, Y DERG 


To each triplet £, n, € will correspond one surface in each family. 
Their intersection, taking account of the octant, will be the re- 
quired point. The next step is to take é, ņ, ¢ as new independent 
variables and transform Laplace’s equation 1) to this set of 
variables. For polar coérdinates this has been done already. 
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We saw, 221, 7), that 1) becomes 


g 2 2) 1 Z (si ae) 1 du _o. 4 
= A ðr + jin 090 ae ae + nt 0 ag? C 


Having transformed 1) to the new coördinates &, n, we try to 
find solutions of the very special form 


u = FE EMH O, & 


where F, G, H depend respectively on a single variable as indicated. 
With this end in view we set 5) in the transformed Laplace 
equation Au = 0 and find that it is possible to break it into three 
ordinary linear differential equations of the second order, of the 
type 
+ qF= 0, (& 


and similar equations for 7 and €. 

Let F,(&) be a particular solution of 6), while ŒC), MO 
may denote particular solutions of the equations analogous to 6). 
Then -FQH 7 
is a solution of Au = 0. A Pe wa ; 

As we shall see, it is possible to get an infinity of solutions 


Uy > Ug 5 Us 


of Au=0 of the type 7). Then 
U = CyUy + Collo + Colts + +++ (8 


is found to be a solution and it is possible to determine the con- 
stants ¢ which enter so as to satisfy the given boundary values. 
All this will be made clear in the following. 


236. Solution of Au=0 for the Sphere. AxialSymmetry. 1. Let 
us apply the method outlined in the last article to find a solution 
of Au = 0 for the case that u must assume given values on a sphere 
N of radius R, which are the same on all meridians having the 
same axis. This axis we call the avis of symmetry, and we say the — 
boundary conditions have axial symmetry. 
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Let us take this axis as the z-axis. Since the boundary values 
are symmetrical, we take u as independent of ¢. Then 3 0 


and Laplace’s equation becomes 


ae" Ge) e ae) —° a 
According to the general scheme we now set 
u=F(r) G0) (2 
where F depends only on r, and @ only on @. We find 1) 
becomes 1 (pD), i dfa ino 22), A 
Fdr\ dr G sind dé 


Here the left side is a function of r alone, the right side is a 
function of @ alone. Suppose then that we determine F so that 


HA .df 
ta = aL 
aa" =) ¥ 6 
and G so that 
el ae ee 
am a LASK == 0), 5 
Gand 5 (sin OSG) +a C 


The corresponding values of F, Œ put in 2) will obviously 
satisfy 1). 


2. Let us look at 4). This may be written 
y ÎE í 
ats = 0, 6 
pT dp +2 T ( 


which is a linear homogeneous differential equation and so belongs 
to the class of equations treated in the previous chapter. 

Its only singular point in the finite part of the plane is r = 0. 
At this point the indicial equation is 


+s—a=0. Ce 


Let s be one of its roots. We then set 


y= ret er + cyt + +). (8 
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Here the c’s are determined by 209, 5), viz.: 
eof 1(8) + f(s +1) =9 
Cofa(8) + %F1(8 + 1) + eaSo(s+ 2) = 0, ete. 


Now in the present case fy fọ- are all zero. Thus cj, €} --- are 
all zero. Thus 8) reduces to 

y=r. 
Since we are seeking only particular solutions of 1), let us choose 


ain T) so that its roots are integers. Then if n is one root, the 
other must be — (n + 1). Hence 


a=n(n+1). (9 
For this value of a, 6) admits the two integrals 
r” and = ; n=l, 2,~-. (10 
Both types of solution are useful, as we shall see. 


3. Let us now turn to 5), which becomes on giving a its value 
in 9), and setting 
x= cos 0, 
(th ye > dG 


Ta Rp EM E ee ql 


But this is Legendre’s equation for which 
P,a) > On) 


form ‘a fundamental system. 


9 
Thus by 2) ta = r"P,,(cos 0) 


1 n= ks 2, aoe (12 
Un = pati P,,(cos 0) 


are solutions of Laplace’s equation Au = 0. 

The boundary values being symmetrical with respect to the z- 
axis, the value of w is known on S when it is known on a meridian. 
Call this value v, it is a function of 6. If continuous and having 
only a finite number of oscillations in the interval (0, 7), it can be 
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_ developed in a series 


v = da + aP Ceos 0) + a,P,(cos 0O) + + (13 
where Sadit 
TA ac! vP,,(cos 0) sin 6d0 (14 
0 


as we saw in 227, 1. 
According to the general scheme we now set 


U = CU + Cyllg + Cgllg + + 


and try to determine the coefficients ¢ so that u reduces to v when 
the point P =z, y, z is on the sphere S. 
There are two cases. If P is within S, we take 


uU=C + ¢,— = P Ceos 0) + alz zy P,(cos 0) ++ (15 
If P is without S, we take 
> 
u = a£ Fe 5 P Ccos A) + a( £) P,Cos O+- (16 


To determine the c’s we take r= R. Then 15), 16) give, since 
u =v now, 


v = cy + ¢,P,(cos 0) + e,P,(cos 0) + + (17 


Comparing this with 13), we see that the boundary condition is 
satisfied if we take ee. 
where a, is given in 14). 


Functions of Laplace 


237. Spherical Harmonics. 1. We have just seen how to solve 
Au = 0 when the values assigned to w on the surface of a sphere 
_ 8 are symmetrical with respect to an axis. We wish now to con- 
sider the case that the values assigned to u on S have no such 
symmetry. This general case was considered first by Laplace, 
and the functions he introduced to effect the solution have been 
named after him. We begin by proving a number of theorems. 


2. The equation avy A 2y 


~ ag? a 5 a 
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admits as a solution the homogeneous polynomial 
U = Bary (2 
of degree n=i +j +k containing 2n + 1 parameters. 
For 2) contains RET EET 
2 


terms. Putting 2) in 1) we get a homogeneous integral rational 
function of degree n — 2 which contains 


n(n — 1) 
2 


terms. As AU must =0 identically, the coefficients of all its 
terms must =0. The number of independent parameters is 


theref 
on (n+1)(m+2)_ n(m—1) 
2 2 


-i 


We call such polynomials harmonic polynomials of order n. 


3. We have at once the following theorem : 


There exist 2n + 1 linearly independent harmonic polynomials of 
order n. 


As examples of such linearly independent harmonic polynomials, 
we add the following table: 


n = 0|a constant. 
mL a, Y; 8 
n = 2| a2 — y?, Y? — 2, vy, yz, x2. 
n = 3| 3 xy — y’, Irz — 23, 3yr? — y’, 3 y?z— z, 82% — r, 3 z2%y—y3, DYZ. 
4. Let us pass to polar coördinates, 

x=rsindcos?¢ , y=rsinOsind , z=r cos ð. & 

Then the harmonic polynomial U of order n becomes 
Uer & 

where Y, is a homogeneous polynomial of degree n in 


sin@cosd , sin@sind , cosd G 
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We call Y, a spherical harmonic of order n, and have the theorem : 
There exist 2n+1 linearly independent spherical harmonics of 
order n. 


If we transform 1) to polar codrdinates 3), we get, as already 
seen, 


PUG LAV Le LLA, 
a 2 0 or2gin?@ ap r or r a)l 
If we put 4) in 6), we see that Y, satisfies 
ere eo ey oY 
— +. t 0 — DY=0. if 
0 ~~ sin?@ ag? Ry a0 RTENE ( 
Let us also note in passing that 
TUS iei A (8 
or 


5. If U, V are two harmonic polynomials or two spherical har- 
monics of orders m+n, then 


iE UV de = 0, (9 
g 


the integration extended over the sphere S. 


Let us first suppose that U, V are polynomials. By Green’s 


relation 233, 7) 
f ( T Vo Nae Er 
s on on 


Using 4) and 8) this gives 
ip (úR Yp Y, —mR"Y, Y,)do = 0, 


ta if YY da =0. (10 


If we multiply this by R™*", it goes over into 9). If we sup- 
pose, on the other hand, that U, V are spherical harmonics, say 
U= Y,, V= Y,, they may be converted into harmonic polynomials 
by multiplying by r”, r” respectively. Then we are led to 10) 


again. 
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238. Integral Relations between Y,, and P,- 
Let Kapra 


be a harmonic polynomial. Let 
P(p', $', 6’) be a point inside the 
sphere S, and Q(p, $, 0) a point 
on its surface. Let 


r= Dist (P, Q). 
‘Then by 234, 


rop 
AT -pok 2 
ae Tee LM ar ðnr Sa j C 


u = cos (p, p’) = cos œ = cos 0 cos & + sin @ sin 0’ cos ($ —¢). (3 


Then by 222, 4) Ry SG : 
bad oo 2) Pn). 4 
E pay i Ce) C 
Hence ð 1 ð 1 af I 
E ging gy E PPY 
ðn r dp = A. PA 1) a P.e). 
Also av 4 
a a i i 


do = p? sin 0dbdd. 
40Vp= waia 


=f] "Yn È (n+ DEPA) 
+ oe rS (E r } p?sin Odbdd 
= DA (of cm +n+1)Y,,P,,(u)sin 0d@d¢d l. 


These in 1), 2) give 


The right side is a power series in p'. Equating coefficients of 
like powers gives 


2r m 
yi ag f Y,,(9, 6) P,(#) sin 0d0=0 , m#n 6 


YC, $') = =a 4 f F do Hf "Y,,(0, p) P, (Wsin 0d0 (6 


where uw is given by 3). 
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= 239. Development of f(6, p$) in Terms of Y,. Suppose the 
_ values of a function f are given at all the points 0, ¢ of a sphere 

SS. If fis continuous and has only a finite number of. oscillations 

| along any great circle, it can be proved that f admits a develop- 
ment of the form 


f= Y0, $) + V4, p) + ¥,(8, p) +=» a 


where the Y,, are spherical harmonics of order m. Moreover 
_ this series may be integrated termwise. 

Admitting this, we can easily show how to determine the terms 
in 1). Let P (0, $) be an arbitrary but fixed point on S; let 
~ Qa, 8) be a variable point on S; let 


p = cos w = cos « cos 8 + sin « sin 0 cos (8 — ¢). (2 
We multiply 1) by P,(u) sin edad 


and integrate over S. Then by 238, 5) every term on the right 
= will drop out except that with the index n. Thus 


T m 2r m 
ik aB fF P,- sin ada= f ap f Tpi sin'ode 
0 0 7/7 0 0 


4 or 
=c Y-(0, 6), by 288, 8). @ 
2 1 n(9, ) We ) ( 


Hence , Inel f a 7 a 
,ġ)= d ER CO0: in ada, 
t(9, $) >, neam. aff (cos @) sin ada. 


where cos w is given by 2). 
For later reference we note that 3) gives 


Led ai- nt i f "AB f "F Ca, 8)P,(cos w)sin ada. (5 


240. Fundamental System of Harmonics of Order n. 1. We saw 
in 237, 2 that there are 2n + 1 linearly independent spherical har- 
monies of order n. Such a system we call fundamental. We 
_ show how to form them. 
We saw in 237, 4 that any spherical harmonic Y, of order n is 
homogeneous in 
sinô cos , sin@sing , cos ð. qd 
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Thus Y,, = =A,, ,(sin @ cos $)?” (sin 8 sin $)? cos*-?- 2 8 
= E A, , cos? $ sin’ ¢ sin?*? 6 cos"? + 8. (2 | 


Now cos? ¢ sin? ġ can be expressed as a linear function of sines 
and cosines of the angles 


(p+QO¢ , (p+9-2)¢ ; 


In fact ib 1 p-id\P/pid — e-i? 
cos? ¢ sin? ¢ = ( te VE 
2 a 


Expanding this gives 


Dp+4 %2 cos? ġ sing $ = eX r+) $ + (p an gyeiPra-2% he cas ( Di 1e- irto, 


Hence, when q is even, 
cos? ¢ sin? d = a, cos(p + q) + a, cos(p +q- D+ + 
= Za, cos (p + q—27)¢. 
a 
When q is odd, we get similarly 
cos? $ sin? ġ = Xb; sin (p + q — 27)¢. 
E] 


If we set these in 2), we get 
Y,==C,,;sin™ 6 cos*-* 0 fore hh 21) (3 
sin (m — 27)¢ 


Now . : l 
sin™ 0 cos"™™ 0 = sin™-? 0(1 — cos? 0)' cos™™ 6. 


This in 3) gives, on setting n — m = k, 


Y, = È {F,cos kb + G, sin ko}, (4 


where Fy=Lyain® 6, . Gyo Mi sine 6 
and Ly, M, are polynomials in cos 8. 


Now we saw in 287, 7) that Y, satisfies 


OF laos aY 
302 aap po gah O (6 
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Putting 3) in 6), we get 

[Se eee dF, 

ee { sin? oa + sin ĝ cos 6 6 + [n(n + 1) sin? 8 — k?] F, } cos ko 
= > {similar expression in @,?} sin kp = 0. 

This relation holding for any $ requires that F., Gi, are solu- 


tions of 
d?y 
sin? @ TH + sin Ø cos 0%% + {n(n + 1)sin? ð — ki y = 0. 


If now we set aay 
y=usin* 6, 


we get by 5) the eg that L, M, satisfy, viz.: 
sin? 0 T H+ k+ Isin 0 cos 6 a 
+ jn(n+1)—k(k4+1)}sin?@-u=0. 


If we set 
x= cos 0, 


this becomes 


d*u du j : 
1 — 27) — 2 —+§ = = 
( ) Tz Ca ai in(n +1) ACE DO 0. C7 


This is closely related to Legendre’s equation 


(1-2) S322 tnat. (8 
For if we differentiate 8) k times, we get T). 
Thus one solution of 7) is 
2 
7) = PCa). 9 
Since now every solution of 7) is the kth derivative of a solution 
of 8), it follows that Z,, M, are. 

But L, M are polynomials in v. Now we have seen that 8) 
admits no solution besides ¢eP,,(2), which is a polynomial. Hence 
L,, M, are aside from constant factors the function given in 9). 
Thus by 5), Fp, @, have the form 


sin*t 0P® (cos 0) = (1 — 22)? P® (7) = Pia): (10 


-= They are called associated Legendrian Functions. 
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Thus we have: 

Dawe 

P,,=8eV1i-# , P,,=3A-2), 

Py, =3(2-1)v1-2 , Paa 15264 ER 
Pz, ,=15(1—2)vV1i—-#. 


2. Returning now to +) we see that Y, has the form 
Y= $ fan, r Pn, p (cos O) sin ko + bn, Pn, Ceos 0) cos ko}. C1 
k=0 


Since sin kọ = 0 for k= 0, Y, is the sum of 2n +1 terms of the 
“ye sin kPa ,(cos9) , coskpP, ,(cos@). (12 


It is easy to show that the functions 12) are homogeneous in the 
quantities 1) of degree m. To do this we reverse the process 
used in 1. Thus each of the 2n + 1 terms 12) which enter 11) 
being homogeneous and also satisfying 6), is by definition a 
spherical harmonic. 

Since any spherical harmonic Y, of order n can be expressed 
linearly in terms of the 2+ 1 harmonics 12), these latter form 
a fundamental system of order n. 

We have thus the theorem: 


The 2n +1 harmonics 
P,(cos 0), CES 
cos PP, (cos 0) , cos 2pPaoCcos0) , ++. cosndP,, nCeos 0), | 
sin dP, (cos8) , sin2 dP, .(cos 0) , «++ sinndP, ,(cos O), 
form a fundamental system of order n. 
241. Integral Relations between P, p» P,,m We now prove the | 
important relations 


f "Pgs 2) Prato Lo E a 
“@ebt 2 
[Peon T (2 
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To this end we consider 


1 
Fe i PP de 
=a 


= ie (1 — xij E ER 


To fix the ideas suppose n > m. We integrate by parts, using 


the formula 1 A 

i ji udv = [w]4 =f vdu. 
A =i 

We take “ae a T a2)k Pw) , v= Py 


_ Then [uv]1,=90 


and hence 2] d 
yes ji PED L (1 — 22 PWdr. 
Ae | dz 


Repeating this process ķ times gives 
Fa(—ty [PS a oy Pear 
ni ” dak m 
= (=1) | P.F da, (3 
-1 
where F,, is a polynomial of degree m. 


Thus when n >m, J=0 by 225, 2), which gives 1). Suppose 
n=m. We have from 222, 5) 


P(e) = BPR al eo = Aa + 
: Hence P,(2) = An(n — 1) +++ (n— k + I)E 
Also qd eal a) oe (— 1)*a*+ coe 


Hence 

Garg = PP (x) — P) =(— 1)* An(n — 1). (n — k +1)? + 
, ea iat et k—1) 
(n+ + 


eth)! gan 
= as a ST i)! 
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Now F, is a polynomial of degree n; it can therefore by 227 be 
expressed in terms of Py, P,;---P,. We get 


I ty Gt} py ae eee 
F, =( 1) (n — k)! a + 1 Be = Pan + 


Thus 3) becomes = a+b! +k)! 
P2dz, 
(n—k)! EFAs 7 


since each of the other terms = 0 by 225,1). If we now use 
225, 5), we get 2) at once. 


242. Development of (8, >) in Terms of P,,. In 239 we saw 
that when f(6, $) is a one-valued continuous function of 0, $ 


having but a finite number of oscillations along any great circle, it 
could be developed in a series of spherical harmonics 


ESES AT AG a 


But in 240, 10) we saw that each Y, is a linear combination of 
certain fundamental harmonies. Thus 


FCO, $) == È {Ags cos k + Bpa sin kb} PCa), 2 


where 
æ = cos l. 


To determine the A’s and B’s we note that 
fos mọ sin nọġd = 0, always 
0 
2r 
f cos mọ cos nodo = 0, mM # N, 
0 


2r 2r m 
[ cos? nddgd = T, f cosnddpd =0 , fe sinngddd = 0,n>0. 
J0 0 0 


Let us multiply 1) by d¢ and integrate, we get 


2r æ 
f ETTR 
0 n=0 
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_ This we multiply by P,,dz and integrate, getting 


1 2r 1 
if dx [{ "fP,db=273A,y [ PP dr 
af 0 á =1 


_ ér 
2n+1 


since all the terms on the right = 0 except when m=n. Hence 


2r m 
Aggy = HI f a8 [ “FP, sin ade 320,12... @ 
T O 0 


Let us now multiply 1) by cos kġdġ, k > 0, and integrate, we 
get = T 
if ats thadh =S AP 

0 n=0 


We now multiply this by P,,dz and integrate. We get, using 


241, 1), 2), 


2r_  (nt+hkyl 
2n+1 (n—k)! 


1 on 
f dz} fceosk¢P,,dd= 
-1 Jo 


_2n+1m—-hk)! 
— Qa (nt+k)!Jo 


x ap f” F cos kKBP,,(cos œ) sin ada. (4 
0 


Similarly we get 


2n+1(n— k)! 


Ei Air (n+k)!Jp 


“dB f “sin kKBP,,(cos a) sin ada. (5 
0 


There are no coefficients B,, since the factor sink ¢ = 0 for k= 0. 
Putting in these values of the A’s and B’s in Y, we get 


m i 2n+1m— 
Y,= if da f Som Pas(cos 8) =F (n=) Aco 8) 


(n+k)! 
E tya ko cos kB + sin ko sin kB} P,,.(cos a) sin adB, 
where n=% when k=0 


=1 when >Q. 
Thus we have 


ohh da "S Seca 2 ye t te B)P (cos æ) Pn Ccos 0) 
cos k (ġ — £) sin «d8. (6 
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243. Expression of P,(cosw) in Terms of P,, Pa» Let 
P(a,B) , QO, $) 
be two points on a sphere whose center is 0. If @ is the angle 
between OP, OQ we have 
cos ø = cos « cos 0 + sin « sin 8 cos (8 — ¢). 


Now in 239, 5) we saw 


Y,(0, 6)= eats [sin ada "Fin 8)P,,(cos @) dB. 


0 
If we compare this with 242, 6) we get 
P,,(cos œ) = P,,(cos «) P,,(cos 0) 


+2 > (—*)! p (cos «)P,.(cos @)cosk(8—¢). CA 
Pam; Coss k)! 

244. Solution of Dirichlets Problem for the Sphere. 1. This 
problem is to find a solution V of Laplace’s equation AV=0 
which takes on assigned values f(@, $) on a sphere S of radius R. 

If the point P is in S, we set 


V=Y,+ ra ¥,(4) + ~ rok qa 


Each term is a solution of AV=0 and hence 1) is. For r= È it 
reduces to Favn 42, + 3,455 (2 


Thus V, must =f(@, $) if 1) is to satisfy the boundary conditions. 
Thus the coefficients Y,, F} --- in 1) are the terms of the develop- 
ment of f (0, $) given in 242, 6). 

If the point P is outside S, we set 


2 
Var yn + n5 q oa 8 
and reason as before. 


2. By the above we have solved the problems : 

1° Determine the temperature at any point in a sphere S which is 
ina stationary state, the temperature being given on the surface of S. 

2° Determine the potential for any point outside a sphere S, 
knowing its value on the surface of S. 

3° Determine the motion of an incompressible fluid having a 
velocity potential V, knowing V on the surface of S. 


CHAPTER XV 
BESSEL AND LAME FUNCTIONS 
Bessel Functions 


245. The Integrals of Bessel’s Equation. 1. This equation was 
studied in Chapter XIII; it is 
dy 
PE 
When 2m is not an integer, we saw in 211 that 1) has two linearly 
independent integrals 


rZ +e m*)y =0. Q! 


= í: 1)” aN m+?n 
T(t) = PA OCET CLT (5) (2 
and 5 [a 
(— 1)* £ 2n—m 
| TaD- Tem) S 


The first converges for every zv, the second for every v #0. 
In the applications m is usually an integer. For m = 0, 1, we 


have z2 
z a 
W@O=1l- o ar a E AA (4 
z 2 g 
LOE A T N e E ALG 


The function defined by the series 2) is called a Bessel’s function 
of order m. 


2. When m is an integer, we have 


In) =(= 1) "I _m(2)- (6 


For k being an integer or 0, 


1 — 
Ii(—k) ~ 
533 
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Hence the first m terms in 3) vanish. Let us therefore change 
the index of summation in 3), setting y=n—m. Then 3) becomes 


1.0-Zngmet@) 


=(—1)"J,(z). 


3. Since 2) is a power series, we may differentiate it termwise, 
which gives (1% = 
fiery = L nT An) intial 7 
In(&) = Oe +n) i j C 


4. When z is complex, 


x=r(cos 0 + isin 8), (8 
we may write ney 
Iae) = (5) in): 
Now 2n 2n 
(5) = (5) (cos 2 nô + i sin 2 n0). 
Thus 


(— Dreosžat (r J+ (— atni Y 9 
Ja) = > (rn) (m + n) \2 ro [1 (n) II (m + n) \2 ( 
When m is real, this enables us to write J,,(2) in the form 


J,,(2) = U,, + tV,,, 
where U, V are real. 


5. From 2), 3) we have 


+ ee 
J, (æ) = VER sin 2, (10 
ny 
J_,(2) = v= COS Z. ql 


246. Relations between the J,, and the Ji. 1. The following re- 
cursion relation exists between three consecutive Bessel’s Func- 
tions, 


Frat (2) = AOR Jaai) a 
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For 


grt = gs+tn—l 
: oa = —— —í 1 ji a SAN 
+ 2TT (n — 1) r > ee m+ ITI (s)TI1(n —1+4 8)’ 
2s+n—1 
Inu =— 1 eee Ss 
a »> aad 2 -TT (s — 1) 11 (n +8) © 
Hence 
ae eri 
n—1 n+l — 9x] (n = 1) 
S gstn-1l 1 1 
Cjpe eo U a a 
+> OD m ona e Diar j 
gr! gestal 
mim- i} eee 
= 9 (n — ye > ew. Dni ITT (8) II (nm + 8) 
MES eae a aa 
2N ) n+ T] (8) I1(n + 8) 
2n 
= —— J, (2). 
AIE) 
: 2. We show next that 
2 IE) =I, (2) — Inu(): (4 


For subtracting 3) from ge gives 
ag gstn— 1 n+ 2 8 
Ja- — n+l = gn- IJI (n — te C= 1) garu- ee II (s) (n+ 8) 
x > € 1) (n + 2 Dea 
F 2Qn+-1J](8)II (n+ 8) 
= 2 J/(@). 
8. From 4) we get, on replacing J,,,, by its value given by 1a 
JIE) = — 22) + Ia). (5 


From 1) we also get 
Ji) = ZICE) = ARY (6 
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4. From 245, T) we have 
Jæ) =- 7). C 
5. We have also d 
4 (e) = na" HAT, 
T 


zi D) 
or using 5) 2 (EIn) = 2"J,,_1(2)- ¢ 
z 


6. By means of 1) and 245, 10), 11) we have the theorem : 
When n is a positive or negative odd integer, J,(x) can be ex 
pressed in terms of the elementary functions. 


Thus in particular the recursion formula 1) gives 


he 
T. ioa Da } 
(2) V=| g cos T}, 
E2 a 3 3 
J, = 2f G =1)=5 
(7) i ~oue 


3 
J 3(4)=— fe [2 sing], 
T 


TX 


2 


zs 
2 


J_s(2) =VZ { cos 2($-1)+8sine}. 


247. Integral Relations. 1. As a first such relation let us prove 


ifi rJ,(x)de = zJ,(2). ( 
For n = 0 Bessel’s equation becomes 
oF ah 
cae de ee ee 


This is satisfied by J); it therefore gives 


San) auf, =O, 
Integrating this gives 


xd} (x) + [“elae=0. 
0 


Using 246, 7), this goes over into 1). 
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2. To get other relations let us set in Bessel’s equation 


etd + of ot ee my = 0. 


dz? 
u=Va- y(ox) 
It becomes Pu, (a —4mt=1) A 
. dz? 4 2 is 


Thus u= Vr, (az) , v=V2xJ,(Br) 


are solutions of equations of the form 


_ From 5) we have ies sz 


On the other hand the left side of 6) 
ied Zo du _ ui), 
TAN da lade 
Thus 6) gives „du 


— u= fa- —g)urdz + C. 
"daz 


Substituting 4) in 7) gives 
(2 — a) | “oT ua)Iy( Br) dz 
= x{aI,(Bc)I\(ax) — BI, ax)I)(Br)}. 
If we use 246, 6), we get from 8) 


REI f TCI (Beda 
«0 


= a} Bd, (ax) I, (BT) +7 aJ, (Bx )F n41 (ax) } 


587 


(2 


(8 


(4 


(5 


(6 


(7 


(8 


(9 
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Let us differentiate 8) with respect to 8 and then set $= æ. 
We get 
eT 3(an) de 
° = xford!(ar) —J,(ur)Si(ax)—arI,CaryTi(ax)}. 10 
Expressing J! (ax) by means of 1) this gives 
ifi ajua =| J ( cx) + (a = =) Jez) }- (11 
Using 246, 6, this gives 
f TK ayir =F IR) + IRAE) E Tear) Tousen) A 


Similarly if we differentiate 9) with respect to 8 and then set 
B=a we get 


2a | “rJi(ar)dz =x, (ax)J,, (ax) 
: + ax? |J Cet) (ax) — I Cer) Car) 8 


248. The Roots of J,,(x), m Real. 1. In many of the applications 
it is important to know that J,,(z) has an infinite number of real 
roots. Let us consider the general question of the nature of the 
roots of J,(x). 

The roots of J,(x)=0 are all real when mis real. For suppose 
J, = 9 forz=a+ib,b+0. Then the series 


Tita) = Gy ian tS hey =" 1 
R ATOE Fn \2 ( 
would give A+iB=0 

whence Paes B “i 0 


This shows that then the conjugate number 2! = a — ib must be 
a root. Let us therefore suppose that 


a=a+ib , B=a—ib 
are two roots of Jm. Then 
— Æ = 4 iab. 
Jaler) =P iQ , J,(Bxr)=P-iQ. 
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These in 247, 9 give 
— 4 iab [e+ Q2)dr =0 (2 
7/0 


ence OEO LENT 


But the integrand in 2) is positive. Hence the left side cannot 
vanish unless a or b = 0. 
Suppose a = 0, so that «œ = ib, b > 0 is purely imaginary. Then 


1) becomes p\e" 
Jn (ib) = (z y Drea G ) 


- (ib 
= (8). 
Here jm is a series all of whose terms are positive. It cannot 


vanish. As 6>0, Jm does not vanish. Thus J, has only real 
roots. i 


2. The development 1) shows that: 
J,(0)=0 , whenm>0O. 


It also shows that: 


If x= a > 0 is a root, 80 is x= — « a root. 


3. No two consecutive functions J,(x), Jm+ı(£) have a root in 
common, aside from x = 0. 


For if « were such a root, 247, 9) gives 
1 
Ji slaa T Bryde = 0. 
70 
In this relation let 8 =a; we get 
Ja zJ 2(ax) dz = 0. 
0 
This is impossible as the integrand is > 0 for æ > 0. 


4, The roots of J,,(x) are all simple, aside from x= Q. 
For consider - f (2) = 2S (2). 


This does not vanish for #0, unless Jm = 0. 
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But from 246, 8), f' (a) =2"I m1 (2): 


As Jm Im; have no root #0 in common, f’(z) does not van- 
ish for any non-zero root of Jm: 


5. Jm (£) has an infinity of roots. 


For we have seen in 247, 2 that 


u =V TIm (2) 
satisfies 
d?u 
= 0, 
= Te +gu= 
where _]_ 4m1 
— 42 


The index m being fixed, let us take £ > 0 so that 
0<g<1 for r7&. 


d?y 
—- =0 
ate, 


The equation 


admits : 
v=slInZ 


as a solution. Then by 247, 2 


du dv 
[oat — us al =|" (1— g) uvdz. 


If we take a=2nr , B=(2n+4+1)7, 


we get 8 
u(B)+u(@=— (1 — g) uvde. (3 
Suppose now u is positive in the interval Ñ = («, 8). Then the 
left side is positive and the right side is negative, since 1—g>0 
in any case, and v is positive except at the end points of Y. Thus 
the two sides of 3) have opposite signs, which is a contradiction. 
Similarly, if w is negative in M, we are led to a contradic- 
tion. Thus u must vanish at least once in &%. Hence in any 


interval (a, b) of length m, J,,(#) vanishes at least once, pro- | 
vided a> £. 
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249. Bessel Functions as Loop Integrals. We have seen that 
- Bessel’s equation 


a 
ga? J 2 
TY oll X42 m)y = 0 Gl 


admits J„ as a solution. As J,, has the form 


E A e ++), 
let us set 
in 1). We get 


y = zu 
Aie ge ma hie Eih (2 
dz? dz 
This is a oe case of a class of rae 


Cat bye) “+ Ca + pa at + (+ 6,0)u=0, 8 


whose integral may be expressed in the form 
u = f ewCe)dz. (4 
L 


Let us suppose n = 2 in 3) and let us change the independent 


variable x by setting 
zT =+ box. 


If we make this substitution in 3) and then drop the prime from 
z', we get an equation of the form 


Sa 
” da 


u 
Ti+ (at be) + (0+ danu = 0. (5 
- Comparing 5) with Bessel’s equation 2), we see that 
a=2m+1=, 6=0 , e=0 , d=1. (6 
If we divide through by z, the equation 5) becomes 
du E yau e ) 
—+(-+6)——+(-+d)u=0. T 
da aa da Xs p AnaS je ( 


_ Here the coefficients have poles of order 1 at x=0. Hence the 
integrals are regular at this point. 
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Let us now consider the point r= 0. If we set 
1 
z=-, 
z 
poe: du (2—a b\du d 
ote Fi Z Ww = 0. 8 
dz? ( z JE dz i = = S) ( 


As the coefficient of de can have a pole of order at most 1, and 
z 


the coefficient of u, a pole of order at most 2 when z = œ is reg- 
ular, we see this point is an irregular point of 5). 
Bessel’s equation 2) becomes, on setting 6) in 8), 
oe a 
du 2m—I1du, 1 re) 


—+—4=0. 
d2 z rater be 


2. Suppose we try to satisfy 5) by a power series of the form 


hy hk } 
a a ss% 10 
wae [ntt j C 


which shall be valid about x =œ. We shall find it possible to 
determine the coefficients ho, A, +. so that 5) is formally satisfied, | 
but we shall find that 10) is diy ergent. 
To illustrate this let us consider the equation 2) for m=0 which 
is satisfied by J)(x). | 
If we set | 


y = e*u, 
it becomes L 
ay 1 \du i i 
—+(-4+27)—+-u=0. | 
aot tiu 0 di 


Comparing this with 7), we see that | 


a=1 , 6=2% , e S a ' 


If we put 10) in 11), we find 
r=— 4 
and 
2 inki neni ens 


- 
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The ratio of two successive terms in the adjoint of 10) is 


h, |_1 H(2— 2) 
8 |z| n) C 


zl 
| hy 
The series 10) diverges therefore for every z. 


3. Returning now to 5), let us try to determine w and Z in 4) 
so that the resulting integral satisfies 5). Putting 4) in 5), we 


get 
J e” Fdz + f dG =0, (12 
L 
where d 
B= (a2 +c)w—— -w(ei +'be + a), (13 
z 
G = e7 (2 + bz + d) w. (14 


Thus if we determine w so that F = 0 and choose L so that 4 
takes on the same value at the beginning and end of JZ, the inte- 
gral 4) will be a solution of 5). 

Let us write 13) 


£ (pu)= qu. 
Then d 
TREAN 
pw P 
Hence > 
log pw= f 1 dz, 
$ k 
$ qi 
or it le, 
P 


Let us now decompose 2 into partial fractions. We have 
' P 


Ce Azat C A ms H 
p @+tlez+d z—« 2-8 


where a, 8 are the roots of p = 0, which we will suppose unequal. 
_ Thus we may take 


as 1G «(2 — B)" = (@ — a) (e — 8). (15 


f This in 14) gives q= e(z —a)(z— B)". (16 
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As a path of integration L we may take a double loop about 


a, B as in 220. 


Hence, remembering that 


zzz? 
Cal OS 


t from 4 
we get from 4) Uag = | c= (2 — a) (e — 8) dz aT 
L 


æ a” . y 
m= EAT n EPA aa SE x—ldz. 
TaLee Ye — By" dz 


4. For Bessel’s equation 5), 6) 
p=2+1=0 gives a=t , B=-4 


g=(2m+1)z. 
Hence q @m+D, 1(2m+1) 
p z—i z+? 
which gives \ pend 
Thus 4), 17) become 
Wag = KG +1)"" idz (18 
=> | e@+p™tae. (19 
An! 
Now L = Ikka, 
where J, k are loops about z = %, z = — i. | 


When z describes a small circle about z = îi, the end value of 
= 2r(22 + 1)-t =2%(2-)™ 424i)" 
gz ee errimZ jee See NZa 


fafrafref tof. 
Jf =0  f+af = l 


since the integrand has the same values, while the direction o 
intecoratian ie ravaread in 7 and 7-1 atn 


is 


Thus 


But obviously 
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Thus 20) can be written 


f Z=- f Zaz - f Z,da}. (21 


Now when n is odd, 
if Fate = | Z,dz; 
l k 


l k 


Thus 
if fate=0 , nodd, 
L 
= 2(1- n) | Zd » neven. 
l 


To compute the integrals we set 
z= ty}. 


when n is even, 


Then the loop } will go over into a loop 7 about y = 1, and 


2 | Zant =(—1)% f yr 41 — y)”-Żdy. 
l e/i 


Now 1 0 1 
= — =(1 n-h ite m-hq 
=(1+9)B(n+4,.m +4). 


Thus finally 19) gives 
im) 2; < (= 1 PNN 
adren ir mwa e ererol) a 


n=() 


=i HeH (m+ J) - O (23 
by 245, 2). 
Thus Z”u,g aside from a constant factor is nothing but Jaa): 
250. Other Loop Integrals for x>0. 1. A second path of inte- 
gration L for which the function 
G = e*(2— a)*(z — B)*, qd 


considered in 249, 16) takes on the same value at the beginning 
= and end is indicated in Fig. 1. We will denote them by A and B; 
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both are parallel to the real axis and <— B 
pass about the points a, 8 respectively. a a 
On A for example the real and imagi- 


nary parts of | _ aie - >. 

are such that |v|< some 7 while u comes 

from —oo, moves up to «, and recedes again to — æ. 
If we set 


Fic. 1. 


z—ae=re® . 2—B=8e*, 
we have 


Thus 


G = etUpA gu pi(zet+Ab+HG) | 
| Ff ere = 0 as & = — on, 
and G@ takes on the same value at the beginning and end of A or B. 


2. Let us now consider the integral 
Ua = fwd- fee —a)1(z— 8)*ldz (2 
A vd 


where w is given by 249, 15). Similar results hold for the other 
integral ug for the loop B. 

Setting z—a=y, a—B=a, 
2) becomes 


po [amor + ayerdy 3 


where Y is the new path. 
As y approaches indefinitely near 0 fora part of Y, call it M, we 
have 


: <1, 4 

Then wtadi w(t R no 

a 
nor {1peete pentane] 
j | ji il a T 1 . 2 a2 x 
A n (5 
where 

a Se. b—2 BT? p, (6 
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For the other part of Y, call it M, the relation 4) does not hold, 
and we write 5) 


(y +a) l= eo tey + -- +e¢y?+ R,. Gi 
This in 3) gives 
Ye = caf enyt™ dy +e [ ew Ray (8 
sath A V/A 
=e"(U+T7). 
We set now fo te 


(CRT: 


in the U integral. Then & goes over into a ~g ———> 


loop @ as in Fig. 2. Fia. 2. 
We get now 
U= (— 1) a> = (— Do fete a Ok. (9 
n=) g ` 


But, as we have seen in 149, 2), 


tp edt = (er DTA +2) (10 
gL 


where by 144, 8) 
TA4+n)=AA4F1) + Atn—1DTQO). (1i 

This in 10) gives 
U=(—1)'e-*(e"™® —1) È (-1)TA+n)ec™ (12 

n=() 
= xB 
where B= (— 1)" — 1) fe TOA) —¢ Tat ya Z 
1 

+ TQ + 2) - 5 — vee ty (13 


251. Relation between uag and ua, us. We have now found three 
integrals of our differential equation 


oO + (a4 be) +(e + dou =, a 


; VIZ. Uap = fe — a)"(z — Bede (2 
L 
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of 249, 17), and 
u= | EG- ae — Bde G 

VA 


ug = | =Q — a)! (z — 8)" "dz (4 


of 250, 2). 
Since 1) is of the second order, a linear relation exists between 


them. Here the path of integral L in 2) may be taken 
L=ABA"B1. 


Since (z — a)‘ is multiplied by the factor e** after describing 
the loop A, and a similar result holds for B, we have 


Uap = [= [+ AR Pa oe +e f A 6 
JL JA B Jaa kei 
Since 3 
Aa 
we have 
f enn i eA 0, 

A ee 4-1 

or f oo en 2tia f- 
vA 


ai 
Similarly 

= — e` rin f- 

e Bo} e 
Thus 5) gives a 
Uap =(1 g j ad a aayi 
A B 
= (1 — eua — (1 — eug, (6 


and this is the relation sought. 


252. Asymptotic Solutions. 1. We show now that the solution 
u, admits the asymptotic development 


ue "or ~P , aw real and =+. Gi 


Referring to 250, 8), 12) we have 
ue “oe =F 2 V. (2 
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Thus 1) holds if lim 2A T= 0 3 
] gq=+o0 
where by 250, 8) > 
j Ve gee aay. (4 
The path of integration ù we N 
take as follows. About y=0 we Se e 
describe a circle ¢ of radius y. Let PK 7 
a=(—o, — y) as in Fig. 1. Then Fic. 1. i 


Aon te- a7}. 


Hence i : 
r= fa Sfer ‘ 
G et a 


and > 
aft} Vx ath | pat +a f = A+B+ ira 16 
a c a 


We show that A, B, Call = 0 as r = + œ. 


2. We consider first A. From 250, T) we have 
R,= (y +a) — (o+ ey + = + ey’). 


Hence : 
A = z fy Sy a) eyrdy a3! ps cya" ts [eydy 
a k=0 e/a 


= A, z > cA. 
k=0 
We show now that A), A,,--- A,=0 as v= +œ, beginning with Ap. 
For complex z = re® we have 


log z = log r + i0 + 2 mri. 


Thus for large values of y on the path of integration, 


|logy|=log|y| , nearly. 


ibni from the calculus, bas 
lim 28 — 0, 


5 z=+0 xv 
Thus for | y | > some Y, 
|logy]| <ly] , |log(a+y)|< ly]. 


les dah fh SA 
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Hence for some 7 > 0, 
| log yy + a)" | < al yl- 


Thus |ytgytayet|<e™ , y< some y < 0. 


Hence hay ; i 
A L = eve dy=0 , ast=+00. 


—2 


We now show that A,+0. Changing the variable by setting 
ty =— f, 
A, = (— UW ig are je ett 
yr 


we have 


=(Q | ‘as e=+ oo. 


3. Having shown that A= 0, tt is easy to see that C=0 also. 
For C differs from A only in two respects. The path of inte- 
gration is reversed and the integrand has another value at y= 
— y, due to the fact that y has described the circle c. After this 
circuit yò~™ is multiplied by the factor eà, while (y+ a)** is 
multiplied by e’. Thus the C integral behaves essentially @ as 
the A integral, and we see at once er 


lim C= 0. 


r=+0 


4. We show now that B=0. We have 
Bax f ey R, dy 
È 


where R, is the remainder of the series 


Cy +a) = ot Cy + cay? + «.- 


t=ax 


beginning with the exponent s + 1. 
If we set vy = — t, we get tea 


where € is the circle ee toc 
in Fig. 1. Fia. 2. 
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As the singular point of R, is t=av which lies t=ọ t=æy 
outside of ©, we can replace € by the loop € in g 
Fig. 3. This loop is made up of a segment J and FIG] 3. 
two small circles about the points t= 0, t=a2y. Thus B will be 
the sum of three integrals 


B=B,+B,+B,, (8 


corresponding to these three parts of &. 

Since the integrand in T) is one-valued about t= xy, the inte- 
gral B,, =9. 

The integral B,=0 also. For 


R, = e349" + Cay t + ae 
A t+ t 
=(— N E a t eh 9 


Thus R, = 0 as the radius of the circle about t = 0 converges to 0. 
On the other hand, the reasoning often employed shows that 


B,=(—1). r(e — 1) (0R. 
L 
To estimate the numerical value of R, we use 112, 3). Here 
== 0, [ej =mps |ay| , -r=|az|. 


Thus G denoting a sufficiently large constant, 


&jyļ 1 H 
|R| < cals ye 
|a| 
Hence 1 í 
| B,| = 5 Cg acl 1| Hf eat, (10 
l 


taking the real positive value of the integrand. 
Let now z=+œ. Then the integral in 10) converges to 
Tà), and hence B,= 0. Thus 
lm B=0. 
z=+o0 
We have now shown that each term of 8) is 0 or =0. Hence 
B=0as asserted. Thus the proof of 1) is finished. 
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253. Asymptotic Development of Jn(x). 1. Let us apply the re- 
sults of the last articles to the equation 249, 2) which results from 


Bessel’s equation 249, 1) on setting 


Y= z™U. 
As in 249, 4 


@=t , <i @ ASB=MTe > a=a—B=21. 
The coefficients ¢ are given by 


(y +a)" = oy t cy t+ Qy? + + 


1 


e+ (kOe “} 
Thus 


ein ind ima) oe (2 m—2r+ 1) gm-2r- $ mr} 
E a x j 


Substituting in 250, 13) and 252, 1), we get 


x 1 bs arg 1 
ue a "a a om- T (M-a) a a erm) Tm +4 3)D, 
where 


a 


D=1+ 3G „aml imio Am Oe ee 
= a 


20 4 4 4 
In a similar manner we have for the integral wg = u_; 


ueta" ~ mer M) 1+ e"™)D(m + d)£. 
where 


Sie.el 4 4 4 


B=1+> ite dui) feo. ENa 
- x 


(3 


(4 


2. Another integral of Bessel’s equation is zag as given in 
249, 23). Now in 251 we have expressed u.g in terms of u., Us: 
Thus the asymptotic expressions 1), 3) just found enable us to 


express J,,(x) asymptotically. In fact 251, 6) gives here 
Uap = (1 + e"m) (u; — u). 
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Breer Dore] 


l or, since r} = Vr by 144, 15), 
2 f x 1 
EE AN, RA EEDE 
m(T) mea ae None 5) (5 


254. An Expansion in a Series of Bessel Functions. Let us show 
that 


u—u-1l 


g =È UJ (£) qd 


for any z and foru+#0. For 


u—u-1 Lest 
e 2. ae ea 
ru ru? x x 
it OA eet e A 


Now for any z, and for any u+ 0, the series in the braces are 
absolutely convergent. Their product may therefore be written 
in the form 


+ > 
cA ae ee re ee 
HESE eee a S.C? 
+ 


=I (x) + ud, (2) + PIE) + 
RATOM 
u Ta 
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255. J,(x) expressed as an Integral. 1. Let us show that 


Jai EEN cos (zx cos ġ)sin™ ddd 
a E vce +3) 
where n is a positive number. 
eg cos u= De K 
Hence X 
cos (x cos $) = eet (2 A “a cos* ġ. 
Thus 
An a : sd sin" ġ. 


As this series converges steadily in the interval (0, m) for any 


value of x, we may integrate termwise, getting 


F cos (x cos ġ)sin™ ddd = Dire (1) Qs)! pref cos $ sin” ddd 


=< 23+1 , tR 
= zB â 41, 
eda a ARLA, 


23+1 T AA 
Pre 2 2 
eee 
i C(is+n+1) 


, by 142, 8). 


Il 
eMe 
on 
| 


») 9 Es 
rin- RARE LEED We 


Us 


Thus the last series above 


Pe 2n+1 (—1)°1-3:5- (22= 1) 
nouis De FaRo ee 


Thus J ‘ 
ee r lay 
VTI (n+ WA cos (æ cos $) sin™ġdo 


S = (— L)igtn 
-coer a 


metre 1 II(n+8) 
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- 2. Another integral expression is 
Jkt) = $ df “cos(mp — vsin ¢)d¢, 
TAO 


_ where m is a positive integer. 
For from 254, 1) setting u = e*, 


erising — Zenit Jat) 
=J (z) +2 ž cos 2 mo Jam (2) 
+2 iÈ sin (2m — 1) $Jom1(2). 
Since end — cos(x sin p) +i sin (xsin $), 
we have cos (zsin ġ)=J (£) + 2 ` cos 2 mdb Imh), 


sin (z sin $) =2 Ë sin (2 m —1)¢Jom_)(2). 
1 


Let us multiply 3) by cos 2 mọ and integrate, then 
jh “cos 2 mo cos (x sin p) = Td ,(x), 
0 


since all the other terms = 0, by virtue of the relation 


m 

f cos mecos nade = 0 > MFN 

0 
T 

i 5 mMm = N. 


If we multiply 3) by cos (2m + 1)¢ and integrate, we get 


feos (2 m+ 1)¢ cos (xsin ġ)dọ = 0. 


0 
Similarly we get 
i; "sin (x sin 6) sin 2 mgd = 0; 


0 


0 


Adding 5) and 7), or 6) and 8), we get 2). 


f "sin(wsin $) sin (2m + Lbdb = TIm (2). 


555 


(2 


(3 
(4 


(5 


(6 


(7 


(8 


i 
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256. Bessel’s Solution of Kepler's Equation. This equation is 


z 4 
a vt _u—esina=T qa 


jk 


where Tis the period of the planet, e the excentricity of its orbit, 
u the eccentric anomaly, and t the time. 

As u is a periodic function of ¢ or of 7, it can thus be de- 
veloped in Fourier’s series, 


x - 
u= Ya, sin AT, (2 
n=1 
where Jafa EN. T N a 
a, = — u sin ntdt, or by partial integration 
TT e/0 ‘ 
2 rm 1 n+l $ r 
= {CD41 cos ntdu |. 
T n SA 


This in 2) gives 


æ . æ . r 
sinnt , 2 sin nT : 
u=2 > CDi ~ p} cos n(u — e sin u)du. 
1 N = a T 0 


But the first series on the right=7, while the integral in the 
second series is mJ,(me). Thus 3) gives 


a : 
x sin nT 
w=T+ 22 Jae) E, 
. . e n=1 
which is Bessel’s solution. 


257. Development of f(x) in Terms of J,. It can be shown that 
if f(x) is continuous and oscillates but a finite number of times 
in Y = (0, a) then f(z) admits a development of the form 


FE) = eCo) + eg laa) + = a 
O L My L vee (2 


are the positive roots of J„,(ax). 
To determine the coefficients e we make use of the relations 


S TDIe) =0 rÆs, (3 
0 


where 


a 2 
f wTi(agt de = EI? Caa) G 


obtained from 247, 9) and 12). 
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Let us therefore multiply 1) by zJ,(a,,7). Granting that the 
resulting series can be integrated termwise, we have 


ii “af (2) Tq( Opt) dr = by [i 1J2( aye) de (5 
0 
since all the terms on the right = 0 except the one written down, 
by 3). 
Thus 4), 5) give 
n= Lares E Ard POTASA (6 
Hence 1) gives 
F - >; JaC tnt) COACE de. (7 


a? maid 2, 1( em) Jo 


258. Development of f(r, >) in Terms of the J,. Let f(r, p) be a 
one-valued continuous function in a circle Y about the origin, of 
radius a. Then, f admitting the period 2 m, we have, for a given 
r, by Fourier’s theorem, 


f(r, p) = a + a cosh + a, cos2 p+ +: 


ie! 
+ b sin@+b,sin2d +. 
where 1 Qn 
a, =+ f(r, bad, (2 
2 Jo 
wt (ESC p) cos nodo, (3 
Te 0 
= 1A SG, p) sin nddd. (4 
TJO 
But these coefficients a, b are functions of r and may be developed 
by 257. 
Let therefore a,,, k=1, 2, 3-+» be the positive roots of 
Jd, (ar) = 0. (5 
Then by Bol, Ay = Ay Jo (% 17) f AIi M2?) MAT (6 
a, = A In anr) + Ajo (On?) eres (T 


br = BruJnCemt)+ BnS n Onr) + + (8 
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where 
ck 2r 
= ————— ag [ r T, J (eur dr, (9 
beara | bf TOD 
J 2r a 
A cos mod [f T, P)J (mer ar, (10 
ai Sx A rend a a 


‘Ber seat mpd f rf (r, D)Tn( Emr) ar. (1 


~ PrI 2 


259. Solution of Au = 0 for the Cylinder. 1. Let us apply the 
method outlined in 235 to find a solution u of Laplace’s equation 
which takes on assigned values on the surface of a given 
cylinder C. 

Here the triply orthogonal surfaces are a family of cylinders, 
meridian planes, and planes perpendicular to the axis of C, which 
we will take to be the z-axis. Our new coordinates are therefore 
r, p, 2, where 

z=rcosd , y=rsing. 


Transforming to the new codrdinates, we find that Laplace’s equa- 
tion Au=0 becomes 


2 2 
du Low , 1u Ou 


d rər rap ae ` q 
According to the general scheme, we now set 
u = RZ, (2 


where #& is a function of r alone, ® of ¢, and Z of z. If we set 
2) in 1), we find it gives rise to three equations: 


ËR 1dk 2_ 2 \p_ 

a wa dr +(e -5 )E=0, © 
2 

ag TPO =O a 
œZ 

qa 7 2=9%: (5 


— 
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The general solution of 4) is 
® = A cos nọ + B sin nd. (6 
As ® must admit the period 27, we take n a positive integer. 


The general solution of 5) is 


Z = C cosh ez + D sinh az. (7 


The equation 5) is a form of Bessel’s equation. To reduce it to 
the standard form we have only to set 


a 
Thus a special solution of 3) is 
R= Ji ar). (9 


2. Problem 1. It is now time to specify the boundary conditions 
on the cylinder C, which we will suppose is of length 7 and 


radius a. 
Let us suppose that on the lower base and on the convex sur- 
face of C, u has the value up a constant. On the upper base 


z= let 
w= f(r). ao 


The boundary values being symmetrical with respect to the z-axis, 
® is independent of ¢ and is hence a constant. Thus we take 
n= 0. A special solution of 1) is therefore 


u= hA = A smia) ar). 
With special solutions of this form we now construct the series 


—  sinh(a,2) - 
vavan=u + yen PAE J (ar), (11 
where 0 > a, > a > +++ are roots of J (ar). 
Since each term of 11) is a solution of Au = 0, ¢ is a solution. 
Let us see if y satisfies the boundary conditions. 
For 
2= O45. =m since sinh (a,z)= 0. 


_ For oie y=u,— since J(a,a)= 0. 


. ' 
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Let us now look at the boundary condition 10). If it is satisfied, 
we must have, setting z = l in 11), 


tly + SeyIy(anr) =F (r); q2 
n=1 
or setting gn=f(r)- Ups 
we must have (n= Se, J, (anr). | 
n=1 i 


Using 257, T), we see 12) is satisfied if we take 


9 a 
eae ae a J, dr. 13 
n= BTi(aa) f rg(*)Jo(a@ar adr as- 


Thus the ¢, being taken in this way, the solution of our boundary | 
value problem is 11). 


3. Problem 2. Let us keep the boundary values as in 2 except 
for 
gamed) 5, EE a (d4 


In this case w is no longer symmetrical with respect to the axis of \ 
C and hence u now depends on ¢. A special solution of 1) is 


therefore 
(A, cos nd + B, sin nd) sinh (az), (ar). 


With special solutions of this form we now construct the series 


u=wW(2, $, r) 
= Saree Bea sinh (an2) y 154 
ot > x x cos NG + B,, sin np) sinh (æl) nCOner), C 
where a,,, k = 1, 2, 8 --- are the roots of J, (ar) = 0. 
Since each term of 15) is a solution of Au = 0, we see wu is a 
solution. Let us see if 15) satisfies the boundary conditions. If 
we set z = 0 in 15), we see that 


Ae Fn a 


w= , Since sinh (a,,2)= 0. 


If we set r = a in 15), we get 


U=U , since J,(a,,a)= 0. 
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Thus two of the boundary conditions are satisfied. If the condition 
14) is satisfied, we must have 


SE (Au cos n + By sinnb)I,(o4r), (16 


a 


IG $)= 
where we have set g =f(1r, )— Us. CU 


Referring to 258, we see the condition 16) is satisfied if we choose 
the coefficients A,,, Bng asin 258, 9), 10), 11), where, however, we 
should replace f (r, $). by g(r, $) in 17). 


Lamé Functions 


260. Confocal Quadrics. 1. We wish now to consider very 
briefly a class of functions introduced by Lamé which play the 
same role for the ellipsoid as Laplace’s functions for the sphere. 

Suppose we wish to find a solution of Laplace’s equation 


u , u , u 
0 1 
ðr? ay? az C 


which takes on assigned values on the surface of an ellipsoid & 


whose equation is 

F n 4) a<b<e. (2 
TELIT E 

According to the general scheme outlined in 235, our first step is 

to replace the z, y, z coördinates by a set of coördinates defined 

by a family of triply orthogonal surfaces, one of which is the given 

ellipsoid €. This family is the family of confocal quadrics defined 


by 
(3 


2 2 
pu a z 
ey eT 


the parameter à ranging from —o« to +œ. We note that for 
`à = 0, 8) reduces to 2). We observe that F is 


an ellipsoid for ’ <a, 
a hyperboloid of one sheet for a <à < b, 
a hyperboloid of two sheets for b < à < e. 


-Let us give to A values àj, Ay, Ag lying respectively in these three 
intervals. The corresponding surfaces 3) will cut in 8 points 
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symmetric with respect to the origin, one in each of the 8 octants. 
Thus, if we state in which octant the point lies, the three numbers 
Ay» Ag, Ag determine the position of the point in that octant uniquely. 
Let us now show that through a given point P =z, y, z there 
passes one and only one of each of these three kinds of surfaces. 
To this end we have only to show that the cubic equation in à 


po: OV aap ee ye 4 
ara vial rer“ Bea : 


has a root in each of the above intervals. 
Let e be a small positive number. Then 


Beto 6 i 
ee pet Sees pee = 


22 
since the first term ~=+0ase=0. Let A = Añ a large negative 


€ 
number. Then Fà) <0 since F(A)=—1 as X¥=—o. Thus 
F(A), having opposite signs at A, and a—e and being continuous 
in the interval (A), a—e), must vanish somewhere in this in- 
terval. Similarly we see that F=0 for some point within the 
interval (a, b) and within (b, ce). As F(A)=0 is a cubic, it has 
no other roots. 

These considerations show that we may take Aj, Ap Ag as CO- 
ordinates of a point. They are called ellipsoidal codrdinates. 
When we do not wish to use subscripts, we may denote these 
codrdinates by any three letters as A, u, v. 


2. Let us show that the three surfaces A, æ, v meeting at a 
point 2, y, z cut orthogonally. 


Since the A and u surfaces pass through the point vyz, we have 


2 2 
Paye ee ply: e ean See 
a—-ry b—A e—Xr a—mw b—-pw e—p 


The direction cosines of the normals to these surfaces at syz are 
proportional to 


and to 
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These angles are at right angles if 
mee Reet b 
ONU- -NVO-a CNE- H) 
This is indeed so, for if we subtract the two equations 5) and 


discard the factor A — we get 6). Thus any two of the three 
quadrics A, u, v meeting at the point z, y, z cut at right angles. 


(6 


3. Let us now express z, y, z in terms of ^, m, v. To this end 

let us establish an identity in u which will also be useful later, viz. : 
2 2 ba = £ 

x ee abe eG As A) Cu — p) Cu 2 (1 


a—u b—u c—u (a—u)(6 —u)(e— u) 


To prove 7) let us consider 


G(u)= | — y? + #1} (a—wyb—wy(e-w), (8 


2 De oe 


which is a polynomial of third degree in w. The coefficient of 
wisi1. Since the à surface goes through the point syz, the 
first factor of G vanishes for u = à. Hence u = A is a root of G. 
Similarly u = p, u = v are roots. Thus 


GQ (u)=(u — A) (u — p) (u — v). 
Putting this in 8), we get 7). 
Having established 7), let us multiply it by a — u and then set 


u=a. We get i (a—A)(a—p)(a—v) 


(6—a)(e — a) 
Similarly, a ad) Ao v) 
a (e—b)(a—b) 
(9 
A OESO 
(a — ¢c)(b — e) 


These determine 8 points +2, + y, + 2, one in each octant. 


4. For later use, let us find an element of arc, or the value of 
ds? = d2? + dy? + dz? (10 


~ in terms of ellipsoidal codrdinates. 
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Taking the logarithmic derivatives of 9), we get 
dz dx du dv 


Putting these in 10), we get 


ds? = Add\? + Bdge + Cadr*, dil 
where il q y? 2 
ce | PEE REC CSY = 


and similar expressions for B, C. The other terms which result 
from this substitution vanish by virtue of the relations of the type 
6), which express the orthogonality of the A, u, v surfaces. 

To eliminate the v, y, z in the coefficients of 11), let us differ- 
entiate the identity T) with respect to u and then set u = A, p, v. 
This shows that 

-l1 _Q-WA-») 
4(a—2r)(6— rA)(e— 2)’ 


B= 


(a — u) — w)(e— pw)’ : 


= | 


o= C-A- b) n 
4 (a — v) (b — v) (e — v) 


261. Elliptic Coördinates. 1. The equations 9) show that 2, y, z 
are not determined as one-valued functions of the coördinates 
À, W, v, or using subscripts A,, A, Ag We may remove this 
ambiguity by introducing three other quantities u, v, w or using - 
the subscripts u,, Ug, ug defined by 


as follows. Pha =No , a=, 2,8 da 


- 
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The ellipsoid € on which the boundary values are given is, by 
260, 2), as 
E LEE 1k O), 
ab ¢ 


Let us set 
a=2%,—e, » b=A-e& , c=) êg (2 


and determine Ap, €j, €% €g so that 


C—ytegteg=0 3 Og <b < Gg. (3 


Then the equation of € is 


x2 a2 a2 
— 1 + — +43 -_]=0, (4 
o~e Ay— eg Ay— es 


and the equation of our confocal quadries is 
2 2 ; 
Ay Rang o e talent Haig Wat (5 
We see that 5) is 
an ellipsoid when A > e; 


a hyperboloid of one sheet when e, < A < e, 
a hyperboloid of two sheets when e, < À < eg 


Let us now set 

4 p> — gop — Js =4(p— ey) (P — 62) Cp — es) (6 
and suppose the p function introduced in 1) to be constructed on 
the invariants g» gą in 6). The periods 2 œ, 2 œ, of this p func- 
tion are given by 


0 = dee SE C8. 5 = , $ — dp 3 (7 
Je V4 p3— gop — 9s -e V—(4 p? — gop — Js) 


as we saw in 173, 9), 14). Putting 1) in 260, 9), we get 
q (Pu = ea) (pig — fa) (pug — êa) (8 
Ta = , 
V Cea 7 eg) (2 -i ey) 
where «a, 8, y is a permutation of 1, 2, 3. 
Now from 172, 16), 17), we have 


Vpue, = AED ` Ve, = 6, = E, (9 


a(u) owg 
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These in 8) give 
eo TOTOY FUT UT Ug a = 1, 2, 3. qo 


TDT 0, TUTUT Uz 


The quantities Uj, us, uz are called elliptic coérdinates. Having 
once chosen the + sign in 10) they determine 7v, y, z as one- 
valued functions of t4, Up ug Let us agree to take the + sign in 
10). From 172 we have 


A _o,(U), A ER E Oal U). o,(u+2@;) Ra Tu) 
o(—u)  o(u)? o(ut2o,) (u) o(ut2ea,;) oa(u) 
(il 
These relations show that the z’s are periodic functions of the ws 
admitting 4@,, 4@, as periods. They also show that if we restrict 


u, to range in the interval (0, œ) =U, 
U, to range in (@,—@,, @,+ ©) = u, 
; 9 9 ad 
Ug to range in (@,;— 2, @,+20,)=U, 
the point £i, £y zg passes over every point in space once and only 


once. Such restricted w’s we shall call normal elliptic codrdinates. 
Let u} be the value of u, lying in U, such that 


pu = Xo: 
Then the point 2, 2, x, describes the given ellipsoid € once and 
only once when ty, ug range in the normal intervals U, Us. 
2. The expression for 

ds? = dx? + dy? + dz? 
is extremely simple in elliptical codrdinates. We saw in 260, 4 
that 

ds? = A dA? + A dA? + Ad, (12 


£ Ai MA — Ag) (13 
tA — e) (Ai — ea) — eg) 


where 


1 


and similar expressions for A, A,. Making use of 1) and re- 


membering that 
du = E E 5 
VAC p — e) CP — ea) Cp — es) 
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we see that 
8? = ( puy — pug) ( puy — pug) du? + (pug — puis) ( pug — puy) due 
+ (pug — puy)( pug — PUy) dug. (14 


262. Transformation of Laplace’s Equation. 1. The next step in 

the solution of Laplace’s equation 
2 2 2 

iad Ae ool e a 0 a 

Ox? ay? dz? 

as ontlined in 235 is to transform the equation to the new coördi- 

nates. This is a lengthy process even in the polar coordinates ; 

for the new codrdinates A4, Ag, Ag, OF Uy, Ug, Ug it is far longer. In 

order to avoid this we will make use of a theorem due to Jacobi: * 


Let `v be any system of triply orthogonal codrdinates in terms 
of which an element of are is given by 


ds? = Adv? + Bdp? + Cdv. (2 


Then Laplace’s equation 1) becomes in the new cod'rdinates 


AEEA or Were) aa 
where PESADE 
2. To illustrate this theorem on a simple case, let us transform 
1) to polar coördinates : 
zr=rcosů , y=rsinOcosd , z=rsin ĝsin ġ. 
AB ds? = dx? + dy? + d2 = dr? + r2d@ + r? sin? Odd’, 


, MET ’ v= 4, 
Az=1 , B=r , C=rsin?? , D=r'siné. 


we have on taking Tae 


Thus 3) becomes 


ð oP) 1 As g? 1 eV _9 
alr or Ain 0 38 eo 00 YS i 


which agrees with 235, 4). 


* For a. proof of this theorem the reader may consult: C. Jordan, ‘‘ Cours 
d’ Analyse,” vol. 3, p. 540; H. Weber, “ Differential-Gleichungen,”’ vol. 1, p. 94, 


568 FUNCTIONS OF A COMPLEX VARIABLE 


3. Let us now transform 1) to ellipsoidal codrdinates Aj, Ag, Ag- 
By 261, 12), 13), we have, on setting 


(B= 40a — 4) a — 2) Aa)» a=, 2,8, 


2 = U(Azg = Ag) A: 


9293 
Hence Tv “ ate ð a V 
ia (D oreha 
MA ôM 9293 M\ M 


Thus Laplace’s equation becomes 
ð ôy ð oy ) 
= a e En hide EE EE e e 
(g—A3) At 7) + (A3— 4) 99 (2 Org 


ð ð 
+ Qy—Ag) 9s a ao =0. (4 


8. Let us pass to elliptic codrdinates. We have 


ð — Uy TEDE KN ete 
OA, M OU, gy OU, 


Thus 4) becomes 


eV eV eV 
(pug — pus) aaa (pus — pu) a (pu, — pu) rote 0, © 
1 h 


2 
Ug 


whose form is extremely simple. 


263. Lamé’s Equation. Having reduced Laplace’s equations to 
the new codrdinates, the next step in the solution as outlined in 


235 is to set 
V =f (uy) 9 (Uy )ACus), a 


where f, g, h are each functions of one of the variables Uy) Ugs Uge i 
If we put 1) in the transformed Laplace equation 262, 5), we get 


Pug — pus af x Puz — pu, dg , pu, — pug A Iw _ 0 2 
Fy) dug gC) dug Aug) dug 


5) will have 


oso Sti Ne ali 
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Suppose f, g, h satisfy the equations, 


FE (apu, + bf Cu), 


du? 

d? 

dug = (Pa +D) Cu), @ 
ah 

du? = (Capuz — b)ACug). 


Putting these in 2), we see that the left side = 0 identically, how- 
ever a, b are chosen. 
We are thus led to consider differential equations of the type 


z7 {ap(z) + bly =0. (4 


As in the case of the sphere, we are not looking for the general 
solution of 4) for arbitrary a and b; rather we seek to determine 
a and 4 so as to get an infinite number of particular solutions 1) 
with which to construct a series which will satisfy the conditions 
imposed on V on the surface of the given ellipsoid €. 

Let us apply the general method developed in Chapter XIII to 
the equation 4). Its singular points are those of p(x) or the 
points = 0 mod 2 @,, 2 a,. 

Let us consider the point e=0. Writing 4) in the normal 


form, 
ay! +0. y' — a ap(x)+ bly =0, 
we have 

=l 5 WE) , pE) =- ape) — bat. 


Senon O= , g(0)=90 , Y0) =-—a. 


The indicial equation for v = 0 is therefore 
r—r—a=0. (5 
This showsthat if we take 
a=n(n+1) , n an integer 


—n, and n+ i 
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as roots. This choice of a gives us especially simple particular 
solutions, infinite in number. Putting this value in 4) it becomes 

4 _ sn(n + 1)p(@) + bly = 0. (6 
These equations are called Lamé equations, in honor of Lamé, who 
first studied them. 


264. Lamé Functions. 1. In Lamé’s equation, 263, 6), b is still 
undetermined. Let us see if we cannot choose it so as to get 
particularly simple solutions of the form 


y=L(p), 
LIAD We. ZOR 
y=L(p) ota)? 
o (T) glz) 
YP) r a(z)" J 


=L < p' , p(z)= 2 ge) o (T) | ae) 
y = L(p) -p'(®) P= so inked antan 


where L is a polynomial in p= p(x). Since the sigma quotients 
admit 4,, 4 œ, as periods, as noted in 261, 1, the expression 1) 
will admit these as periods also. 

We set then 


y= LM (2 
where M is the product of v = 0, 1, 2 or 8 factors 
a) ae) a) 68 
a(x) a(z) ° a(x) 


and 


L= anp™() + my pE) + ++ + dy. a 


If then we set 2) in Lamé’s equation 


Ty inn + Ip) + bty =0, (5 


the result should be an identity in z The coefficients of the 
different powers of this result developed about v = 0 will thus all 


be 0. These will then give us a system of equations which if 
consistent will enable us to find the quantities we seek. 


a 
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To set 2) in 5) we need to calculate y”. Let W be the product 
of the factors 3) which do not enter M, we call it the cofactor of 
M. Since 

LE) VPE) = en 
a(x) 
we observe that M= M? 


is a polynomial in p. Also let us note that 


MN = — t p' (2). 
We have now y = LM' + ML'p'(2). 
But 
-NPr _ _ sy 
ee Anaya 
Hence y = — NO ML + LM) = NQ. 6 


Thus the first derivative of LM is the product of a polynomial in 
p and the cofactor of M. Hence at once 6) shows that 


y" = MR, 


where # is a polynomial in p and M is the cofactor of N. 
Thus setting 2) in 5), its left side becomes 


y!!—jn(n+1)p +} LM = {R—n(n+1)p(2) + bL} M= BM, (T 


where $ is a polynomial in p. 

As T) must=0 identically and as M#0 we see $ must =0 
identically. 

Now y has a pole of order 2m +v at x= 0, hence the left side 
of T) has a pole of order 2m+v-+2. Hence $ has a pole of order 
2(m+1). Thus § considered as a polynomial in p is of degree 
m+ 1, or 
T= qa + Amp” + +++ + Ot. (8 
As § is to vanish identically, all the «’s = 0, and conversely if 
the «’s = 0, P = 0 identically. 


2. Suppose then we develop 7) about x=0. Equating the 
first m + 2 coefficients of the development to 0 will give us a 
system of relations between the a’s and the a's. These we shall 
see are linear in these letters. If now we set the a’s = 0, we have 
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a set of equations to determine the a’s in 4). Let us now carry 
out this scheme. We have 


lm a! 
L- okat 


where aj, a} --- are linear and homogeneous in the a’s. Also 


a(x) =1— r+ 


Eoy ibaiba 
mM=++4+ 
xz gi 


Hence "n 


where a}, a} --- are linear and homogeneous in the a’s. Hence 


> 
amt 


where A,, A, = are linear and homogeneous in the ap a, = 
Also 
n(n +1) p(z) LM = M+ Dan, AL, 


gemtyt2 gemtv 


where the Aj, A~. are linear and homogeneous in ay a, + 
Finally 


BLM = 0%m 4 bay 


gemtv gmt v—2 


These set in the left side of 7) give 

MEEME § (2 om + vy(2m+v4+ 1)a, — n(n+ Danm} 
+ o-Om+y)§ A — Al — bag} + gemt- 5A, — A! — ball} 
J Pig lg AE -a A} ries bay} +. 


We turn now to the right side of 7). We have 


A I 
P = Om-+1 as ky + n eae 
gmt? 2m gam 


- 


LAME FUNCTIONS 573 


where «l, œ} --- are linear and homogeneous in to, Oty +++ Hence 


al! 
SM ae et. Sor... (11 


gimtity gemty gm- —2+ 


where «j, a} --- are linear and homogeneous in æy a, + 
We now bakit the coefficients of like powers of x in 9), 11), 


getting 
Omir = {(2m+v)\(2m +v4+1)—n(n + 1)fa,, (12 


and the system al! = A, — A! —ba,, 
e = Aa — Ap bl 


I 
On rea ot Saha ban 


(S 


As the a@’s are to be all 0, set amı = 0, then 12) gives a relation 
between m, n, and v, viz. : 


(2m+v)\(2m+v+1)—n(n+1)=9, 
A (2m+v)?+(2m+v)=n(n +1). 
Hence 2m+v=n, or —(n+1). 


As m and v are not negative, this gives 


2m+v=n. (13 
Consider now the aes S). Since a’, aj! +.» are linear and 
homogeneous in @p +++ €m they all vanish when the a, a, «+ 


vanish. Hence S) goes over into the system of m + 1 equations: 
A, — Aj — ba, = 9, 
A, — Aj — ba! = 0, (S’ 


Ans: — An — ba, = 9. 


These equations are linear and homogeneous in the unknowns 
ay 41 *** Am In order that the system S’) has a solution different 
_ from a, = 0, a, =0--- it is necessary that its determinant 


A) =0. (14 


E 
` 
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Thus 6 satisfies an equation of degree m +1. Let us put a root 
of 14) in S’). This system of equations allows us now to deter- 


mine the ratios 
Ay G42 Ggss2 a 


Suppose the a’s are determined thus. Then 4) and S) show 
t 

bee hms ot e, sax di S 0. 
From this follows that E E 0 


For the development 11) shows that a contains besides œm at 


most æm; that of contains besides a@,,_, at most ms @m+p Etc. 


Thus 
al == Pil Em ea 


al Er Palms Ams A) (s" 


oes! = PgC Em» Om— Em m+ Dis 


where the ¢’s are homogeneous functions. Now af! and a, 
being = 0, the first relation in S”) shows that a, = 0, as ¢, is 
homogeneous. Putting this in the second equation of S’), we see 
that «mı = 0, and soon. Thus $ = 0 identically. 


3. Let us see in how many ways we can satisfy the relatidns 
12) and S). There are two cases. 


Case 1. n=2s. Then 18) gives 
2n+v=2s (15 


and vis even. Hence 9 tone. 

For v=0, m=s. For each of the m+1=8s+41 roots of 
A(6) = 0, the system 8’) gives us a set of coefficients for the poly- 
nomial Lin 2). We thus gets+1 polynomials Z which satisfy 
Lamé’s equation 5). 

For v= 2 we get, from 15), m=s—1. Each of the m+1=s — 
roots of A(b) gives us a polynomial L of degree s— 1. As here 
v= 4, 

RAOL Om LM. 
OO F 
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_ Thus we can take the factor M in three ways corresponding to the 
et ie alk Ce sD 


_ Each of these determinations gives us a new system of equations 
S) and hence a new equation A(6)=0. Hence v being = 2, there 
are 3 s values of b, each of which leads to a solution 16). 
We thus get in all 
s4+14+388s=484+1=2n41 
solutions of the desired type. 


Case 2. n=2s+1. Reasoning in exactly the same way, we 
see that also in this case there are 2 n + 1 solutions. As it can be 
shown that these solutions are distinct we may state the funda- 
mental theorem due to Lamé: 


The constant b in 


d*y 
ai {n(n+ 1l)plr)+ bty, 


_ may be determined in 2 n+ 1 different ways such that this equation 
admits a solution of the type 


Lip) , Vp—ea:-L , Vp—eVvp—e,-L , 


V (p — e:)(p — ey) ( p — eg) + L. (17 
Moreover the b's belonging to different n's are also different. 
The functions 17) are called Lamé functions or polynomials. 
265. Integral Properties. 1. In order to develop an arbitrary 
function f(@, $) in terms of Laplace’s functions we made use of 
- certain integral relations established in 238. We wish to establish 


analogous relations for Lamé’s functions. 
We saw in 264 that fora given n, the constant b can be taken in 


9 
an+ 1 ways, Oi 5 Gi eRe bn, 2n+19 £ 
so that y! =f[n(r + pu) + bn iY E 


admits a Lamé function, denote it by Z,,(w), as solution. We 
saw in 261, 1, that if u has the value u? lying in U = (0, œ) such 


that m= 


and if us ranges in U, = (w, — @,, @, + @;) and uzin Uz = (@,—2 Oy 
o, + 2,), then the point 2, £ £g corresponding to uj Uy Us describes 


just once the ellipsoid € on which the boundary values are given. 
For brevity let us set 
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2 2 2 mE aa ARN s 2 
a=o,—20, , b=a,+20, , C=a,—20, , d=, + 2@,. 


Thus the interval (a, b) is twice as long as U, while the interval 
Ce, d) is the same as U, Obviously if u, ranges over (a, 6) and 
ug over (e, d), the point z} £} z corresponding to wf, ug, ug will 
now describe the ellipsoid € twice. 

We wish now to prove: 


b əd 
J= jh dug | Lm (Ug) Emr (Ug) Lng (Ug) Lng Ug) (Pug — pug )du,=0, (3 
when J RPP y 


For, let us set 2 
A= f Limra) Eng Ug) Pl ditg; 


d 
Die f Lm (Ug) Lng Ug) pUgdutg, 


b G 
C= J Lims Ctto) Lins C ttg) dti : 
ad 
DD = Ji Lim Cg) Eng C tig) Aug. 
Th l 
a J= AD — BO. (5 


Now 2) gives, u being either ug or ug, 


A Dine Ue) 
SS eras = {mm + 1)pu a Oaet Line CIE i 


d Ding a 
A {n(n ST Dpu + brs} LnsCU). 


Let us multiply the first equation by Z,, and the second by Ld 
and subtract. We get on the left side 


L a, TERIEN = £ IERSE -L IHd = a 
du { mr mr hat du F(u). 
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On the right side we get 
pb Dp Lingi mm +1) —n(n+1)§ + Line Lins bnr — Ons) = E(u) + Hu). 


Thus we have : 
T = FO + HO). C 


Set here u = u, and integrate over (a,b). We get 
b 
[rew] = {m(m +1)— n(n + 1)}A + Bye — bn) C. 
As F(u,) admits the period 4w}, the left side = 0. Thus 
jm(m + 1)— n(n + 1){A + (bmr — bn) C = 9. qi 
Similarly integrating with respect to u, over (ec, d) gives 
{m(m +1)— n(n + 1)}B +m — bn )D=0. ` C8 


Suppose now m+n. We multiply T) by D and 8) by C, then 
subtract. We get 
Jimm + 1)— n(n + 1)} =0. 


Hence Ca; 

Supposer+#s. We multiply 2) by B and 3) by A and sub- 
tract, getting (eh EN 
Hence again FANA 


2. We next wish to calculate 
b d 
Ka ji du yf L2 Cug) L3,(Ug) (puz — piy)dug (9 
which is what J becomes for m = n. Let us set 


Dyes J "I2, )pndu, 
d 
Q= yr L2,, (tly) pity tty 
c (10 
k= f| FieCg)ae 


S= | £2,(u,)dus. 
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Tass K= PS— QR. ai 
We begin by observing that 

V=12,(u)pu) , W= Liu), a2 


admit 2w; 2@, as periods. They are even functions and have 
but a single pole in the parallelogram of periods Q constructed on 
21, 2% Thus © is a primitive parallelogram. 

Thus by 168, 


Vw) = vo + vpu) + vap" (U) + gp (Ut) + + a3 
Weu) = wy + w pu) + wp" +wp u) e da 
Here we have used the fact that V, W, being even functions of 
u, cannot contain derivatives of even order of €(u); also that 


ED = — p(u), P'U) = — p(w), ete. 


We have now 
ò * 
TPE fi V(u)du = vf du +v f pdu 


the other terms dropping out since they admit the period 4 œ; 
Thus 
P = vÍ 2 w + wg — (wg — 2 w) } — vf EC o +o) — Elwa — 2 @,)}- 
Now 
Eu +2 wo) =E) +2 , Su-2 w1) = Elu) — 2 m 


a ` 
A P=4vw— ith 


Similarl 
aad Q = 4 vy. — 4 ving 
R=4 Wyo, — 4 Wyn}: 
S= 4 WW. — 4 WN: 
Thus 


K= 16(aw, — Vw) CoN — 172) 


= 8 miw, — nw) , by 171, 8). 
Hence finally (Mey — vwo) y ) 


b d 
Jaen f TRD pu pudu = 8 Cpe, — v), AB 


where vy wp, Vy w are given by the developments 13), 14). 
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266. Solution of AV = 0 for an Ellipsoid. We are now in a posi- 
tion to obtain a solution V of Laplace’s equation 
27 
A el 


(Puy — puz) E + (pug — pu) aiga (pu — pu) =—; = 
our du duz 
which will take on assigned values f(u,, ug) on the surface of a 
given ellipsoid € 2 R 22 y 2 a 
Ao — e1 Ao ea A— es 
For let L,,(%m), m= 1, 2, 3 be Lamé polynomials satisfying 
dy 
duz, 
Then by 263, the product L,,(u,) Lns(Ua) LnsCug) is a solution of 
1), and hence the series, 


P (Uy,Ug,Ug ) = EZ ap, bina (Uy) Lns(Ug) Lins(Ug)s (2 


_ if convergent, will satisfy 1). 
For the boundary values to be satisfied it is necessary for 2) to 
take on the value f (uzu) for u; =u}. If we set 


= {n(N+1) pum + bns? y. 


Ang Ling U}) = Ann (3 
the boundary condition is satisfied if 
Jf (Ugriz) = 2 Bigg ling. Ug) Ling( Ug) (4 


To determine the unknown coefficients a,,,, or what is the same, 
Ay py we multiply 4) by Lm (ug) Lm (Ug) (pug — puz) and integrate. 
Granting that termwise integration is allowed, we get 


i db f PEO) LAU) Lm) (pu'— pv) do 
= aa du IE) [2,,(v)(pu— pr)dv, (6 
since all the other terms = 0 by 265, 3). 
Let LCU) p (U) = My + a, pu + a p"(U) + + 
Lin (U) = Bo + Bypu + Bap") + +» 
Then by 5) and 265, 15) 


1 $ z Z 
An, = eee du $ SF (0,0) Line) Ln (v) Cpu—pv)dv. (6 


Thus the coefficients a,, in 2) are given by 3) and 6). 
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Series, deleted, 26 Taylor’s development, 218 
double, 77 remainder, 223 
geometric, 27 Tests of convergence, 
harmonic, 28 Cahen, 40 
hypergeometric, 54 Cauchy, 44 
hyperharmonic, 29 D’Alembert, 42 
inversion of, 259 Gauss, 51 
normal, 277 Kummer, 48 
power, 71 Raabe, 49 
remainder, 26 
row and column, 80 Unit roots, 21 
Stirling’s, 327 - primitive, 21 
two-way, 75 
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limited, 333 

Singular point, 234 Wirtinger, 818 
simple, 466 
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Abs a, 4 A (p), 394 Qr, 506 
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DIFFERENTIAL EQUATIONS 
(ORDINARY AND PARTIAL DIFFERENTIAL) 


INTRODUCTION TO THE DIFFERENTIAL EQUATIONS OF PHYSICS, L. Hopf. Especially valuable 
to engineer with no math beyond elementary calculus. Emphasizes intuitive rather than 
formal aspects of concepts. Partial contents: Law of causality, energy theorem, damped 
oscillations, coupling by friction, cylindrical and spherical coordinates, heat source, etc. 
48 figures. 160pp. 5% x 8. $120 Paperbound $1.25 


INTRODUCTION TO BESSEL FUNCTIONS, F. Bowman. Rigorous, provides all necessary material 
during development, includes practical applications. Bessel functions of zero order, of any 
real order, definite integrals, asymptotic expansion, circular membranes, Bessel’s solution 


to Kepler's problem, much more. “Clear . . . useful not only to students of physics and 
engineering, but to mathematical students in general,” Nature. 226 problems. Short tables 
of Bessel functions. 27 figures. x + 135pp. 5% x 8. S462 Paperbound $1.35 


DIFFERENTIAL EQUATIONS, F. R. Moulton. Detailed, rigorous exposition of all non-elemen- 
tary processes of solving ordinary differential equations. Chapters on practical problems; 
more advanced than problems usually given as illustrations. Includes analytic differential 
equations; variations of a parameter; integrals of differential equations; analytic implicit 
functions; problems of elliptic motion; sine-amplitude functions; deviation of formal bodies; 
Cauchy-Lipshitz process; linear differential equations with periodic coefficients; much more. 
Historical notes. 10 figures. 222 problems. xv + 395pp. 5% x 8. S451 Paperbound $2.00 


PARTIAL DIFFERENTIAL EQUATIONS OF MATHEMATICAL PHYSICS, A. G. Webster. Valuable 
sections on elasticity, compression theory, potential theory, theory of sound, heat conduc- 
tion, wave propagation, vibration theory. Contents include: deduction of differential equa- 
tions, vibrations, normal functions, Fourier’s series. Cauchy’s method, boundary problems, 
method of Riemann-Volterra, spherical, cylindrical, ellipsoidal harmonics, applications, etc. 
97 figures. vii + 440pp. 5% x 8. $263 Paperbound $2.00 


ORDINARY DIFFERENTIAL EQUATIONS, E. L. Ince. A most compendious analysis in real and 
complex domains. Existence and nature of solutions, continuous transformation groups, 
solutions in an infinite form, definite integrals, algebraic theory. Sturmian theory, boundary 
problems, existence theorems, lst order, higher order, etc. ‘‘Deserves highest praise, a 
notable addition to mathematical literature,” Bulletin, Amer. Math. Soc. Historical appendix. 
18 figures. viii + 558pp. 5% x 8. $349 Paperbound $2.55 


ASYMPTOTIC EXPANSIONS, A. Erdélyi. Only modern work available in English; unabridged 
reproduction of monograph prepared for Office of Naval Research. Discusses various proce- 
dures for asymptotic evaluation of integrals containing a large parameter; solutions of 
crdinary linear differential equations. vi + 108pp. 5% x 8. $318 Paperbound $1.35 


LECTURES ON CAUCHY’S PROBLEM, J. Hadamard. Based on lectures given at Columbia, Rome, 
discusses work of Riemann, Kirchhoff, Volterra, and author's own research on hyperbolic 
case in linear partial differential equations. Extends spherical cylindrical waves to apply 
to all (normal) hyperbolic equations. Partial contents: Cauchy’s problem, fundamental! for- 
mula, equations with odd number, with even number of independent variables; method of 
descent. 32 figures. iii + 316pp. 5% x 8. $105 Paperbound $1.75 
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NUMBER THEORY 


DUCTION TO THE THEORY OF NUMBERS, L. E. Dickson. Thorough, comprehensive, witn 
AEE coverage of classical literature. Not beyond beginners. Chapters on divisibility, 
congruences, quadratic residues and reciprocity, Diophantine equations, etc. Full treatment 
of binary quadratic forms without usual restriction to integral coefficients. Covers infinitude 
of primes, Fermat’s theorem, Legendre’s symbol, automorphs, Recent theorems of Thue, 
Siegal, much more. Much material not readily available elsewhere. 239 problems. 1 figure. 
viii + 183pp. 536 x 8. $342 Paperbound $1.65 


ELEMENTS OF NUMBER THEORY, I. M. Vinogradov. Detailed lst course for persons without 
advanced mathematics; 95% of this book can be understood by readers who have gone 
no farther than high school algebra. Partial contents: divisibility theory, important number 
theoretical functions, congruences, primitive roots and indices, etc. Solutions to probiems, 
exercises. Tables of primes, indices, etc. Covers almost every essential formula in ele- 
mentary number theory! “Welcome addition . . . reads smoothly,” Bull. of the Amer. Math. 
Soc. 233 problems. 104 exercises. viii + 227pp. 536 x 8. S259 Paperbound $1.60 


PROBABILITY THEORY AND INFORMATION THEORY 


SELECTED PAPERS ON NOISE AND STOCHASTIC PROCESSES, edited by Prof. Nelson Wax, U. of 
Illinois. 6 basic papers for those whose work involves noise characteristics. Chandrasekhar, 
Uhlenback and Ornstein, Uhlenbeck and Ming, Rice, Doob. Included is Kac’s Chauvenet- 
Prize winning “Random Walk.” Extensive bibliography lists 200 articles, through 1953. 21 
figures. 337pp. 6% x 91⁄4. $262 Paperbound $2.35 


A PHILOSOPHICAL ESSAY ON PROBABILITIES, Marquis de Laplace. This famous essay explains 
without recourse to mathematics the Principle of probability, and the application of prob- 
abiilty to games of chance, natural philosophy, astronomy, many other fields. Translated 
from 6th French edition by F. W. Truscott, F. L. Emory. Intro. by E. T. Bell. 204pp. 536 x 8. 

$166 Paperbound $1.25 


MATHEMATICAL FOUNDATIONS OF INFORMATION THEORY, A. l. Khinchin. For mathematicians, 
Statisticians, physicists, cyberneticists, communications engineers, a complete, exact intro- 
duction to relatively new field. Entropy as a measure of a finite scheme, applications to 
coding theory, study of sources, channels and codes, detailed proofs of both Shannon 
theorems for any ergodic source and any stationary channel with finite memory, much more. 
“Presents for the first time rigorous Proofs of certain fundamental theorems . .. quite 
complete . . . amazing expository ability,” American Math. Monthly. vii + 120pp. 53%% x 8. 

S434 Paperbound $1.35 


VECTOR AND TENSOR ANALYSIS AND MATRIX THEORY 


VECTOR AND TENSOR ANALYSIS, G. E. Hay. One of clearest introductions to increasingly 
important subject. Start with simple definitions, finish with sure mastery of oriented 
Cartesian vectors, Christoffel symbols, solenoidal tensors. Complete breakdown of plane, 
solid, analytical, differential geometry. Separate chapters on application. All fundamental 
formulae listed, demonstrated. 195 problems. 66 figures. viii + 193pp. 5% x 8. F 

S109 Paperbound $1.75 


APPLICATIONS OF TENSOR ANALYSIS, A. J. McConnell. Excellent t 
methods to such familiar subjects as dynamics, electricity, 
plains fundamental ideas and notation of tensor theory, geometrical treatment of tensor 
algebra, theory of differentiation of tensors, and a wealth of practical material, “The 
variety of fields treated and the presence of extremely numerous examples make this 
volume worth much more than its low price,” Alluminio. Formerly titled “Applications of the 
Absolute Differential Calculus.” 43 illustrations. 685 problems. xii + 38t 


pp. 
S373 Paperbound $1.85 


ext for applying tensor 
elasticity, hydrodynamics. Ex- 


VECTOR AND TENSOR ANALYSIS, A. P. Wills. Covers 
manifolds (especially detailed), absolute differentia 
Einstein tensors, calculation of Gaussian curvature of a surface. 
engineering, relativity theory, astro-physics, quantum mechanics. Presupposes only working 


knowledge of calculus, Intended for physicists, en ineers, mathematicians. 44 diagrams. 
114 problems. xxxii + 285pp. 5% x 5 pae ; 54 RS 
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DOVER SCIENCE BOOKS 


PHYSICS, ENGINEERING 
MECHANICS, DYNAMICS, THERMODYNAMICS, ELASTICITY 


MATHEMATICAL ANALYSIS OF ELECTRICAL AND OPTICAL WAVE-MOTION, H. Bateman. By one 
of century's most distinguished mathematical physicists, a practical introduction to develop- 
ments of Maxwell’s electromagnetic theory which directly concern the solution of partial 
differential equation of wave motion. Methods of solving wave-equation, polar-cylindrical 
coordinates, diffraction, transformation of coordinates, homogeneous solutions, electromag- 
netic fields with moving singularities, etc. 168pp. 53% x 8. S14 Paperbound $1.60 


THERMODYNAMICS, Enrico Fermi. Unabridged reproduction of 1937 edition. Remarkable for 
clarity, organization; requires no knowledge of advanced math beyond calculus, only familiar- 
ity with fundamentals of thermometry, calorimetry. Partial Contents: Thermodynamic sys- 
tems, 1st and 2nd laws, potentials; Entropy, phase rule; Reversible electric cells; Gaseous 
reactions: Van’t Hoff reaction box, principle of LeChatelier; Thermodynamics of dilute 
solutions: osmotic, vapor pressures; boiling, freezing point; Entropy constant. 25 problems. 
24 illustrations. x + 160pp. 5% x 8. $361 Paperbound $1.75 


FOUNDATIONS OF POTENTIAL THEORY, 0. D. Kellogg. Based on courses given at Harvard, 
Suitable for both advanced and beginning mathematicians, Proofs rigorous, much material 
here not generally available elsewhere. Partial contents: gravity, fields of force, divergence 
theorem, properties of Newtonian potentials at points of free space, potentials as solutions 
of LaPlace’s equation, harmonic functions, electrostatics, electric images, logarithmic po- 
tential, etc. ix + 384pp. 5% x 8. S144 Paperbound $1.98 


DIALOGUES CONCERNING TWO NEW SCIENCES, Galileo Galilei. Classic of experimental scierice, 
mechanics, engineering, as enjoyable as it is important. Characterized by author as ‘‘superior 
to everything else of mine.” Offers a lively exposition of dynamics, elasticity, sound, ballistics, 
strength of materials, scientific method. Translated by H. Grew, A. de Salvio. 126 diagrams. 
xxi + 288pp. 5% x 8. S99 Paperbound $1.65 


THEORETICAL MECHANICS; AN INTRODUCTION TO MATHEMATICAL PHYSICS, J. S. Ames, F. D. 
Murnaghan. A mathematically rigorous development for advanced students, with constant 
practical applications. Used in hundreds of advanced courses. Unusually thorough coverage 
of gyroscopic baryscopic material, detailed analyses of Corilis acceleration, applications of 
Lagrange’s equations, motion of double pendulum, Hamilton-Jacobi partial differential equa- 
tions, group velocity, dispersion, etc. Special relativity included. 159 problems. 44 figures. 
ix + 462pp. 5% x 8. S461 Paperbound $2.00 


STATICS AND THE DYNAMICS OF A PARTICLE, W. D. MacMillan. This is Part One of ‘‘Theoret- 
ical Mechanics.” For over 3 decades a self-contained, extremely comprehensive advanced 
undergraduate text in mathematical physics, physics, astronomy, deeper foundations of 
engineering. Early sections require only a knowledge of geometry; later, a working knowledge 
of calculus. Hundreds of basic problems including projectiles to moon, harmonic motion, 
ballistics, transmission of power, stress and ala Paen shih aperain to Oa en 

i roblems, many fully worked out examples. 200 figures. xvii pp. 5% x 8. 
i a i cal z i S467 Paperbound $2.00 


THE THEORY OF THE POTENTIAL, W. D. MacMillan. This is Part Two of “Theoretical Mechan- 
ics.” Comprehensive, well-balanced presentation, serving both as introduction and reference 
with regard to specific problems, for physicists and mathematicians. Assumes no prior 
knowledge of integral relations, all math is developed as needed. Includes: Attraction of 
Finite Bodies; Newtonian Potential Function; Vector Fields, Green and Gauss Theorems; 
Two-layer Surfaces; Spherical Harmonics; etc. “The great number of particular cases . . . 
should make the book valuable to eho oy SAk A EE S pranan 

icati ntial theory,” Review of Scientific Instruments. xii . 5% ; 
applications of the potent y sige Fanorinund aad 


DYNAMICS OF A SYSTEM OF RIGID BODIES (Advanced Section), E. J. Routh. Revised 6th edi- 
tion of a classic reference aid. Partial contents: moving axes, relative motion, oscillations 
about equilibrium, motion. Motion of a body under no forces, any forces. Nature of motion 
given by linear equations and conditions of stability. Free, forced vibrations, constants of 
integration, calculus of finite differences, variations, procession and mutation, motion of 


i f string, chain, membranes. 64 figures. 498pp. 5% x 8. 
re oe a $229 Paperbound $2.35 


OF PARTICLES AND OF RIGID, ELASTIC, AND FLUID BODIES: BEING LECTURES 
Ort MATHEMATICAL PHYSICS, A. G. Webster. Reissuing of classic fills need for comprehensive 
work on dynamics. Covers wide range in unusually great depth, applying ordinary, partial 
differential equations. Partial contents: laws of motion, methods applicable to systems of 
all sorts; oscillation, resonance, cyclic systems; dynamics of rigid bodies; potential theory; 
stress and strain; gyrostatics; wave, vortex motion; kinematics of a point; Lagrange's equa- 
tions; Hamilton’s principle; vectors; deformable bodies; much more not easily found to- 
gether in one volume. Unabridged reprinting of 2nd edition. 20 pages on differential 
equations, higher analysis. 203 illustrations. xi + 588pp. 5% x 8. $522 Paperbound $2.35 
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CATALOGUE OF 


NICS, Heinrich Hertz. A classic of great interest in logic of science. 
et ie ka teed Wath century physicist, created new system of mechanics based upon 
space, time, mass; returns to axiomatic analysis, understanding of formal, structural 
aspects of science, taking into account logic, observation, a priori elements. Of great 
historical importance to Poincaré, Carnap, Einstein, Milne. 20 page introduction by a. = 
Cohen, Wesleyan U., analyzes implications of herra thought and logic ol eb eaten ny 
introduction by Helmholtz. xlii + 274pp. 5% x 8. Sty P 


AL FOUNDATIONS OF STATISTICAL MECHANICS, A. |. Khinchin. A thoroughly 

Bates iawodanten, offering a precise and mathematically rigorous formulation of the 
problems of statistical mechanics. Provides analytical tools to replace many commonly 
used cumbersome concepts and devices. Partial contents: Geometry, kinematics of phase 
space; ergodic problem; theory of probability; central limit theorem; ideal monatomic gas; 
foundation of thermodynamics; dispersion, distribution of sum functions; etc. “Excellent 
introduction . . . clear, concise, rigorous,” Quarterly of Applied Mathematics. viii + 179pp. 
5% x 8. $146 Clothbound $2.95 
$147 Paperbound $1.35 


MECHANICS OF THE GYROSCOPE, THE DYNAMICS OF ROTATION, R. F. Deimel, Prof. of Me- 
chanical Engineering, Stevens Inst. of Tech. Elementary, general treatment of dynamics of 
rotation, with special application of gyroscopic phenomena. No knowledge of vectors 
needed. Velocity of a moving curve, acceleration to a point, general equations of motion, 
gyroscopic horizon, free gyro, motion of discs, the damped gyro, 103 similar topics. Exer- 
cises. 75 figures. 208pp. 536 x 8. S66 Paperbound $1.65 


MECHANICS VIA THE CALCULUS, P. W. Norris, W. S. Legge. Wide coverage, from linear motion 
to vector analysis; equations determining motion, linear methods, compounding of simple 
harmonic motions, Newton’s laws of motion, Hooke’s law, the simple pendulum, motion of 
a particle in 1 plane, centers of gravity, virtual work, friction, kinetic energy of rotating 
bodies, equilibrium of strings, hydrostatics, sheering stresses, elasticity, etc. Many worked- 
out examples. 550 problems. 3rd revised edition. xii + 367pp. $207 Clothbound $3.95 


A TREATISE ON THE MATHEMATICAL THEORY OF ELASTICITY, A. E. H. Love. An indispensable 
reference work for engineers, mathematicians, physicists, the most complete, authoritative 
treatment of classical elasticity in one volume. Proceeds from elementary notions of exten- 
sion to types of strain, cubical dilatation, general theory of strains. Covers relation between 
mathematical theory of elasticity and technical mechanics; equilibrium of isotropic elastic 
solids and aelotropic solid bodies; nature of force transmission, Volterra’s theory of 
dislocations; theory of elastic spheres in relation to tidal, rotational, gravitational effects 
on earth; general theory of bending; deformation of curved plates; buckling effects; much 
more. “The standard treatise on elasticity,’ American Math. Monthly. 4th revised edition. 
76 figures. xviii + 643pp. 6s x 9%. $174 Paperbound $2.95 


NUCLEAR PHYSICS, QUANTUM THEORY, RELATIVITY 


MESON PHYSICS, R. E. Marshak. Presents basic theory, and results of experiments with em- 
phasis on theoretical significance. Phenomena involving mesons as virtual transitions 
avoided, eliminating some of least satisfactory predictions of meson theory. Includes pro- 
duction study of m mesons at nonrelativistic nucleon energies contracts between m and u 
mesons, phenomena associated with nuclear interaction of m mesons, etc. Presents early 
evidence for new classes of particles, indicates theoretical difficulties created by discovery 
of heavy mesons and hyperons. viii + 378pp. 53% x 8. S500 Paperbound $1.95 


THE FUNDAMENTAL PRINCIPLES OF QUANTUM MECHANICS, WITH ELEMENTARY APPLICATIONS, 
E. C. Kemble. Inductive presentation, for graduate student, specialists in other branches of 
physics. Apparatus necessary beyond differential equations and advanced calculus developed 
as needed. Though general exposition of principles, hundreds of individual problems fully 
treated. “Excellent book . . . of great value to every student . . . rigorous and detailed 
mathematical discussion . .. has succeeded in keeping his presentation clear and under- 
standable,’’ Dr. Linus Pauling, J. of American Chemical Society. Appendices: calculus of 
variations, math. notes, etc. 6llpp. 55% x 83%. T472 Paperbound $2.95 


WAVE PROPAGATION IN PERIODIC STRUCTURES, L. Brillouin. General method, application to 
different problems: pure physics—scattering of X-rays in crystals, thermal vibration in 
crystal lattices, electronic motion in metals; problems in electrical engineering. Partial 
contents: elastic waves along 1-dimensional lattices of point masses. Propagation of waves 
along 1-dimensional lattices. Energy flow. 2, 3 dimensional lattices. Mathieu’s equation. 
Matrices and propagation of waves along an electric line. Continuous electric lines. 131 
illustrations. xii + 253pp. 53%% x 8. S34 Paperbound $1.85 
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DOVER SCIENCE BOOKS 


THEORY OF ELECTRONS AND ITS APPLICATION TO THE PHENOMENA OF LIGHT AND RADIANT 
HEAT, H. Lorentz. Lectures delivered at Columbia Univ., by Nobel laureate. Unabridged, form 
historical coverage of theory of free electrons, motion, absorption of heat, Zeeman effect, 
optical phenomena in moving bodies, etc. 109 pages notes explain more advanced sec- 
tions. 9 figures. 352pp. 53%% x 8. $173 Paperbound $1.85 


SELECTED PAPERS ON QUANTUM ELECTRODYNAMICS, edited by J. Schwinger. Facsimiles of 
papers which established quantum electrodynamics; beginning to present position as part 
of larger theory. First book publication in any language of collected papers of Bethe, Bloch, 
Dirac, Dyson, Fermi, Feynman, Heisenberg, Kusch, Lamb, Oppenheimer, Pauli, Schwinger, 
Tomonoga, Weisskopf, Wigner, etc. 34 papers: 29 in English, 1 in French, 3 in German, 
1 in Italian. Historical commentary by editor. xvii + 423pp. 64% x 91/4. 

$444 Paperbound $2.45 


FOUNDATIONS OF NUCLEAR PHYSICS, edited by R. T. Beyer. 13 of the most important papers 
on nuclear physics reproduced in facsimile in the original languages; the papers most often 
cited in footnotes, bibliographies. Anderson, Curie, Joliot, Chadwick, Fermi, Lawrence, Cock- 
roft, Hahn, Yukawa. Unparalleled bibliography: 122 double columned pages, over 4,000 
articles, books, classified. 57 figures. 288pp. 6% x 91⁄4. $19 Paperbound $1.75 


THE THEORY OF GROUPS AND QUANTUM MECHANICS, H. Weyl. Schroedinger's wave equation, 
de Broglie’s waves of a particle, Jordon-Hoelder theorem, Lie’s continuous groups of trans- 
formations, Pauli exclusion principle, quantization of Mawell-Dirac field equations, etc. 
Unitary geometry, quantum theory, groups, application of groups to quantum mechanics, 
symmetry permutation group, algebra of symmetric transformations, etc. 2nd revised edi- 
tion. xxii + 422pp. 5% x 8. $268 Clothbound $4.50 

$269 Paperbound $1.95 


PHYSICAL PRINCIPLES OF THE QUANTUM THEORY, Werner Heisenberg. Nobel laureate dis- 
cusses quantum theory; his own work, Compton, Schroedinger, Wilson, Einstein, many 
others. For physicists, chemists, not specialists in quantum theory. Only elementary formulae 
considered in text; mathematical appendix du specialiste. peas without sacrificing 
larity. Translated by C. Eckart, F. Hoyt. 18 figures. 192pp. 536 x 8. 

sin 5 $113 Paperbound $1.25 


INVESTIGATIONS ON THE THEORY OF THE BROWNIAN MOVEMENT, Albert Einstein. Reprints 
from rare European journals, translated into English. 5 basic papers, including Elementary 
Theory of the Brownian Movement, written at request of Lorentz to provide a simple 
explanation. Translated by A. D. Cowper real coner py AE dae of notes 
i i history of previous investigations. ootnotes. pp. PA 8. 
kii Aaii Aii £ $304 Paperbound $1.25 


THE PRINCIPLE OF RELATIVITY, E. Einstein, H. Lorentz, M. Minkowski, H. Weyl. The 11 basic 
papers that founded the general and special theories of relativity, translated into English. 
2 papers by Lorentz on the Michelson experiment, electromagnetic phenomena. Minkowski's 
“Space and Time,” and Weyl’s ‘‘Gravitation and Electricity.” 7 epoch-making papers by Ein- 


stein: “Electromagnetics of Moving Bodies,” “Influence of Gravitation in Propagation of 
Light,” “Cosmological Considerations,” ‘General Theory,” 3 others. 7 diagrams. Special 
notes by A. Sommerfeld. 224pp. 5% x 8. $93 Paperbound $1.75 
STATISTICS 


STATISTICS, WITH APPLICATIONS IN MEDICINE AND THE BIOLOGICAL SCIENCES, 
Pha ig la Based primarily on biological sciences, but can be used by anyone desiring 
introduction to statistics. Assumes no prior acquaintance, requires only modest knowledge 
of math. All basic formulas carefully explained, illustrated; all necessary reference tables 
included. From basic terms and concepts, proceeds to frequency distribution, linear, non- 
linear, multiple correlation, etc. Contains concrete examples from medicine, biology. 101 
charts. 57 tables. 14 appendices. lv + 376pp. 5% x 8. $506 Paperbound $1.95 


DESIGN OF EXPERIMENTS, H. B. Mann. Offers method for grasping analysis ot 
ennb varines design quickly. Partial contents: Chi-square distribution, analysis of 
variance distribution, matrices, quadratic forms, likelihood ration tests, test of linear 
hypotheses, power of analysis, Galois fields, non-orthogonal data, interblock estimates, ato 
15pp. of useful tables. x + 195pp. 5 x 7%. $180 Paperbound $1. 


VES AND CORRELATION, W. P. Elderton. 4th revised edition of standard 
PEREN E al statistics. Practical, one of few books constantly referred to for ona 
presentation of basic material. Partial contents: Frequency Distributions; Pearsons re- 
quency Curves; Theoretical Distributions; Standard Errors; Correlation hare conungonai 
Corrections for Moments, Beta, Gamma Functions; etc. Key to terms, swat examp rc 
40 tables. 16 figures. xi + 272pp. 51⁄2 x 81⁄2. Clothbound $1. 
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HYDRODYNAMICS, ETC. 


ce Lamb. Standard reference work on dynamics of liquids and gases. 
BSF aea a, methods, solutions, background for classical p 
namics. Chapters: Equations of Motion, Integration of Equations in Special — Ar ex 
Motion, Tidal Waves, Rotating Masses of Liquids, etc. Excellently planned, ——— ent; 
lucid presentation. 6th enlarged, revised edition. Over 900 footnotes, — ess 
ical. 119 figures. xv + 738pp. GYe x 9%. $256 Paperboun ž 


A STUDY OF LOGIC, FACT, AND SIMILITUDE, Garrett Birkhoff. A stimulating 
Mo paeh T mathematics to an applied problem. Emphasis is on correlation n 
theory and deduction with experiment. Examines recently discovered paradoxes, theory o 
modelling and dimensional analysis, paradox and error in flows and free boundary theory. 
Classical theory of virtual mass derived from homogenous spaces; group theory applied 


to fluid mechanics. 20 figures, 3 plates. xiii + 186pp. 538 x 8. $22 Paperbound $1.85 


MICS, H. Dryden, F. Murhaghan, H. Bateman. Published by National Research 
Se aa? "charftete coverage of classical hydrodynamics, encyclopedic in quality. 
Partial contents: physics of fluids, motion, turbulent flow, compressible fluids, motion in 
1, 2, 3 dimensions; laminar motion, resistance of motion through viscous fluid, eddy 
viscosity, discharge of gases, flow past obstacles, etc. Over 2900-item bibliography. 23 
figures. 634pp. 5% x 8. $303 Paperbound $2.75 


ACOUSTICS AND OPTICS 


PRINCIPLES OF PHYSICAL OPTICS, Ernst Mach. Classical examination of propagation of light, 
color, polarization, etc. Historical, philosophical treatment unequalled for breadth and 
readability. Contents: Rectilinear propagation, reflection, refraction, dioptrics, composition 
of light, periodicity, theory of interference, polarization, mathematical representation of 
properties, etc. 279 illustrations. 10 portraits. 324pp. 53% x 8. $170 Paperbound $1.75 


THE THEORY OF SOUND, Lord Rayleigh. Written by Nobel laureate, classical methods here 
will cover most vibrating systems likely to be encountered in practice. Complete coverage 
of experimental, mathematical aspects. Partial contents: Harmonic motions, lateral vibra- 
tions of bars, curved plates or shells, applications of Laplace’s functions to acoustical 
problems, fluid friction, etc. First low-priced edition of this great reference-study work. 
Historical introduction by R. B. Lindsay. 1040pp. 97 figures. 538 x 8. 


$292, $293, Two volume set, paperbound $4.00 


THEORY OF VIBRATIONS, N. W. McLachlan. Based on exceptionally successful graduate 
course, Brown University. Discusses linear systems having 1 degree of freedom, forced 
vibrations of simple linear systems, vibration of flexible strings, transverse vibrations of 
ae and tubes, of circular plate, sound waves of finite amplitude, etc. 99 diagrams. 160pp. 


¥e x 8. S190 Paperbound $1.35 


APPLIED OPTICS AND OPTICAL DESIGN, A. E. Conrady. Thorough systematic presentation of 
physical and mathematical aspects, limited mostly to “real optics.” Stresses practical 
problem of maximum aberration permissible without affecting performance. Ordinary ray 
tracing methods; complete theory ray tracing methods, primary aberrations; enough higher 
aberration to design telescopes, low powered microscopes, photographic equipment. Covers 
fundamental equations, extra-axial image points, transverse chromatic aberration, angular 
magnification, similar topics. Tables of functions of N. Over 150 diagrams. x + 518pp. 


53% x 85%. S366 Paperbound $2.98 


RAYLEIGH’S PRINCIPLE AND ITS APPLICATIONS TO ENGINEERING, G. Temple, W. Bickley. 
Rayleigh’s principle developed to provide upper, lower estimates of true value of funda- 
mental period of vibrating system, or condition of stability of elastic system. Examples, 
rigorous proofs. Partial contents: Energy method of discussing vibrations, Stability. Per- 
turbation theory, whirling of uniform shafts. Proof, accuracy, successive approximations, 


applications of Rayleigh’s theory. Numerical, graphical methods. Ritz’s method. 22 figures. 
ix + 156pp. 5% x 8. 


$307 Paperbound $1.50 


OPTICKS, Sir Isaac Newton. In its discussion of light, reflection, color, refraction, theories 
of wave and corpuscular theories of light, this work is packed with scores of insights and 
discoveries. In its precise and practical discussions of construction of optical apparatus, 
contemporary understanding of phenomena, it is truly fascinating to modern scientists. 
Foreword by Albert Einstein. Preface by |. B. Cohen, Harvard. 7 pages of portraits, facsimile 
pages, letters, etc. cxvi + 414pp. 536 x 8. $205 Paperbound $2.00 


DOVER SCIENCE BOOKS 


ON THE SENSATIONS OF TONE, Hermann Helmholtz. Using acoustical physics, physiology, 
experiment, history of music, covers entire gamut of musical tone: relation of music 
science to acoustics, physical vs. physiological acoustics, vibration, resonance, tonality, 
Progression of parts, etc. 33 appendixes on various aspects of sound, physics, acoustics, 
music, etc. Translated by A. J. Ellis. New introduction by H. Margenau, Yale. 68 figures. 43 
musical passages analyzed. Over 100 tables. xix + 576pp. 61% x 91⁄4. 

$114 Clothbound $4.95 


ELECTROMAGNETICS, ENGINEERING, TECHNOLOGY 


INTRODUCTION TO RELAXATION METHODS, F. S. Shaw. Describes almost all manipulative re- 
sources of value in solution of differential equations. Treatment is mathematical rather 
than physical. Extends general computational process to include almost all branches of 
applied math and physics. Approximate numerical methods are demonstrated, although high 
accuracy is obtainable without undue expenditure of time. 48pp. of tables for computing 
irregular star first and second derivatives, irregular star coefficients for second order 


equations, for fourth order equations. “Useful. . . . exposition is clear, simple . . . no 
previous acquaintance with numerical methods is assumed,” Science Progress. 253 dia- 
grams. 72 tables. 400pp. 5% x 8. $244 Paperbound $2.45 


THE ELECTROMAGNETIC FIELD, M. Mason, W., Weaver. Used constantly by graduate engineers. 
Vector methods exclusively; detailed treatment of electrostatics, expansion methods, with 
tables converting any quantity into absolute electromagnetic, absolute electrostatic, prac- 
tical units. Discrete charges, ponderable bodies. Maxwell field equations, etc. 416pp. 
5% x 8. $185 Paperbound $2.00 


ELASTICITY, PLASTICITY AND STRUCTURE OF MATTER, R. Houwink. Standard treatise on 
rheological aspects of different technically important solids: crystals, resins, textiles, rubber, 
clay, etc. Investigates general laws for deformations; determines divergences. Covers gen- 
eral physical and mathematical aspects of plasticity, elasticity, viscosity. Detailed examina- 
tion of deformations, internal structure of matter in relation to elastic, plastic behaviour, 
formation of solid matter from a fluid, etc. Treats glass, asphalt, balata, proteins, baker's 
dough, others. 2nd revised, enlarged edition. Extensive revised bibliography in over 500 
footnotes. 214 figures. xvii + 368pp. 6 x 91⁄4. $385 Paperbound $2.45 


DESIGN AND USE OF INSTRUMENTS AND ACCURATE MECHANISM, T. N. Whitehead. For the 
instrument designer, engineer; how to combine necessary mathematical dbstractions with 
independent observations of actual facts. Partial contents: instruments and their parts, 
theory of errors, systematic errors, probability, short period errors, erratic errors, design 
precision, kinematic, semikinematic design, stiffness, planning of an instrument, human 
factor, etc. 85 photos, diagrams. xii + 288pp. 5% x 8. $270 Paperbound $1.95 


APPLIED HYDRO- AND AEROMECHANICS, L. Prandtl, 0. G. Tietjens. Presents, for most part, 
methods valuable to engineers. Flow in pipes, boundary layers, airfoil theory, entry condi- 
tions, turbulent flow, boundary layer, determining drag from pressure and velocity, etc. 
“Will be welcomed by all students of aerodynamics,” Nature. Unabridged, unaltered. An 
Engineering Society Monograph, 1934. Index. 226 figures. 28 photographic plates illustrating 
flow patterns. xvi + 31llpp. 5% x 8. $375 Paperbound $1.85 


FUNDAMENTALS OF HYDRO- AND AEROMECHANICS, L. Prandtl, 0. G. Tietjens. Standard work, 
based on Prandtl’s lectures at Goettingen. Wherever possible hydrodynamics theory is 
referred to practical considerations in hydraulics, unifying theory and experience. Presenta- 
tion extremely clear. Though primarily physical, proofs are rigorous and use vector analysis 
to a great extent. An Engineering Society Monograph, 1934. ‘Still recommended as an 
excellent introduction to this area,” Physikalische Blatter. 186 figures. xvi + 270pp. 
5% x 8. S374 Paperbound $1.85 


GASEOUS CONDUCTORS: THEORY AND ENGINEERING APPLICATIONS, J. D. Cobine. Indispensable 
text, reference, to gaseous conduction phenomena, with engineering viewpoint prevailing 
throughout. Studies kinetic theory of gases, ionization, emission phenomena; gas breakdown, 
spark characteristics, glow, discharges; engineering applications in circuit interrupters, recti- 
fiers, etc. Detailed treatment of high pressure arcs (Suits); low pressure arcs (Langmuir, 
Tonks). Much more. ‘‘Well erent a cen id SAE A Toms, Bate of Scientific 
i roblems. Over igures. ables. xx pp. 
exe pert s S442 Paperbound $2.75 


STICITY: PRINCIPLES AND METHODS, H. T. Jessop, F. C. Harris. For engineer, spe- 
Bee womens of stress analysis. Latest time-saving methods of checking calculations in 
2-dimensional design problems, new techniques for stresses in 3 dimensions, lucid descrip- 
tion of optical systems used in practical photoelectricity. Useful suggestions, hints based 
on on-the-job experience included. Partial contents: strain, stress-strain relations, circular 
disc under thrust along diameter, rectangular block with square hold under vertical thrust, 
simply supported rectangular beam under central concentrated load, etc. Theory held to 


ini i thematical training needed. 164 illustrations. viii + 184pp. 
bye x Ia pay a 2 $137 Clothbound $3.75 
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MISSION DESIGN DATA, T. Moreno. Originally classified, now rewritten, 
arena Heaters: under auspices of Sperry Corp. Of immediate value or reference 
use to radio engineers, systems designers, applied physicists, etc. ——_ oe 
line theory; attenuation; parameters of coaxial lines; flexible cables; tuneable a e 
impedance transformers; effects of temperature, humidity; much more. Packed = — 
tion . . . theoretical discussions are directly related to prasica ar age 7 oe Rosa 
Naval Scientific Service. Tables of dielectrics, flexible cable, etc. ix Gis - stint a 


OF THE PROPERTIES OF METALS AND ALLOYS, H. F. Mott, H. Jones. Quantum 
erie igridh mathematical models showing interrelationship of fundamental chemical 
phenomena wtih crystal structure, electrical, optical properties, etc. Examines electron 
motion in applied field, cohesion, heat capacity, refraction, noble metals, transition and 


di-valent metals, etc. “Exposition is as clear... mathematical treatment as simple and 
i used to expect of . . . Prof. Mott,” Nature. 138 figures. xiii + 
eth A gE cpr Eo à $456 Paperbound $1.85 


SUREMENT OF POWER SPECTRA FROM THE POINT OF VIEW OF COMMUNICATIONS 
TNGINEERING. R. B. Blackman, J. W. Tukey. Pathfinding work reprinted from “Bell System 
Technical Journal.” Various ways of getting practically useful answers in power spectra 
measurement, using results from both transmission and statistical estimation theory. Treats: 
Autocovariance, Functions and Power Spectra, Distortion, Heterodyne Filtering, Smoothing, 
Decimation Procedures, Transversal Filtering, much more. Appendix reviews fundamental 
Fourier techniques. Index of notation. Glossary of terms. 24 figures. 12 tables. 192pp. 
55% x 85. S507 Paperbound $1.85 


TREATISE ON ELECTRICITY AND MAGNETISM, James Clerk Maxwell. For more than 80 years 
a seemingly inexhaustible source of leads for physicists, mathematicians, engineers. Total 
of 1082pp. on such topics as Measurement of Quantities, Electrostatics, Elementary Mathe- 
matical Theory of Electricity, Electrical Work and Energy in a System of Conductors, Gen- 
eral Theorems, Theory of Electrical Images, Electrolysis, Conduction, Polarization, Dielectrics, 
Resistance, much more. “The greatest mathematical physicist since Newton,” Sir James 
Jeans. 3rd edition. 107 figures, 21 plates. 1082pp. 53% x 8. $186 Clothbound $4.95 


CHEMISTRY AND PHYSICAL CHEMISTRY 


THE PHASE RULE AND ITS APPLICATIONS, Alexander Findlay. Covers chemical phenomena of 
1 to 4 multiple component systems, the ‘‘standard work on the subject’’ (Nature). Completely 
revised, brought up to date by A. N. Campbell, N. O. Smith. New material on binary, tertiary 
liquid equilibria, solid solutions in ternary systems, quinary systems of salts, water, etc. 
Completely revised to triangular coordinates in ternary systems, clarified graphic representa- 
tion, solid models, etc. 9th revised edition. 236 figures. 505 footnotes, mostly bibliographic. 
xii + 449pp. 536 x 8. $92 Paperbound $2.45 


DYNAMICAL THEORY OF GASES, James Jeans. Divided into mathematical, physical chapters for 
convenience of those not expert in mathematics. Discusses mathematical theory of gas 
in steady state, thermodynamics, Bolzmann, Maxwell, kinetic theory, quantum theory, expo- 
nentials, etc. ‘One of the classics of scientific writing . . . as lucid and comprehensive 
an exposition of the kinetic theory as has ever been written,” J. of Institute of Engineers. 
4th enlarged edition, with new material on quantum theory, quantum dynamics, etc. 28 figures. 
444pp. 6¥e x 9⁄4. $136 Paperbound $2.45 


POLAR MOLECULES, Pieter Debye. Nobel laureate offers complete guide to fundamental 
electrostatic field relations, polarizability, molecular structure. Partial contents: electric 
intensity, displacement, force, polarization by orientation, molar polarization, molar refrac- 
tion, halogen-hydrides, polar liquids, ionic saturation, dielectric constant, etc. Special 
chapter considers quantum theory. ‘Clear and concise . . . coordination of experimental 
results with theory will be readily appreciated,” Electronics Industries. 172pp. 5% x 8. 


S63 Clothbound $3.50 
S64 Paperbound $1.50 


ATOMIC SPECTRA AND ATOMIC STRUCTURE, G. Herzberg. Excellent general survey for chem- 
ists, physicists specializing in other fields. Partial contents: simplest line spectra, elements 
of atomic theory; multiple structure of line spectra, electron spin; building-up principle, 
periodic system of elements; finer details of atomic spectra; hyperfine structure of spectral 
ey gare experimental results and applications. 80 figures. 20 tables. xiii + 257pp. 


S115 Paperbound $1.95 


TREATISE ON THERMODYNAMICS, Max Planck. Classic based on his original papers. Brilliant 
concepts of Nobel laureate make no assumptions regarding nature of heat, rejects earlier 
approaches of Helmholtz, Maxwell, to offer uniform point of view for entire field. Seminal 
work by founder of quantum theory, deducing new physical, chemical laws. A standard 
text, an excellent introduction to field for students with knowledge of elementary chemistry, 
physics, calculus. 3rd English edition. xvi + 297pp. 536 x 8. $219 Paperbound $1.75 
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KINETIC THEORY OF LIQUIDS, J. Frenkel. Regards kinetic theory of liquids as generalization, 
extension of theory of solid bodies, covers all types of arrangements of solids; thermal 
displacements of atoms; interstitial atoms, ions; orientational, rotational motion of mole- 
cules; transition between states of matter. Mathematical theory developed close to physical 
subject matter. “Discussed in a simple yet deeply penetrating fashion . . . will serve as 
seeds for a great many basic and applied developments in chemistry,” J. of the Amer. 
Chemical Soc. 216 bibliographical footnotes. 55 figures. xi + 485pp. 5% x 8. 

S94 Clothbound $3.95 

S95 Paperbound $2.45 


ASTRONOMY 


OUT OF THE SKY, H. H. Nininger. Non-technical, comprehensive introduction to “meteoritics” 
—science concerned with arrival of matter from outer space. By one of world’s experts 
on meteorites, this book defines meteors and meteorites; studies fireball clusters and 
processions, meteorite composition, size, distribution, showers, explosions, origins, much 
more. viii + 336pp. 53%% x 8. T519 Paperbound $1.85 


AN INTRODUCTION TO THE STUDY OF STELLAR STRUCTURE, S. Chandrasekhar. Outstanding 
treatise on stellar dynamics by one of greatest astro-physicists. Examines relationship be- 
tween loss of energy, mass, and radius of stars in steady state. Discusses thermodynamic 
laws from Caratheodory’s axiomatic standpoint; adiabatic, polytropic laws; work of Ritter, 
Emden, Kelvin, etc.; Stroemgren envelopes as starter for theory of gaseous stars; Gibbs 
statistical mechanics (quantum); degenerate stellar configuration, theory of white dwarfs; 
etc. “Highest level of scientific merit,” Bulletin. Amer. Math. Soc. 33 figures. 509pp. 
5% x 8. S413 Paperbound $2.75 


d . 

LES METHODES NOVELLES DE LA MECANIQUE CELESTE, H. Poincaré. Complete French text 

of one of Poincaré’s most important works. Revolutionized celestial mechanics: first use of 

integral invariants, first major application of linear differential equations, study of periodic 

orbits, lunar motion and Jupiter’s satellites, three body problem, and many other important 

topics. “Started a new era . . . so extremely modern that even today few have mastered 
his weapons,” E. T. Bell. 3 volumes. Total 1282pp. 64% x 91%. 

Vol. 1 S401 Paperbound $2.75 

Vol. 2 S402 Paperbound $2.75 

Vol. 3 S403 Paperbound $2.75 

The set $7.50 


THE REALM OF THE NEBULAE, E. Hubble. One of the great astronomers of our time presents 
his concept of ‘‘island universes,” and describes its effect on astronomy. Covers velocity- 
distance relation; classification, nature, distances, general field of nebulae; cosmological 
theories; nebulae in the neighborhood of the Milky way; etc. 39 photos, including velocity- 
distance relations shown by spectrum comparison. ‘‘One of the most progressive lines 
of astronomical research,’’ The Times, London. New Introduction by A. Sandage. 55 illustra- 
tions. xxiv + 20lpp. 5% x 8. S455 Paperbound $1.50 


HOW TO MAKE A TELESCOPE, Jean Texereau. Design, build an f/6 or f/8 Newtonian type 
reflecting telescope, with altazimuth Couder mounting, suitable for planetary, lunar, and 
stellar observation. Covers every operation step-by-step, every piece of equipment. Dis- 
cusses basic principles of geometric and physical optics (unnecessary to construction), 
comparative merits of reflectors, refractors. A thorough discussion of eyepieces, finders, 
grinding, installation, testing, etc. 241 figures, 38 photos, show almost every operation 
and tool. Potential errors are anticipated. Foreword by A. Couder. Sources of supply. xiii 
+ 191pp. 61⁄4 x 10. T464 Clothbound $3.50 


BIOLOGICAL SCIENCES 


Y OF THE AMPHIBIA, G. K. Noble, Late Curator of Herpetology at Am. Mus. of 
Nat. Hist. Probably most used text on amphibia, most comprehensive, clear, detailed. 19 
chapters, 85 page supplement: development; heredity; life history; speciation; adaptation; 
sex, integument, respiratory, circulatory, digestive, muscular, nervous systems; instinct, 
intelligence, habits, economic value classification, environment relationships, etc. “Nothing 
comparable to it;’ C. H. Pope, curator of Amphibia, Chicago Mus. of Nat. Hist. 1047 item 
bibliography. 174 illustrations. 600pp. 5% x 8. $206 Paperbound $2.98 


OF LIFE, A. !. Oparin. A classic of biology. This is the first modern statement 
Bret cork gradual evolution of life from nitrocarbon compounds. A brand-new evaluation 
of Oparin’s theory in light of later research, by Dr. S. Margulis, University of Nebraska. 
xxv + 270pp. 5% x 8. $213 Paperbound $1.75 
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HE LABORATORY MOUSE, edited by G. D. Snell. Prepared in 1941 by staff 
Ee ie akon Memorial Laboratory, still the standard treatise on on me 
assembling enormous amount of material for which otherwise you spend hours o ae 
Embryology, reproduction, histology, spontaneous neoplasms, gene and chromosomes mu 
tions, genetics of spontaneous tumor formations, of tumor transplantation, endocrine — 
tion "and tumor formation, milk influence and tumor formation, inbred, | hybrid mange S 
parasites, infectious diseases, care and recording. “A wealth of information of = a 
cern. . . . recommended to all who could ean aree age Peri re 
ibli i in k A 
bibliography of 1122 items. 172 figures, including p ga 


i k of 
HE TRAVELS OF WILLIAM BARTRAM, edited by Mark Van Doran. Famous source-boo 
Rete anthropology, natural history, geography, is record kept by Bartram in 1770's on 
travels through wilderness of Florida, Georgia, Carolinas. Containing accurate, beautiful 
descriptions of Indians, settlers, fauna, flora, it is one of finest pieces of Americana 
ever written. 13 original illustrations. 448pp. 53% x 8. T13 Paperbound $2.00 


AND SOCIAL LIFE OF THE HONEYBEE, Ronald Ribbands. Outstanding scientific 
E DETT of practically everything known of social life of honeybee. Stresses 
behaviour of individual bees in field, hive. Extends von Frisch’s experiments on communi- 
cation among bees. Covers perception of temperature, gravity, distance, vibration; sound 
production; glands; structural differences; wax production; temperature regulation; recogni- 
tion, communication; drifting, mating behaviour, other highly interesting topics. “This 
valuable work is sure of a cordial reception by laymen, beekeepers and scientists,” Prof. 
Karl von Frisch, Brit. J. of Animat Behaviour. Bibliography of 690 references. 127 diagrams, 
graphs, sections of bee anatomy, fine photographs. 352pp. $410 Clothbound $4.50 


ELEMENTS OF MATHEMATICAL BIOLOGY, A. J. Lotka. Pioneer classic, lst major attempt to 
apply modern mathematical techniques on large scale to phenomena of biology, biochem- 
istry, psychology, ecology, similar life sciences. Partial contents: Statistical meaning of 
irreversibility; Evolution as redistribution; Equations of kinetics of evolving systems; Chem- 
ical, inter-species equilibrium; parameters of state; Energy transformers of nature, etc. 
Can be read with profit by even those having no advanced math; unsurpassed as study- 
reference. Formerly titled ‘Elements of Physical Biology.” 72 figures. xxx + 460pp. 536 x 8. 

$346 Paperbound $2.45 


TREES OF THE EASTERN AND CENTRAL UNITED STATES AND CANADA, W. M. Harlow. Serious 
middle-level text covering more than 140 native trees, important escapes, with informa- 
tion on general appearance, growth habit, leaf forms, flowers, fruit, bark, commercial use, 
distribution, habitat, woodlore, etc. Keys within text enable you to locate various species 
easily, to know which have edible fruit, much more useful, interesting information. ‘‘Well 
illustrated to make identification very easy,’’ Standard Cat. for Public Libraries. Over 600 
photographs, figures. xiii + 288pp. 558 x 6%. T395 Paperbound $1.35 


FRUIT KEY AND TWIG KEY TO TREES AND SHRUBS (Fruit key to Northeastern Trees, Twig key 
to Deciduous Woody Plants of Eastern North America), W. M. Harlow. Only guides with photo- 
graphs of every twig, fruit described. Especially valuable to novice. Fruit key (both deciduous 
trees, evergreens) has introduction on seeding, organs involved, types, habits. Twig key 
introduction treats growth, morphology. In keys proper, identification is almost automatic. 
Exceptional work, widely used in university courses, especially useful for identification in 
winter, or from fruit or seed only. Over 350 photos, up to 3 times natural size. Index of 
common, scientific names, in each key. xvii + 125pp. 556 x 83. T511 Paperbound $1.25 


INSECT LIFE AND INSECT NATURAL HISTORY, S. W. Frost. Unusual for emphasizing habits, social 
life, ecological relations of insects rather than more academic aspects of classification, 
morphology. Prof. Frost’s enthusiasm and knowledge are everywhere evident as he discusses 
insect associations, specialized habits like leaf-rolling, leaf mining, case-making, the gall 
insects, boring insects, etc. Examines matters not usually covered in general works: insects 
as human food; insect music, musicians; insect response to radio waves; use of insects in 
art, literature. “Distinctly different, possesses an individuality all its own,” Journal of 
Forestry. Over 700 illustrations, Extensive bibliography. x + 524pp. 536 x 8. 


T519 Paperbound $2.49 


A WAY OF LIFE, AND OTHER SELECTED WRITINGS, Sir William Osler. Physician, humanist, 
Osler discusses brilliantly Thomas Browne, Gui Patin, Robert Burton, Michael Servetus, 
William Beaumont, Laennec. Includes such favorite writing as title essay, “The Old Human- 
ities and the New Science,” “Books and Men,” “The Student Life,” 6 more of his best 
discussions of philosophy, literature, religion. “The sweep of his mind and interests em- 
braced every phase of human activity,” G. L. Keynes, 5 photographs. Introduction by G'E 
Keynes, M.D., F.R.C.S. xx + 278pp. 53% x 8. T488 Paperbound $1.50 
THE GENETICAL THEORY OF NATURAL SELECTION, R. A. Fisher. 2nd revised edition of vital 
reviewing of Darwin’s Selection Theory in terms of particulate inheritance, by one of 
greatest authorities on experimental, theoretical genetics. Theory stated in mathematical 
form. Special features of particulate inheritance are examined: evolution of dominance, main- 
tenance of specific variability, mimicry, sexual selection, etc. 5 chapters on man’s special 
circumstances as a social animal. 16 photographs. x + 310pp. 53% x 8. 


S466 Paperbound $1.85 
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THE AUTOBIOGRAPHY OF CHARLES DARWIN, AND SELECTED LETTERS, edited by Francis 
Darwin. Darwin’s own record of early life; historic voyage aboard “Beagle; furore surround- 
ing evolution, his replies; reminiscences of his son. Letters to Henslow, Lyell, Hooker, 
Huxley, Wallace, Kingsley, etc., and thoughts on religion, vivisection. We see how he revo- 
lutionized geology with concepts of ocean subsidence; how his great books on variation 
of plants and animals, primitive man, expression of emotion among primates, plant fertiliza- 
tion, carnivorous plants, protective coloration, etc., came into being. 365pp. 5% x 8. 
T479 Paperbound $1.65 


ANIMALS IN MOTION, Eadweard Muybridge. Largest, most comprehensive selection of Muy- 
bridge’s famous action photos of animals, from his “Animal Locomotion.” 3919 high-speed 
shots of 34 different animals, birds, in 123 types of action; horses, mules, oxen, pigs, 
goats, camels, elephants, dogs, cats guanacos, sloths, lions, tigers, jaguars, raccoons, 
baboons, deer, elk, gnus, kangaroos, many others, walking, running, flying, leaping. Horse 
alone in over 40 ways. Photos taken against ruled backgrounds; most actions taken from 
3 angles at once: 90°, 60°, rear. Most plates original size. Of considerable interest to 
scientists as biology classic, records of actual facts of natural history, physiology. ‘Really 
marvelous series of plates,” Nature. “Monumental work,” Waldemar Kaempffert. Edited by 
L. S. Brown, 74 page introduction on mechanics of motion. 340pp. of plates. 3919 photo- 
graphs. 416pp. Deluxe binding, paper. (Weight: 41% Ibs.) 7% x 10%. 

T203 Clothbound $10.00 


THE HUMAN FIGURE IN MOTION, Eadweard Muybridge. New edition of great classic in history 
of science and photography, largest selection ever made from original Muybridge photos of 
human action: 4789 photographs, illustrating 163 types of motion: walking, running, lifting, 
etc. in time-exposure sequence photos at speeds up to 1/6000th of a second. Men, women, 
children, mostly undraped, showing bone, muscle positions against ruled backgrounds, 
mostly taken at 3 angles at once. Not only was this a great work of photography, acclaimed 
by contemporary critics as work of genius, but it was also a great 19th century landmark 
in biological research. Historical introduction by Prof. Robert Taft, U. of Kansas. Plates 
original size, full of detail. Over 500 action strips. 407pp. 734 x 105%. Deluxe edition. 
7204 Clothbound $10.00 


AN INTRODUCTION TO THE STUDY OF EXPERIMENTAL MEDICINE, Claude Bernard. 90-year old 
classic of medical science, only major work of Bernard available in English, records his 
efforts to transform physiology into exact science. Principles of scientific research illus- 
trated by specified case histories from his work; roles of chance, error, preliminary false 
conclusion, in leading eventually to scientific truth; use of hypothesis. Much of modern 
application of mathematics to biology rests on foundation set down here. “The presentation 
is polished . . . reading is easy,” Revue des questions scientifiques. New foreword by Prof. 
1. B. Cohen, Harvard U. xxv + 266pp. 5% x 8. T400 Paperbound $1.50 


STUDIES ON THE STRUCTURE AND DEVELOPMENT OF VERTEBRATES, E. S. Goodrich. Definitive 
study by greatest modern comparative anatomist. Exhaustive morphological, phylogenetic 
expositions of skeleton, fins, limbs, skeletal visceral arches, labial cartilages, visceral 
clefts, gills, vascular, respiratory, excretory, periphal nervous systems, etc., from fish to 
higher mammals. “‘For many a day this will certainly be the standard textbook on Vertebrate 
Morphology in the English language,” Journal of Anatomy. 754 illustrations. 69 page bio- 
graphical study by C. C. Hardy. Bibliography of 1186 references. Two volumes, total 906pp. 
5% x 8. Two vol. set S449, 450 Paperbound $5.00 


EARTH SCIENCES 


OLUTION OF IGNEOUS BOOKS, N. L. Bowen. Invaluable serious introduction applies 
Ht ae of physics, chemistry to explain igneous rock diversity in terms of chemical 
composition, fractional crystallization. Discusses liquid immiscibility in silicate magmas, 
crystal sorting, liquid lines of descent, fractional resorption of complex minerals, petrogen, 
etc. Of prime importance to geologists, mining engineers; physicists, chemists working with 
high temperature, pressures. “Most important,” Times, London. 263 bibliographic notes, 
82 figures. xviii + 334pp. 5% x 8. S311 Paperbound $1.85 


HICAL ESSAYS, M. Davis. Modern geography, geomorphology rest on fundamental 

Dirk af tie scientist. 26 famous essays present most important theories, field researches, 
Partial contents: Geographical Cycle; Plains of Marine, Subaerial Denudation; The Peneplain; 
Rivers, Valleys of Pennsylvania; Outline of Cape Cod; Sculpture of Mountains by Glaciers; 
etc “Long the leader and guide,’’ Economic te ag ore pS the veny ala rye geog- 
H ht,” Geographic Review. igures. vi . 5% x 8. 
raphy . . . models of clear thoug grap! aep a od S 


SPECTING, H. L. Barnes. For immediate practical use, professional geologist 

baaiz kakma ores, geological occurrences, teld ges EEY ad sepia ae 
i i cu information . . . easy-to-use, easy-to-fi ' . 
abe eee NA eal : T309 Paperbound $1.00 
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RE METALLICA, Georgius Agricola. 400 year old classic translated, annotated by former 
President Herbert’ Hoover. lst scientific study of mineralogy, mining, for over 200 years 
after its appearance in 1556 the standard treatise. 12 books, exhaustively annotated, discuss 
history of mining, selection of sites, types of deposits, making pits, shafts, ventilating, 
pumps, crushing machinery; assaying, smelting, refining metals; also salt alum, nitre, glass 
making. Definitive edition, with all 289 16th century woodcuts of original. Biographical, 
historical introductions. Bibliography, survey of ancient authors. Indexes. A fascinating book 
for anyone interested in art, history of science, geology, etc. Deluxe Edition. 289 illustra- 
tions. 672pp. 634 x 10. Library cloth. S6 Clothbound $10.00 


INTERNAL CONSTITUTION OF THE EARTH, edited by Beno Gutenberg. Prepared for National 
Research Council, this is a complete, thorough coverage of earth origins, continent forma- 
tion, nature and behaviour of earth’s core, petrology of crust, cooling forces in core, 
seismic and earthquake material, gravity, elastic constants, strain characteristics, similar 
topics. “One is filled with admiration . . . a high standard . . . there is no reader who 
will not learn something from this book,” London, Edinburgh, Dublin, Philosophic Magazine. 
Largest Bibliography in print: 1127 classified items. Table of constants. 43 diagrams. 
439pp. 6¥e x 91⁄4. $414 Paperboun@ $2.45 


THE BIRTH AND DEVELOPMENT OF THE GEOLOGICAL SCIENCES, F. D. Adams. Most thorough 
history of earth sciences ever written. Geological thought from earliest times to end of 
19th century, covering over 300 early thinkers and systems; fossils and their explanation, 
vulcanists vs. neptunists, figured stones and paleontology, generation of stones, dozens of 
similar topics. 91 illustrations, including Medieval, Renaissance woodcuts, etc. 632 footnotes, 
mostly bibliographical. 51lpp. 536 x 8. T5 Paperbound $2.00 


HYDROLOGY, edited by 0. E. Meinzer, prepared for the National Research Council. Detailed, 
complete reference library on precipitation, evaporation, snow, snow surveying, glaciers, 
lakes, infiltration, soil moisture, ground water, runoff, drought, physical changes produced 
by water hydrology of limestone terranes, etc. Practical in application, especially valuable 
for engineers. 24 experts have created ‘‘the most up-to-date, most complete treatment of 
the subject,” Am. Assoc. of Petroleum Geologists. 165 illustrations. xi + 712pp. 6Ye x 9%. 

$191 Paperbound $2.95 


LANGUAGE AND TRAVEL AIDS FOR SCIENTISTS 


SAY IT language phrase books 


“SAY IT” in the foreign language of your choice! We have sold over y2 million copies of 
these popular, useful language books. They will not make you an. expert linguist overnight, 
but they do cover most practical matters of everyday life abroad. 


Over 1000 useful phrases, expressions, additional variants, substitutions. 


Modern! Useful! Hundreds of phrases not available in other texts: “Nylon,” ‘‘air-condi- 
tioned,” etc. 


The ONLY inexpensive phrase book completely indexed. Everything is available at a flip 
of your finger, ready to use. 


Prepared by native linguists, travel experts. 


Based on years of travel experience abroad, 


May be used by itself, or to supplement any other text or course. Provides a living ele- 


ment. Used by many colleges, institutions: H ; ; i 
Se atari ke g i unter College; Barnard College; Army Ordinance 


Available, 1 book per language: 


Danish (T818) 75¢ Italian (T806) 60 
Dutch (T817) 75¢ a Japanese A7) "5 
English (for German-speaking people) (T801) 60¢ Norwegian (T814) 75¢ 


English (for Italian-speaking people) (T816) 60 Russian (T810) 75 
English (for Spanish-speaking people) (T802) ot Spanish Gain, eee 
Esperanto (1820) 75¢ Turkish (T821) 75¢ 
French (T803) 60¢ Yiddish (T815) 75¢ 
German (T804) 60¢ Swedish (T812) 75¢ 
Modern Greek (T813) 75¢ Polish (T808) 75¢ 
Hebrew (T805) 60¢ Portuguese (T809) 75¢ 
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MONEY CONVERTER AND TIPPING GUIDE FOR EUROPEAN TRAVEL, C. Vomacka. Purse-size hand- 
book crammed with information on currency regulations, tipping for every European country, 
including Israel, Turkey, Czechoslovakia, Rumania, Egypt, Russia, Poland. Telephone, postal 
rates; duty-free imports, passports, visas, health certificates; foreign clothing sizes; weather 
tables. What, when to tip. 5th year of publication. 128pp. 31/2 x 51%4. T260 Paperbound 60¢ 


NEW RUSSIAN-ENGLISH AND ENGLISH-RUSSIAN DICTIONARY, M. A. O’Brien. Unusually com- 
prehensive guide to reading, speaking, writing Russian, for both advanced, beginning stu- 
dents. Over 70,000 entries in new orthography, full information on accentuation, grammatical 
classifications. Shades of meaning, idiomatic uses, colloquialisms, tables of irregular verbs 
for both languages. Individual entries indicate stems, transitiveness, perfective, imper- 
fective aspects, conjugation, sound changes, accent, etc. Includes pronunciation instruction. 
Used at Harvard, Yale, Cornell, etc. 738pp. 5% x 8. T208 Paperbound $ 2.00 


PHRASE AND SENTENCE DICTIONARY OF SPOKEN RUSSIAN, English-Russian, Russian-English. 
Based on phrases, complete sentences, not isolated words—recognized as one of best 
methods of learning idiomatic speech. Over 11,500 entries, indexed by single words, over 
32,000 English, Russian sentences, phrases, in immediately useable form. Shows accent 
changes in conjugation, declension; irregular forms listed both alphabetically, under main 
form of word. 15,000 word introduction covers Russian sounds, writing, grammar, syntax. 
15 page appendix of geographical names, money, important signs, given names, foods, 
special Soviet terms, etc. Originally published as U.S. Gov't Manual TM 30-944. iv + 573pp. 
53% x 8. T496 Paperbound $2.75 


PHRASE AND SENTENCE DICTIONARY OF SPOKEN SPANISH, Spanish-English, English-Spanish. 
Compiled from spoken Spanish, based on phrases, complete sentences rather than isolated 
words—not an ordinary dictionary. Over 16,000 entries indexed under single words, both 
Castilian, Latin-American. Language in immediately useable form. 25 page introduction 
provides rapid survey of sounds, grammar, syntax, full consideration of irregular verbs. 
Especially apt in modern treatment of phrases, structure. 17 page glossary gives translations 
of geographical names, money values, numbers, national holidays, important street signs, 
useful expressions of high frequency, plus unique 7 page glossary of Spanish, Spanish- 
American foods. Originally published as U.S. Gov’t Manual TM 30-900. iv + 513pp. 55% x 8%. 

T495 Paperbound $1.75 


SAY IT CORRECTLY language record sets 


The best inexpensive pronunciation aids on the market. Spoken by native linguists asso- 
ciated with major American universities, each record contains: 


14 minutes of speech—12 minutes of normal, relatively slow speech, 2 minutes of 
normal conversational speed. 

120 basic phrases, sentences, covering nearly every aspect of everyday life, travel— 
introducing yourself, travel in autos, buses, taxis, etc., walking, sightseeing, hotels, 
restaurants, money, shopping, etc. 

32 page booklet containing everything on record plus English translations easy-to-follow 
phonetic guide. 

Clear, high-fidelity recordings. 

Unique bracketing systems, selection of basic sentences enabling you to expand use of 
SAY IT CORRECTLY records with a dictionary, to fit thousands of additional situations. 


Use this record to supplement any course or text. All sounds in each language illustrated 
perfectly—imitate speaker in pause which follows each foreign phrase in slow section, 
and be amazed at increased ease, accuracy of pronounciation. Available, one language per 


record for 


French Spanish German 

Italian Dutch Modern Greek 

Japanese Russian Portuguese 

Polish Swedish Hebrew 

English (for German-speaking people) English (for Spanish-speaking people) 


7” (33 1/3 rpm) record, album, booklet. $1.00 each, 


SPEAK MY LANGUAGE: SPANISH FOR YOUNG BEGINNERS, M. Ahiman, Z. Gilbert. Records pro- 
vide one of the best, most entertaining methods of introducing a foreign language to 
children. Within framework of train trip from Portugal to Spain, an English-speaking child 
is introduced to Spanish by native companion. (Adapted from successful radio program of 
N.Y. State Educational Department.) A dozen different categories of expressions,. including 
greeting, numbers, time, weather, food, clothes, family members, etc. Drill is combined 
with poetry and contextual use. Authentic background music. Accompanying book enables 
a reader to follow records, includes vocabulary of over 350 recorded expressions. Two 


inutes. Book. 40 illustrations. 69pp. 5%4 x 10¥2. 
10” 33 1/3 records, total of 40 minute to ihe sae 
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LISTEN & LEARN language record sets 


LEARN is the only extensive language record course deSigned especially to meet 
SIEN S and everyday needs. Separate sets for each language, each containing three 33 1/3 
pm long-playing records—1 1/2 hours of recorded speech by eminent native speakers 
ho are professors at Columbia, New York U., Queens College. 


Check the following features found only in LISTEN & LEARN: 


Dual language recording. 812 selected phrases, sentences, over 3200 words, spoken first 
in Encik then foreign equivalent. Pause after each foreign phrase allows time to 
repeat expression. 


128-page manual (196 page for Russian)—everything on records, plus simple transcrip- 
tion. Indexed for convenience. Only set on the market completely indexed. 


ractical. No time wasted on material you can find in any grammar. No dead words. 

Covers central core material with phrase approach. Ideal for person with limited time. 
Living, modern expressions, not found in other courses. Hygienic products, modern 
equipment, shopping, ‘‘air-conditioned,”’ etc. Everything is immediately useable. 


High-fidelity recording, equal in clarity to any costing up to $6 per record. 


“Excellent . . . impress me as being among the very best on the market,” Prof. Mario 
Pei, Dept. of Romance Languages, Columbia U. “Inexpensive and well done . . . ideal 
present,’’ Chicago Sunday Tribune. ‘‘More genuinely helpful than anything of its kind,” 
Sidney Clark, well-known author of “All the Best?’ travel books. 


UNCONDITIONAL GUARANTEE. Try LISTEN & LEARN, then return it within 10 days for full 
refund, if you are not satisfied. It is guaranteed after you actually use it. 


6 modern languages—FRENCH, SPANISH, GERMAN, ITALIAN, RUSSIAN, or JAPANESE *—one 
language to each set of 3 records (33 1/3 rpm). 128 page manual. Album. 


Spanish the set $4.95 German the set $4.95 Japanese* the set $5.95 
French the set $4.95 Italian the set $4.95 Russian the set $5.95 
* Available Oct. 1959. 


TRUBNER COLLOQUIAL SERIES 


These unusual books are members of the famous Triibner series of colloquial manuals. They 
have been written to provide adults with a sound colloquial knowledge of a foreign lan- 
guage, and are suited for either class use or self-study. Each book is a complete course in 
itself, with progressive, easy to follow lessons. Phonetics, grammar, and syntax are covered, 
while hundreds of phrases and idioms, reading texts, exercises, and vocabulary are included. 
These books are unusual in being neither skimpy nor overdetailed in grammatical matters, 
and in presenting up-to-date, colloquial, and practical phrase material. Bilingual presentation 
is stressed, to make thorough self-study easier for the reader. 


COLLOQUIAL HINDUSTANI, A. H. Harley, formerly Nizam’s Reader in Urdu, U. of London. 30 
pages on phonetics and scripts (devanagari & Arabic-Persian) are followed by 29 lessons, 
including material on English and Arabic-Persian influences. Key to all exercises. Vocabulary. 
5 x 71⁄2. 147pp. Clothbound $1.75 


COLLOQUIAL ARABIC, DeLacy O'Leary. Foremost Islamic scholar covers language of Egypt, 
Syria, Palestine, & Northern Arabia, Extremely clear coverage of complex Arabic verbs & noun 
plurals; also cultural aspects of language. Vocabulary. xviii + 192pp. 5 x 7%. 


Clothbound $1.75 


g. Intensive thorough coverage of grammar in easily-followed 
with hundreds of colloquial phrases. 34 pages of bilingual 
Clothbound $1.75 


COLLOQUIAL SPANISH, W. R. Patterson. Castilian grammar and colloquial language, loaded 
with bilingual phrases and colloquialisms. Excellent for review or self-study. 164pp. 5 x 712. 


Clothbound $1.75 


COLLOQUIAL FRENCH, W. R. Patterson. 16th revised edition of this extremely popular manual. 
Grammar explained with model clarity, and hundreds of useful expressions and phrases; 
exercises, reading texts, etc. Appendixes of new and useful words and phrases. 223pp. 
5 x 7¥2. Clothbound $1.75 
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COLLOQUIAL GERMAN, P. F. Doring. 
form. Excellent for brush-up, 
texts. 224pp. 5 x 72. 
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